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AN  INVESTIGATION  OF  THE  AVERAGE  DISTRIBUTION  OF 
TWIN  PRIME  NUMBERS 

Bt  Chablu  S.  Sotton* 

It  thp  purpoHe  of  thw  the8ifl  to  study  the  average  distribution  of 
twin  prime  numbers,  and  in  particular,  to  obtain  a  formula  giving  tlu' 
approximate  number  of  twin  primes  less  than  a  given  upper  limit. 
This  formula  must  be  regarded  as  empirical,  insofar  as  its  derivation 
depends  upon  certain  assumptions  which,  though  they  appear  to  lx* 
reasonable,  cannot  be  rigorously  justified.  The  technique  employed 
depends  upon  probability  considerations,  and  in  this  respect  is  similar 
to  the  method  used  by  H.  Cramer  (Acta  Arithmetica,  vol.  2,  1936) 
to  obtain  certain  suggested  results  concerning  the  difference  between 
consecutive  prime  numbers. 

The  relation  (24)  of  Chapter  III  had  been  derived  before  any  stati.H- 
tical  investigation  of  twin  primes  had  been  made,  and  the  author  was 
greatly  pleased  to  find  that  this  asymptotic  formula  agreed  quite  well 
with  the  actual  count  of  twin  primes  less  than  N,  being  in  error  by  only 
about  one  percent  for  large  values  of  N.  This  seemed  to  indicat4‘ 
that  the  assumptions  underlying  this  formula  were  not,  at  any  rate, 
gravely  in  error. 

The  omission  of  one  of  the  less  fundamental  assumptions  and  the 
necessary  introduction  of  an  empirical  constant  resulted  in  a  formula 
which  is  considerably  better  than  the  first  formula,  as  a  glance  at 


Tables  IV  and  V  will  readily  show. 
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I.  Introduction 


In  the  HerieH  of  prime  numbers,  1,  2,  3,  5,  7,  11,  13,  17,  19,  23,  •  •  •  , 
there  are  c'ertain  pairs  of  primes  which  differ  by  two,  such  as  1,  3;  3,  5; 
5,  7;  11,  13;  17,  19;  etc.  These  pairs  are  commonly  known  as  “twin 
primes”.  For  the  sake  of  simplicity,  we  shall  designate  each  pair  by 
the  lower  prime  number  in  that  pair,  and  accordingly  define  a  twin  prime 
luimbtT  as  any  prime  number  which  yields  another  prime  when  in- 
(‘reased  by  two.  Thus  the  sequence  of  twin  primes  will  be:  1,  3,  5,  11, 
17,  29,  41,  ■  ■  •  .  It  is  the  purpose  of  this  thesis  to  study  the  distribution 
of  twin  prinu's,  and  in  particular  to  obtain  a  formula  giving  the  ap¬ 
proximate  number  of  twin  primes  less  than  a  given  upper  limit. 

Th<‘  question  of  the  average  distribution  of  prime  numbers  has  long 
lieen  the  subject  of  investigation  by  mathematicians,  and  has  finally 
lieen  worked  out  to  a  remarkable  degree  of  perfection.  The  distribu¬ 
tion  of  twin  primes,  on  the  other  hand,  presents  a  much  more  difficult 
problem,  and  at  present  very  little  is  definitely  known  on  this  subject. 
Before  beginning  our  investigation  of  twin  primes,  however,  we  shall 
consider  briefly  what  progn*ss  has  been  made  in  the  study  of  prime 
numbers. 

The  earliest  th(‘orem  of  a  general  sort  connected  with  primes  is  given 
by  Euclid,  who  proves  by  a  very  elegant  analysis  that  the  number 
of  primf's  is  infinite.  His  argument  is  substantially  as  follows:  Suppose 
that  the  numb(‘r  of  primes  wen*  finite,  and  that  there  existed,  therefore, 
a  largest  prime,  P.  Then  the  number  (Ft  +1)  cannot  be  divisible  by 
any  of  the  primes  fnml  2  to  P,  since  it  gives  a  remainder  of  unity  when 
divided  by  any  such  prime.  It  must  therefore  either  be  divisible  by  a 
prime  greater  than  P  or  must  itself  be  a  prime  (greater  than  P).  In 
either  event,  the  h3rpothesis  that  P  is  the  largest  prime  is  contradicted, 
and  hence  the  number  of  primes  cannot  be  finite. 

Eratosthenes,  a  contem|)orary  of  Euclid,  was  the  inventor  of  a  “sieve” 
process  for  removing  the  composite  numbers  from  the  series  of  natural 
numbers.  He  first  wrote  the  numbers  in  order,  and  then  stnick  out 
every  other  numb(*r  after  2,  then  every  third  number  after  3,  then  every 
fifth  numb(‘r  after  5,  and  so  forth,  rejecting  in  turn  the  multiples  of  the 
successive  unenusHl  numbers.  After '  removing  in  this  manner  the 
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multipleH  of  all  primpH  lens  than  any  prime  p,  the  Heries  of  prime  numbers 
is  complete  as  far  as  p*. 

The  first  approximative  formula  for  the  number  of  primes  less  than 
a  given  limit  was  given  by  liegendre  in  his  “Th6orie  des  Nombres”, 
published  in  1798.  He  noted  by  examining  a  table  of  primes  that  the 

10* 

number  of  primes  up  to  10  is  equal  to  5,  the  number  up  to  10*  is 
10*  10* 

very  nearly,  up  to  10*  is  -j-  very  nearly,  up  to  10*  is  very  nearly, 
o  8 

and  up  to  10*  is  ^  very  nearly.  The  simple  formula /(n)  »  2  l^n’ 

where  log  n  is  the  logarithm  to  the  base  10  of  n,  is  fairly  acrurab*, 
but  is  still  in  error  by  at  least  4%  if  n  exceeds  10,000.  liCgendn* 
attempted  to  remedy  this  by  considering  the  more  general  function 


/(n)  *  - =,  where  In  n  is  the  natural  logarithm  of  n,  and  deter- 

mining  the  constants  A  and  B  empirically  by  means  of  a  count  of  prime 
numbers  extending  up  to  400,000.  He  took  A  equal  to  1  and  found  B 
to  be  equal  to  — 1.08366.  At  the  end  of  this  chapter  is  given  a  table  of 
values  of  Legendre’s  formulador  various  values  of  n  less  than  1,000,000,- 
000,  and  the  corresponding  number  of  primes  as  determined  from  I^eh- 
mer’s  table  of  prime  numbers  (the  last  four  entries  are  on  the  authority 
of  Bertelsen  and  Meissel,  Acta  Mathematica,  Vol.  17,  p.  312).  It  will 
be  observed  that  for  values  of  n  less  than  1,000,000,  the  results  agre<* 
fairly  well,  but  that  for  larger  values  of  n,  the  error  gradually  increases, 
becoming  as  great  as  70,000  at  the  end  of  the  table. 

The  next  approximate  formula  for  the  number  of  primes  less  than  a 
given  upper  limit  was  given  in  a  theorem  first  conjectured  by  Dirichlet 
in  1838  and  later  by  Gauss  in  1840.  It  was  not  until  1808  that  von 
Mangoldt  was  able  to  give  a  rigorous  proof  of  this  theorem,  which  may 
be  stated  as  follows: 


The  number  of  primes  less  than  n  nuty  be  expressed  by  the  logarithmic 
integral 


Biin) 


(I) 


with  an  error  which  may  be  made  as  small  as  desired  in  comparison 
with  Lt(n).  In  other  words,  if  ir(n)  denote  the  number  of  primes  less 
than  n,  then  the  ratio  of  ^(n)  to  Lt'(n)  tends  to  the  limit  unity  as  n 
increases  without  limit. 
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The  convergence  of  thw  ratio  to  the  limit  unity  is  roughly  illu8trated 
by  the  following  table: 


TABLE  I 


II 

j 

*(■)  1 

wjm) 

i^(n) 

1,000 

168 

178 

0  04 

10,000 

1,220 

1,246 

0.06 

100,000 

0,502 

0,630 

0  906 

1,000,000 

78,406 

78,628  j 

0.9083 

10,000,000 

664,570 

664,018 

0  9994 

100,000,000 

5,761,455 

5,762,200 

0.00986 

1,000,000,000 

50,847,478 

.50,840,235 

_  1 

0  09996 

When  the  logarithmic  integral  is  successively  integrated  by  parts  it 
takes  the  form 


Li{n) 


n  n  2!  n 

In  n  (In  n)*  (In  n)* 


(2) 


This  is  a  divergent  series,  but  the  first  term  is  the  principal  value  of  the 
integral,  and  so  furnishes  an  asymptotic  expression  for  the  number  of 

primes  less  than  n.  Hence  we  also  have  that  the  ratio  of  r(n)  to 

In  n 

tends  to  the  limit  unity  as  n  increases  without  limit. 

The  question  was  still  unanswered  as  to  which  of  the  two  expressions. 


or  Li(n),  is  the  better  or  more  exact  formula.  In  1898  de  la  Vall4»* 

In  a 

Poussin  was  able  to  show  that  the  logarithmic  integral  is  an  asymptotic 
expression  for  the  number  of  primes  which  is  more  exact  than  any  of  its 


possible  expressions  in  finite  form,  and  that  the  error  committed  in  using 
ufie — ^  ^  * 

it  cannot  exceed  — j - ,  where  a  and  b  are  fixed  positive  numbers. 

In  n 


We  can  now  see  by  expanding  Ijegendre’s  function  f(n)  — 

In  n  -p 

in  inverse  powers  of  In  n,  and  comparing  with  (2),  that  the  least  in¬ 
accurate  formula  of  the  Legendre  type  is  obtained  by  taking  *  1  and 
a*  —  1.  Even  then  the  formula  is  certain  to  be  in  error  by  quantities 

of  the  order  of  yr—n- 
(In  n)* 

The  best  formula  which  has  yet  been  obtained  for  the  number  of 
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TABLE  II 


fl 

(..  _  . . . 

o0,000 

I  5,134 

100,000 

I  9,593 

150,000  • 

I  13,849 

200,000 

17,985 

250,000 

22,045 

300,000 

35,998 

350,000 

29,978 

400,000 

33,861 

450,000 

37,707 

')00,000 

41,539 

600,000 

!  49,099 

700,000 

1  56,544 

800,000 

<  63,952 

«00,000 

71,275 

1,000,000 

I  78,499 

1,500,000 

114,156 

2,000,000 

148,934 

2,500,000 

183,073 

3,000,000 

216,817 

3,500,000 

250,151 

4,000,000 

283,147 

4,500,000 

315,949 

3,000,000 

348,514 

5,500,000 

380,801 

6,000,000 

412,850 

6,500,000 

444,758 

7,000,000 

476,649 

7,500,000 

506,262 

8,000,000 

.539,778 

8,500,000 

571,120 

9,000,000 

602,490 

9,500,000 

633,579 

10,000,000 

664,580 

20,000,000 

1,270,608 

90,000,000 

5,216,965 

100,000,000 

5,761,456 

1,000,000,000 

50,847,479 

primes  less  than  a  given  limit  is  due  to  Riemann.  This  formula  may 
be  written 


R{n)  -  ^  -I-  Lt(n)  -  -  Ui(n‘)  +  •  •  • 

^  o  5 

*-i  k 


Hi 


I 


I, 


(3) 
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whom  .4  iM  a  oortain  ronxtant,  which  may  bo  omitted  without  appreciable 
offoot.  The  function  ti{k)  is  equal  to  1  for  ik  —  1,  equal  to  lero  for  every 


TABLE  III 


n 

Davialion* 

van  MuifnMt 

RiMBann 

'lO.ono 

+2 

+33 

-1 

100,000 

-5 

+37 

-6 

lAO.ono 

-5 

+« 

-5 

200,000 

-3 

+51 

-3 

250,000 

-10 

+49 

-10 

300,000 

+26 

+89 

+25 

350,000 

-17 

+49 

-18 

400,000 

-7 

+62 

-9 

450,000 

+2 

+74 

0 

500,000 

-6 

+67 

-9 

000,000 

-3 

+74 

-8 

700,000 

+21 

+  101 

+  13 

800,000 

+3 

+35 

-7 

900,000 

+4 

+87 

-9 

1,000,000 

+44 

+  129 

+29 

1,500,000 

+23 

+  107 

-19 

2,000,000 

+42 

+  121 

-10 

2,500,000 

+  102 

+  172 

+29 

3,000,000 

+96 

+  154 

-1 

3,500,000 

+  124 

+  168 

+4 

4.000,000 

+  176 

+205 

+32 

4,500,000 

+  153 

+  165 

-17 

5,000,000 

+  130 

+  124 

-65 

5,500,000 

+  175 

+  151 

-46 

0,000,000 

+271 

+227 

+23 

6,500,000 

+336 

+272 

+61 

7,000,000 

+263 

+178 

-39 

7,500,000 

'  +325 

+218 

-5 

8,000,000 

+350 

+222 

-7 

8,500,000 

+427 

+276 

+41 

9,000,000 

+360 

+  186 

-54 

9,500,000 

+467 

+269 

+24 

10,000,000 

+560 

+338 

+87 

20,000,000 

+  1,043 

+297 

-37 

90,000,000 

+5,909 

+855 

+227 

100,000,000 

+6,548 

+753 

+96 

1,000,000,000 

+70,029 

+  1,7.56 

-24 

value  of  k  which  containa  a  mpoated  prime  factor,  and  equal  to  + 1  or  —  1 
according  as  k  contains  an  even  or  odd  number  of  distinct  prime  factors 
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(all  different).  A  glance  at  the  table  at  the  end  this  chapter  (Table 
111)  will  make  clear  the  wonderful  faithfulnew  with  which  thiti  formula 
mpresente  »(n).  No  one  has  as  yet  been  able  to  prove  that  Riemann’s 
function  is  necessarily  a  better  expression  for  ir(n)  than  is  Li{n),  but 
this  certainly  seems  to  be  the  case,  at  least  for  values  of  n  less  than  a 
billion. 

We  give  now  a  table  of  values  of  «’(n)  (given  in  Table  11),  together 
with  the  corresponding  deviations  of  the  approximating  functions  of 
liCgendre,  von  Mangoldt  (the  logarithmic  integral),  and  Riemann  (given 
in  Table  111). 

We  cannot  hope  to  denve  by  rigorous  methods  any  formula  giving 
the  approximate  number  of  twin  primes  less  than  a  given  upper  limit. 
Some  of  the  world’s  leading  number  theorists  have  worked  on  this 
problem  without  success.  The  best  we  can  do  is  to  make  certain 
simplifying  assumptions,  and  see  what  can  be  made  to  follow  from  these 
assumptions.  We  shall  see  what  can  be  said  in  a  rough  way  about  the 
distribution  of  primes,  and  then  apply  the  same  technique  to  the  study 
of  twin  primes. 


II.  Application  of  Probability  to  Primes 


Suppose  we  wished  to  determine  the  approximate  number  of  primes 
between  N  and  {N  -f  AN  +  1).  There  are  altogether  just  AN  integers 
in  this  interval.  Hence,  if  we  subtract  from  AN  the  number  of  com- 
ixisite  numbers  in  this  interval,  we  shall  obtain  the  number  of  primes. 

AN 

Now  there  are  approximately  —  multiples  of  2  in  this  interval, 

and  tlie  error  involved  in  this  approximation  cannot  exceed  unity. 

•nee  there  will  be  approximately  numbers  in  this  interval 

which  are  not  divisible  by  2.  Similarly,'  we  ought  to  reject  the  (ap- 

‘proximately)  multiples  of  3.  But  in  so  doing,  we  are  rejecting  for 

the  second  time  the  multiples  of  6,  so  that  the  number  of  these  multiples  - 
AN 

approximately  — — ought  to  be  added  again.  Hence  the  number  of 

o 


numbers  in  this  interval  which  are  divisible  by  neither  2  nor  3  will  be 
appn)ximatply  ”  O' 

the  error  of  each  individual  term  in  the  sum  cannot  exceed  unity,  the 
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piTor  of  the  entire  exprpmion  muHt  be  letw  than  4,  and  hence  the  frac¬ 
tional  error  munt  be  lew*  than 


AN 

Similarly,  we  reject  the  (approximately)  —  multiples  of  5.  In  so 

5 

doing,  we  are  rejecting  for  the  second  time  the  multiples  of  10  and  15, 
so  that  these  must  again  be  added.  The  multiples  of  30  have  been 
rejected  three  times  (multiples  of  2,  3,  and  5)  and  added  three  times 
(multiples  of  6, 10,  and  15),  so  that  these  must  again  be  rejected.  Hence 
the  number  of  numbers  not  divisible  by  either  2,  3,  or  5  will  be  approxi¬ 
mately 


an_an_an  an  an  an_  an 

2  3  5  2-3  2-5  3-5  2-3-5 


It  is  easily  seen  that  the  above  form  will  continue  to  hold  for  any 
number  of  primes.  The  number  <if  numbers  not  divisible  by  any  of  the 
primes  2,  3,  5,  7,  •  •  •  P  will  be  approximately 


iAT  -  Z  ^  +  E  ^ 


-  E  + 

p<§<*  p^r 


-(-00 -00-0  •••(-.-) 


(4) 


where  p,  q,  r,  etc,  are  primes  less  than  or  equal  to  P  (excluding  unity), 
and  the  prime  factors  Wi  the  denominators  are  all  distinct.  If  P  be  the 
(R  -I-  l)th  prime  number,  there  will  be  2*  terms  in  the  above  expanded 
product,  and  since  the  error  involved  in  each  term  is  less  than, unity, 
the  fractional  error  of  the  above  expression  cannot  exceed 


2* 


-0-00-3-X*-0-0-0-*' 


(5) 


We  see  that,  if  P  be  held  fixed,  the  fractional  error  may  be  made  arbi¬ 
trarily  small  by  taking  AN  sufficiently  large. 

The  expression  (4)  may  be  interpreted  in  a  rather  sim|>le  and  inter- 
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(‘titing  way.  Since  every  other  number  is  divisible  by  2,  we  may  say 
that  the  probability  that  any  number,  chosen  at  random,  is  divisible 


by  2  is  hence  the  probability  that  any 


number  is  not  divisible  by  2  is 


(-0- 


Similarly,  since  every  third  number  is  divisible  by  3,  every 


fifth  number  is  divisible  by  5,  and  so  on,  we  may  say  that  the  probability 


that  any  number  is  not  divisible  by  3 
any  number  is  nut  divisible  by  5  is  (-0- 


“  ('  -  3-)’ 


-j,  the  probability  that 
and  BO  forth.  If  we  consider 


the  probabilities  of  these  events  as  being  independent  (i.e.,  if  the  fact 
that  a  certain  number,  chosen  at  random  in  the  interval,  is  not  divisible 
by  a  certain  number  of  primes  pi ,  p* ,  •  •  •  ,  p* ,  does  not  affect  the 
probability  that  it  is  not  divisible  by  any  other  prime  p'),  then  it  is 
legitimate  to  multiply  these  separate  probabilities  together,  obtaining 


(‘-00 -300.-0  •••('-?) 

fur  the  probability  that  any  number  in  the  interval  is  not  divisible  by 
any  of  the  primes  2,  3,  6,  7,  •  •  •  P.  6{P)  may  also  be  considered  as 
the  average  density  of  numlx'rs  not  divisible  by  any  of  the  primes 
2,  3,  5,  7,  •  •  •  P.  Multiplying  this  probability  by  the  length  of  the 
interval,  AA',  we  obtain 


^K'-0O-30O-0-O-?) 


for  the  approximate  number  of  numbers  in  this  interval  which  are  not 
divisible  by  any  of  the  primes  up  to  and  including  P.  This  agrees 
with  the  expression  (4),  which  we  have  seen  is  certainly  valid  if  P  is 
.sufficiently  small  compared  to  AN.  Hence  we  may  infer  that  it  ia 
legitimate  to  consider  the  separate  probabilities  that  a  number  is  not 
divisible  by  2,  3,  5,  •  •  •  P  as  being  independent,  provided  P  is  sufficiently 
small  compared  to  AN. 

Now  any  number  is  a  prime  if  it  is  not  divisible  by  any  prime  less  tlian 
the  square  root  of  itself,  excluding  unity.  If  the  expression  given  in  (7) 
were  correct  for  sufficiently  large  values  of  P,  we  could  take  P  approx¬ 
imately  equal  to  -^N  and  obtain  the  approximate  number  of  primes  in 
the  interval  between  N  and  {N  +  AN  +  1).  However,  we  might 
(Hiually  well  say  that  a  number  is  prime  if  it  is  not  divisible  by  any  prime 
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lorn  than  itnelf,  in  which  case  we  would  take  P  approximately  equal  to 
N,  obtaining  a  different  value  for  the  approximate  number  of  primes 
in  the  interval.  It  is  therefore  evident  that  the  probabilities  that  a 
number  is  not  divisible  by  each  of  the  primes  2,  3,  6,  •  •  •  P  cannot  be 
considered  as  independent  if  P  is  as  large  as  the  square  root  of  N. 

We  will  now  assume  that  the  average  density  of  primes  in  the  vicinity 
of  Af  is  given  by  the  expression 

-"■('-iX'-sX' -!)('■;)■ 

where  P  is  the  greatest  prime  less  than  AT*',  and  F  is  an  exponent  to  b«* 
determined,  which  we  shall  call  the  “exponent  for  prime  numbers”. 
()f  course  we  know  in  advance  that  there  it  an  average  density  function 
for  primes,  for  such  a  function  would  be  obtained  by  differentiating  the 
logarithmic  integral,  which  is  asymptotic  to  th(^  number  of  primes  less 
than  a  given  limit.  If  tlien*  are  ^^(n)  primes  in  an  inU'rval  of  length 

An,  then  the  actual  density  of  prim<‘s  in  this  interval  will  be  . 

Now  we  know  that  ir(n),  the  number  of  {irimes  less  than  n,  is  asymptotic 

to  the  logarithmic  integral,  which  is  in  turn  asymptotic  to  j—  .  Hence 

In  n 


we  may  write  that  v(n)  (1  -b  «i),  and  also  that  v(n  -f  An)  » 

In  n 

I — 7  (1  +  h),  where  ci  and  tt  approach  w‘ro  as  n  tends  to  infinity. 

In  (n  +  An) 

Then  ~ 

An  An 

Now  place  An  ■»  kn,  where  k  is  positive.  Then 

Ay(n)  ^  :♦-_•*)  _  n(l  -b  «i)~| 

An  kn  1_  ln?n  +  kn)  In  n  j 

^  (1  +  k)(l  -I-  €t)  In  n  -  (1  -I-  €i)(ln  n  -f  In  (1  +  k)J 
k  In  nfln  n  -f-  In  (1  +  t)) 


ln(l  +  k)  , 

1. 1  +  «* 
k  In  n 


•Ti  j. 

kl  "Inn 


In  (1  -I-  k) 
In  n 


] 


From  this  we  see  that  if  k  be  given  any  fixed  value,  other  than  icro. 

then  the  ratio  will  be  asymptotic  to  ,  the  derivative  of  the 

An  .  In  n 
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logarithmic  integral.  In  other  wordu,  if  An  »  A'n,  where  A  is  a  pooi- 
tive  constant,  then  the  actual  density  of  primes  in  an  interval  of  length 

An  will  be  asymptotic  to  ,  and  hence  this  quantity  may  be  properly 
In  n 

called  the  average  density  of  primes  in  the  vicinity  of  n. 

If  we  place  AAT  A'N 'm  (5),  we  obtain  an  upper  limit  for  the  frac¬ 
tional  error  of  the  function  9{P)  giving  the  average  density  oi  numbers 
not  divisible  by  any  of  the  primes  up  to  and  including  P.  This  upper 

2* 

,  which  will  clearly  tend  to  sero  if 


limit  then  becomes 

2* 


AN'${P)  -  2-' 
tends  to  sero.  Since  this  will  obviously  tend  to  sero  if  P 


AN'${P) 

remains  finite  as  N  tends  to  infinity,  we  assume  P  tends  to  infinity 
with  N. 

2* 

is  to  tend  to  sero,  then  its  logarithm  must  become  nega- 


AN'9{P) 
lively  infinite;  i.e.,  we  must  have 

«  In  2  -  In  AT  -  ln(»(P)l  -  In  .4  -  * 

Now  it  has  been  proven  by  l.Andau'  that,  P  —*  * , 


(8) 


(9) 


It  follows  from 
0  as  P  tends  to 
P 
InP 

Substituting  these  two  relations  in 


where  c  is  Euler’s  constant,  equal  to  0.57721566  *  • 

(9)  that  ln(tf(P)]  »  —  c  —  lnlnP+«i,  where  <i 

infinity.  Also,  since  P  is  the  {K  -f  l)th  prime  number,  R 

(1  -f-  «i),  where  «j  — »  0  as  P  — »  » . 

(8),  we  obtain 

Pln2 
In  P 

Since  In  In  P 
Now  if  «■ 


(1  4-  •»)  —  In  iV  -}-  In  In  P  -f  c  “  In  A  —  *i  — »  —  *  (10) 


•(a 


as  P 


ao ,  (10)  will  be  satisfied  if , — ^  <  In  N. 

In  P 

In  In  N  4- 


(In  AT) "(In  In  AT),  and  N  >  e*,  then  In  it# 

L 

In  In  In  N  >  In  In  N,  so  that  , — ^  <  In  N.  Hence  if  P  <  k^,  then 

In  Km 

<  In  N,  so  that  (10)  will  be  satisfied  it  P  <  (In  N)  (In  In  N). 

In  P  In  Km 

'  Fklmund  I.«ndau,  "Handbuch  der  Lehre  von  der  VerteilunK  der  Primiahlen," 
|36,  p.  140. 
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Hence  wo  may  conclude  that  the  function  8{P)  ia  asymptotic  to  the 
averaf^  density,  in  the  vicinity  of  N,  of  numbers  not  divisible  by  any 
of  the  primes  up  to  and  including  P,  provided  that  P  is  not  greater 
than  On  N)(\n  In  N).*  Thus  we  see  that  we  may  correctly  apply  the 
theory  of  probability  in  eliminating  multiples  of  2,  3,  5,  •  P,  provided 

P  is  sufficiently  small  compared  to  N.  It  appears  that  the  theory  breaks 
down  when  P  becomes  commensurate  with  any  positive  power  of  N. 
The  reason  for  this  is  probably  the  fact  that,  in  considering  the  separat<> 
probabilities  that  a  number  is  not  divisible  by  any  prime  p,  we  have  not 
taken  account  of  the  fact  that  the  product  of  all  the  prime  factors  of  a 
number  must  be  equal  to  the  number  itself.  Thus,  if  a  number  is  not 
divisible  by  any  prime  less  than  N“,  it  necessarily  follows  that  the 
number  cannot  be  divisible  by  any  prime  between  iV‘““  and  N.  This 
latter  fact  has  not  been  taken  into  consideration  in  applying  the  theory 
of  probability  to  the  determination  of  the  density  of  numbers  not 
divisible  by  any  of  the  primes  less  than  P.  Hence  it  is  apparent  that 
the  correct  density  must  be  less  than  the  previously  derived  density 
9{P),  when  P  ~  N"{a  >  0). 

If  the  previously  derived  density  function  were  correct,  the  average 
density  of  primes  would  be  given  by  9{P),  with  P  approximately  equal 
to  N\  Since  this  density  is  actually  too  large,  it  may  be  made  smaller 
by  continuing  the  product  9(P)  still  further,  until  P  is  equal  to  some 


power  of  N  greater  than 

A 


Hence  we  should  expect  T,  the  exponent 


for  primes,  to  be  greater  than 


We  shall  now  determine  this  ex¬ 


ponent. 

We  assume  that  the  average  density  of  primes  in  the  vicinity  of  N 
is  given  by  6(P),  where  P  is  as  nearly  as  possible  equal  to  N^.  If  we 
•  1 

wish  9{P)  to  be  asymptotic  to  the  correct  density, ; — ,  we  see  from  (9) 

In  N 

e~*  1 

that  we  must  have  , — =  or  In  P  e~*  In  N.  But  we  have 

In  P  In  W 

In  P  ~  r-ln  N,  and  hence  r  »  ■=  0.56146  •  •  •  . 

The  function  9(P)  “  ”  i)  ’ 


*  It  is  the  author’s  conjecture  that  this  condition  may  be  replaced  by 
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will  give  the  deiwity  of  numbera  not  divisible  by  any  of  the  primes  up 
to  and  including  P,  provided  P  is  not  greater  than  (In  Af)(ln  In  S).  If 
P  be  taken  os  great  as  y/N,  to  determine  the  density  of  primes,  the 
function  will  no  longer  give  the  correct  density.-  However,  the  correct 
average  density  of  primes  may  be  obtained  by  taking  P  approximately 
equal  to  N^. 

III.  Applicatioii  of  Probability  to  Twin  Primes 

Having  applied  the  theory  of  probability  to  the  study  of  prime 
numbers,  we  shall  now  see  what  can  be  said  about  the  distribution  of 
twin  primes.  We  have  seen  how  the  sequence  of  prime  numbers  may 
be  determined  by  a  sieve  process,  by  eliminating  from  the  sequence 
of  whole  numbers  the  multiples  of  2,  3,  6,  •  •  •  P.  The  remaining  num¬ 
bers  will  then  be  all  the  prime  numbers  between  P'  and  P'*,  where  P' 
is  the  prime  next  greater  than  P.  The  “sieve”  is  shown  graphically 
in  Fig.  1 .  Starting  with  sero,  a  circle  is  placed  over  every  other  number, 
a  squan-  over  every  third  number,  a  triangle  over  every  fifth  number, 
and  a  cross  over  every  seventh  number.  The  numbers  which  have  no 


Fio.  1 


.symbol  over  them  will  then  comprise  the  sequence  of  all  numbers  which 
are  prime  to  2,  3,  5,  and  7  (i.e.,  which  are  not  divisible  by  either  2,  3,  6, 
or  7),  and  in  particular  this  sequence  will  coincide  with  the  sequence 
of  prime  numbers  between  the  limits  11  and  121. 

Now  we  have  defined  a  twin  prime  to  be  any  prime  which  will  yield 
another  prime  when  increased  by  two.  Hence,  in  order  to  obtain  the 
.sequence  of  twin  primes,  we  must  eliminate  from  the  .sequence  of  whole 
numbers  not  only  those  numbers  which  arc  divisible  by  any  of  the 
primes  2,  3,  6,  •  •  •  P,  but  also  those  numbers  which,  when  increased  by 
two,  will  be  divisible  by  2,  3,  5,  •  •  •  P.  Hence  the  sieve  for  the  deter¬ 
mination  of  twin  primes  may  be  obtained  by  superimposing  upon  the 
sieve  for  prime  numbers  another  sieve  obtained  by  displacing  that  sieve 
two  units  to  the  left.  Such  a  sieve  is  show-n  in  Fig.  2,  for  P  *  7.  Then* 
is  a  circle  over  every  number  which  is  either  divisible  by  2  or  will  be 
divisible  by  2  when  increased  by  2;  there  is  a  square  over  every  number 
which  is  either  divisible  by  3  or  will  be  divisible  by  3  when  increawd 
by  2,  and  so  forth.  The  numbers  which  have  no  s3rmbol  over  them 
are  the  numbers  which  are  neither  divisible  by  2,  3,  6,  or  7,  nor  will  be 
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divinible  by  2,  3,  6,  or  7  whon  increased  by  2.  This  sequence  will 
coincide  with  the  sequence  of  twin  primcMt  between  the  limits  1 1  and  121. 

We  shall  now  show  that  the  number  of  numbers,  in  an  interval  of 
length  AN,  which  are  neither  divisible  by  any  of  the  primes  2, 3, 5,  •  *  *  P, 
nor  become  divisible  by  any  of  these  primes  when  increased  by  2,  is 
given  approximately  by 

-  00  -  IX' -0  •■•('■?) 

provided  P  is  sufficiently  small  compared  to  AN.  The  significance  of 
this  product  from  a  probability  standpoint  is  evident  by  looking  at 
Fig.  2. 

The  sieve  for  twin  primes  may  be  thought  of  as  a  superposition  of 
separate  layers,  one  layer  associated  with  each  of  the  primes  2,  3,  5, 


ii 


Fiu.  2 


-  •  •  P.  The  elements  of  the  layer  Hssociat<‘<l  with  any  prime  p  cover 
all  integers  of  the  form  kp  and  kp  —  2,  where  k  is  an  integer.  We  shall 
denote  the  subset  of  elements  covering  all  integers  of  the  form  kp  by 
Sl,  and  the  subset  of  elements  covering  all  integers  of  the  form  kp  —  2 
by  S^.  We  shall  now  prove  that  for  any  group  of  subsets  ,  iS>, ,  , 

•  •  •  iS^, ,  where  any  arbitrary  combination  of  signs  may  be  taken  and 
the  Pi  an>  all  different,  there  will  always  be  integral  values  of  N  such 
that  N  is  covered  by  an  element  of  each  subset,  and  that  these  values 
of  N  will  form  an  arithmetic  progn'ssion  with  common  difference  equal 
to  pi  Pi  Pi  *  *  *  p. .  No  generality  is  lost  by  assuming  the  first  m  of  these 
subsets  to  have  a  (+)  superscript,  and  the  last  (n  —  m)  subsets  to 
have  a  (— )  superscrijSt,  so  that  we  have  to  consider  the  subsets  Sti, 
^tt  Ws  hsvs  thco  to  solvc 

the  set  of  equations 


N  -  kiPl  -  fciPl  -  ••  •  -  k,p,  «  kmi-iPm^l  -  2 


for  inU'gral  values  of  N,  ki,  kt,  ki,  •  •  •  ,  Jb, .  Now  the  equations  N  « 
kipi  ktPi  »  *  ■  ’  *■  kmPm  ATv  clearly  satisfitHl  if  and  only  if  JV  is  a 
multiple  of  eaeh  of  the  primes  pi,  pt,  *  *  *  p» •  Hence  we  must  have 
N  »  a  •  Pi  Pi  *  ’  *  p« ,  when*  a  is  an  integer.  Also,  the  equations  N  » 
km^iPm+i  7  2  -  k-np»4i  -  2  -  •  •  •  «  k,p,  -  2  require  that  {N  +  2) 
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hr  a  multipk>  of  each  of  the  primoH  ,  *  ”  p.  ,  flo  that  we  mtiNt 

have  also  AT  —  b-pm^iPm^tPm^i  •  •  •  p,  —  2.  Hence  the  solution  of  (12) 
nnluces  to  the  solution  of  the  equations 

-  o  pip,  •  •  p«  -  6  p«+,p,+t  •  •  •  p,  -  2 

for  integral  values  of  N,  a,  and  6.  Since  AT  must  necessarily  b(>  integral 
if  a  and  b  are  integral,  it  suffices  to  (consider  the  single  equation 

a(pipi  •  •  •  p«)  -  b(p»+ip«+,  •  •  •  pO  -  2  (13) 

Now  it  is  known  from  the  theory  of  indeterminaU*  equations  that, 
since  (pi pi  •  •  •  p*)  •  and  (p«-».^p»^l  •  •  •  p«)  are  relatively  prime  (i.c., 
they  contain  no  factor  in  common),  this  equation  must  liavc  at  least 
one  solution,  say  a  Oo  and  b  —  bo ,  and  that  the  general  solution  will 
then  be 

a  -  oo  -H  ;(p«4iP«+*  •  •  •  P«) 
b  »  b*  -b  j(pi  Pi  •  •  •  p«) 

where  j  can  have  any  integral  value.*  Since  N  «■  a^pipi  •  •  •  p, ,  we 
have  for  the  general  solution  of  (12) 

Af  -  too  -f  jipm+ipm+i  •  •  •  p.  )1piPi  •  •  •  p- 
or  AT  -  o«p,pi  •  •  •  p*  +  iXpiPiPi  •  •  •  p.)  (14) 

This  shows  that  the  values  of  N  lie  in  an  arithmetic  progression  with 
common  difference  equal  to  pipipi  •••  p».  Hence,  in  an  interval  of 

AN 

length  AN,  there  will  lie  approximately  -  -  integers  which 

PiPip*  •••  p. 

are  covered  by  elements  from  each  of  the  subsets  ,  •  •  •  , 

where  the  superscripts  are  all  (+).  If  AN  is  a  multiple  of  pipi  •  •  •  p. , 
this  expression  will  be  exact,  and  in  all  events  tlM>  error  involved  cannot 
exceed  unity.  The  same  will  hold  true  no  matter  what  the  superscripts 
may  lie,  so  long  as  the  subscripts  arc  pi ,  pi ,  pa ,  •  •  •  p. .  Now,  if 
p  ^  2,  the  subsets  and  an*  mutually  exclusive,  and  if  p  -■  2,  the 
two  subsets  are  coincident.  Hence,  the  number  of  distinct  combina¬ 
tions  of  n  subsets,  one  taken  from  each  of  the  layers  associated  with  the 
primes  Pi ,  pi ,  pi ,  •  •  •  P-  ,  will  be  2"“‘  or  2"  according  as  2  is  or  is  not 
among  the  primes  pj ,  pi ,  pt,  •  •  •  p» .  Since  each  one  of  these  com¬ 
binations  will  recur  every  (piPiPi  *  *  *  p«)  integers,  the  number  of 
integers,  in  an  inter\'al  of  length  AN,  which  are  covered  by  elements 

*  See  H.  B.  Fine,  “Collexe  Algehra’',  p.  342. 


CHARLES  8.  SUTTON 


from  each  of  the  layers  associated  with  the  primes  pi ,  pi,  •••  p»  , 

will  be  approximately - ^  where  the  quantity  in  is  equal 

Pi  Pi  Pi  •  *  •  p» 

to  -  if  one  of  the  factors  in  the  denominator  is  2,  and  is  equal  to  unity 

otherwise.  The  error  involved  in  this  approximation  will  be  xero  if 
AJV  is  a  multiple  of  Pi  pi  **  *  p> ,  and  in  all  events  cannot  exceed  2*. 

We  can  now  determine  the  approximate  number  of  integers,  in  an 
interval  of  length  AN,  which  are  covered  by  elements  of  the  sieve. 
We  assume  the  sieve  to  consist  of  layers  associated  with  the  primes  2,  3, 
5,7,  •••  P.  Itiseasy toshowthat, if AiVisamultipIeof 2'3'5*7  •••  P, 
then  every  integer  which  is  covered  by  one  or  more  elements  of  the  sieve 
is  counted  exactly  once  in  the  series 


2SiAN 


^itAN 


p<1<r  VQT 


where  p,  q,r,  •  •  ‘  ,  are  primes  not  greater  than  P,  and  the  prime  factors 
in  the  denominators  are  all  distinct. 

Suppose  an  integer  in  the  interval  is  covered  by  an  element  of  only 
one  layer  of  the  .sieve;  then  that  integer  is  counted  once  in  (15),  namely 

as  one  of  the  (exactly)  numbers  in  this  interval  which  are  covered 

P 

by  elements  of  the  layer  associated  with  the  prime  p.  Next  suppose  an 
integer  in  this  interval  is  covered  by  elements  of  r  layers  associated 
with  r  of  the  primes  2,  3,  5,  •  •  •  P.  Then  that  integer  will  be  counted 

exactly  r  times  in  ^  — ;  it  will  be  counted  in  53  a  number  of 

P  P9 

times  equal  to  the  number  of  combinations  of  r  things  taken  2  at  a  time, 
or  f  it  will  be  courtted  times  in  ^  ^  Hence 


or  f  iV  it  will  be  courtted  f  1 1  times  in  ^  ^  ^ 

\2/  \3/  ,<,<r  pqr 

the  total  number  of  times  that  integer  is  counted  will  be 

^ -0+ (3) -•••+<-'^'“0-*- 


Hence,  if  AN  is  a  multiple  of  2-3*5'7  •  •  •  P,  then  the  number  of 
integers  in  that  interval  which  are  covered  by  elements  of  the  sieve 
will  be  exactly  given  by  (15).  Each  individual  term  in  (15)  is  of  the 

form  -  ,  and  gives  the  number  of  integers  which  are  covered 

PiPiPi  •  *  •  p« 

by  elements  fn»m  each  of  the  layers  associated  with  the  primes  pi ,  p» , 
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Pi  ,  *  * '  .  But  even  if  AJV  u  not  a  multiple  of  pipt  •  •  •  p. ,  the  error 

involved  in  each  term  must  be  less  than  2*.  Now,  if  the  sieve  consists 
of  R  layers  (that  is,  if  there  are  R  primes,  excluding  unity,  not  greater 
than  P),  then  there  will  be  R  terms  in  the  first  sununation  in  (15), 


there  will  be 


terms  in  the  second  summation, 


in  the  third,  and 


so  on.  Hence,  no  matter  what  AN  may  be,  the  absolute  error  of  the 
expression  (15)  cannot  exceed 


«-2  +  (*).2-  +  (f).2-  + 


(1  +  2)*  -  1  <  3*  (16) 


Since  there  art*  altogether  just  AN  integers  in  the  interval,  the  number 
of  integers  in  the  interval  which  are  not  covered  by  any  elements  of  the 
.sicv’e  will  be  approximately 


AN  -  AN  +  AN  T, 

P  P9 


2*4, 


P<n<r  P^ff 


“('-SX'-IX'-a'-,’)  ■O-l) 


(17) 


with  an  error  less  than  3*.  Hence  the  fractional  error  of  (17)  must  be 
less  than 


and  we  see  that,  as  in  the  cast*  of  primes,  the  fractional  error  may  be 
made  arbitrarily  small  by  taking  AN  sufficiently  large  in  comparison 
to  P. 

Hence  we  may  say  that  the  average  density  of  integers  which  are 
neither  divisible  by  any  of  the  primes  2,  3,  5,  7,  •  •  •  P,  nor  become 
divisible  by  any  of  these  primes  when  increased  by  2,  will  be  approx¬ 
imately 

.(19) 

Noting  the  similarity  in  form  between  the  different  corresponding 
expressions  we  have  derived  relating  to  primes  and  to  twin  primes,  it 
seems  natural  to  suppose  that  the  average  density  of  twin  primes  will 

be  given  by  ^(P)  “  “  |)  '  (*  “  p)’  ^ 
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ifl  the  greateiit  prime  lem  than  AT*,  and  yt  ih  a  rertain  constant  exixment, 
which  we  shall  call  the  “exponent  for  twin  primes”. 

The  simplest  and  most  obvious  assumption  that  a’e  can  make  regard¬ 
ing  this  exponent  is  that  it  is  equal  to  the  exponent  for  prime  numbers; 
i.e.,  we  assume  yt  «  F.  Then,  if  we  compare  the  average  density  of 
primes  with  the  average  density  of  twin  primes  in  the  vicinity  of  N, 
we  will  have  AT*  ■■  AT*',  so  that  the  values  of  P  in  ${P)  and  ^(P)  will  be 
equal.  If  p{N)  and  pi(Af)  denote  the  average  densities  of  primes  and 
twin  primes  in  the  vicinity  of  N,  respectively,  then 


wAf)p  ~  wnf  -  (.  -  i)’(i  - 1)’(.  -  i)’  •  •  •  (i  - 
^ *(/•).  (,-^L)(, 


(20) 


PtiN) 

[p{N)Y 

The  product  (20)  evidently  converges,  for  P  l>eeoming  infinite,  to  a 
certain  constant  value,  which  we  shall  denote  by  Co .  Then,  as  AT  — ►  x , 
PiCAT)  ~  C,-[p(Ar)l*. 

Now  let  wiN)  be  a  function  giving  the  approximate  number  of  primes 
less  than  N,  and  let  rtiN)  he  a  function  giving  the  approximate  number 

of  twin  primes  leas  than  AT.  Then  represent,  in  a 

sense,  the  average  density  of  primes  and  twin  primes,  respectively,  in 
the  vicinity  of  AT,  so  that  we  shall  place 


pm  -  -  r'(N)  and  ptiN)  -  ~  rim. 


We  then  have 


wim  Co-iT'(iV)j* 


(21) 


Since  we  know  that  the  average  density  of  primes  is  asymptotically 

given  by  the  derivative  of  the  logarithmic  integral,  we  have  r'(N)  ~ ^ , 

In  At 


and  hence  (21)  l)eeome8 


ir;(Ar) 


Co 


Now, 


(In  AO* 

rtm  -  iri(2)  -f-  f  rt{t)dt  -|-  i  riiOdi 


(22) 


(23) 
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By  (22)  we  can,  given  any  positive  c,  choosi'  M  .sufficiently  large  mo  that, 
for  all  values  of  N  greaU'r  than  A/, 


An*  *■»('")  <  V^i 


(In  AO*  '  '  (In  AO* 

rn  fs  ^ 

Hence  /  rt{t)dt  —  C«(I  +  i)*  /  j-. — where  |4l  <  t.  hkiuation 
Jm  Jm  (In  I)* 

(23)  may  then  be  written 


^t{N)  *  v’s(2)  +  /  ‘^tiO  dt  -|-  Co(l  + 


or, 


-"‘+«r  (4+ 

■«  Tt(2)  C'o/i  +  Coili  —  Co(l  ■+■  4)’/*  + 
*■*(2)  —  C* 


r. 


Co/i  1  +  6  -|- 


7*(1  -f*  -b 

__  ^ 


Now,  having  fixed  «,  aud  hence  M,  the  values  of  1%  and  It  are  also 
fixed;  also,  since  Ii  tends  to  infinity  with  AT,  we  may  cho<j«e  N  sufficiently 
large  so  that 


*■*(2)  —  Cb(1^  i)'It  +  It 

Ctli 


<  t 


Since  |  j  |  <  e,  we  have  finally,  for  N  sufficiently  large, 

C./id  -  2t)  <  Tt{N)  <  C«/,(l  +  2b) 

and  hence 

(24) 

The  above  asymptotic  relation  has  been  derived  on  the  assumption 
that  7i  *  r.  If,  on  the  other  hand,  yi  ^  F,  then  let  P  and  P'  be  the 
greatest  primes  less  than  AT*  and  AT*”,  respectively.  Then  [p(A01* 
(»(P01*  and  Pi(Ar)  ~  ^(P),  so  that 

tniN)  ^(P)  (»(P))*  ^  r«(P)T 

(p(^i*  [•(P)i*  ■  (»(ni*  •  1»(P0  J 
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Now,  by  (9), 

rg(P)T  pn  P' 

Inn]  ^LinP 

and  honor 

Pi(Ar)<-C.-^-[p(N)l*  (25) 

yt 

ThuM,  if  7t  18  not  equal  to  F,  but  has  some  other  constant  value  (other 
than  irro),  the  only  effect  will  be  to  multiply  the  density  of  twin  primes 
by  a  constant  factor.  We  will  then  have,  in  place  of  (24),  the  relation 

r*  /■"  • 

ir,(Ar)-C,--,- /  (26) 

yj  Jt  On  <)* 

We  may  therefore  conclude  that  it  seems  extremely  likely  that  the 
correct  expression  giving  the  approximate  number  of  twin  primes  less 
than  a  given  upper  limit  AT  is  a  certain  constant  times  the  integral 
f"  dt 

I  .  (The  lower  limit  is  quite  arbitrarily  taken  equal  to  2;  it 

Jt  (In  ty 

might  equally  well  be  any  other  constant  greater  than  unity). 

IV.  The  More  General  Case  of  Pairs  of  Primes  Differing 
by  any  Integer 

The  arguments  of  the  preceding  chapter  may  easily  be  generalised 
to  include  the  more  general  case  of  pairs  of  primes  differing  by  any 
integer  k.  If,  for  convenience,  we  designate  each  such  pair  by  the  lower 
prime  number  in  that  pair,  we  have  to  determine  the  density  of  those; 
primes  which  will  yiejd  other  primes  when  increased  by  k.  The  sieve  for 
the  determination  of  these  primes  will  be  obtained  by  superimposing 
upon  the  sieve  for  prime  numbers  another  sieve  obtained  by  displacing 
that  sieve  k  units  to  the  left.  As  before,  wc  shall  denote  the  subset  of 
elements  covering  all  integers  of  the  form  mp  (m  is  an  integer)  by 
and  the  subset  of  elements  covering  all  integers  of  the  form  (mp  —  k) 
by  5;. 

The  argument  of  the  preceding  chapter  will  suffice  to  show  that, 

AN 

in  an  interval  of  length  AN,  there  will  be  approximately - 

PiPiPi  •••  p« 

integers  which  are  covered  by  elements  from  each  of  the  subsets  5^, , 
St,.  St..  ■■  •  where  the  superscripts  are  all  (+),  and  that  the 
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Hamc  will  hold  true  no  matter  what  the  Huperacripta  may  be,  so  long 
aa  the  aubacripta  arc  pi ,  pi ,  pi ,  :  *  *  p* .  Now,  if  p  is  not  a  factor  of  k, 
the  aubaeta  £1^  and  arc  mutually  exclusive,  and  if  p  is  a  factor  of  k, 
the  two  aubaeta  are  coincident.  Hence,  the  number  of  distinct  combina¬ 
tions  of  n  subsets,  one  taken  from  each  of  the  layers  associated  with  the 
primes  pi ,  pi ,  pi ,  •  •  •  p, ,  will  be  2"  if  none  of  the  primes  pi ,  p» , 
Pi  ,  •  •  •  p,  divide  k,  and  will  in  general  be  2"~*  if  it  is  divisible  by  «  of  the 
primes  Pi ,  pi ,  Pi ,  *  **  p. .  Since  each  one  of  these  combinations  will 
recur  every  (pipipi  •  •  •  p,)  integers,  the  number  of  integers,  in  an  in¬ 
terval  of  length  AJV,  which  are  covered  by  elements  from  each  of  the 
■layers  associated  with  the  primes  pi ,  pi,  pi,  •••  p. ,  will  be  approx¬ 
imately 


Pi  Pi  Pi 


1 


where  6pk  is  equal  to  ^  if  p  is  a  factor  of  k,  and  equal  to  unity  otherwi.s(>. 

As  before,  the  numlx'r  of  integers  in  the  interv'al  of  length  AiV  which 
are  not  covered  by  elements  of  the  sieve  will  be  approximately 

—  +  AJV  Z  -  an  Z  ^*'*****'‘^.  •  • 

P  »<f  PQ  p<9<r  pqr 

26, 


AN  -  AN  Z 


with  an  absolute  error  less  than  3*,  where  R  is  the  number  of  layers 
in  the  sieve. 

Hence  we  may  say  that  the  average  density  of  integers  which  an* 
neither  divisible  by  any  of  the  primes  2, 3,  5,  •  •  •  P,  nor  become  divisible 
by  any  of  these  primes  when  increased  by  k,  will  be  approximately 

5 


We  assume  as  before  that  the  average  density  of  primes  which  will 
yield  other  primes  when  increased  by  k  will  be  given  by  ^*(P),  where 
P  is  taken  to  be  the  greatest  prime  less  than  AT*,  and  y*  is  the  exponent 
for  pairs  of  primes  differing  by  k.  The  function  ^(P),  as  previously 
defined  for  twin  primes,  will  then  be  equal  to  ^(P). 

Now  let  denote  the  average  density  of  pairs  of  primes  differing 
by  k.  Then 


I 
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But  obviou«ly  6pk  muiit  equal  unity  if  p  >  k,  m  that  we  may  writ**, 
for  *  >  3, 


and  hence 

P^(A’) 

Pi(Aj  " 

Now,  from  (9), 


2(1 


MV  P-2  /  _2\ 

M*  V  p/ 


mi' 


and  henct* 


SubMtituting  thia  in  (28)  given 


(28) 


(29) 


Now,  2(1  —  ipk)  ia  equal  to  unity  if  p  dividea  k,  and  ia  equal  to  icro 
otherwise,  8<‘ttingA^  »  2(1  —  i^),  we  have 

p-26^  2(1  -«m)  1.^ 

p-2  ~  p-2  “  ■’"p-2’ 

so  that  (29)  may  be  written 

MAT)  -  vT'^  )-*.(*  + p- a) 


(30) 


where  »  1  if  p  divides  k,  and  A^k  —  0  otherwise.  This  formula 

pS* 

holds  also  for  k  »  1,  2,  if  we  interpret  JJ  as  l)eing  equal  to  unity  for 


it  <  3. 
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Now  w’e  have  (thuwn  tliat  IIm*  averagt;  doiuiity  of  primet)  in  the  interval 

{N,  N  +  AN)  ia  asymptotic  to  p{N)  ~  provided  AN  is  of  the 

order  of  magnitude  of  A-N,  where  i4  in  a  fixed  quantity  gn^ater  than 
lero.  Hence  we  may  say  that  the  probability  that  any  number,  choeen 


at  random  in  this  inter\'al,  will  lx*  prime,  is  ft*'*!  hence  the  proba¬ 
bility  that  any  two  numbers,  chosen  at  random  in  this  int4>rv’al,  will 

both  be  prime,  is  pairs  of  primra  differing  by  two  wen* 

(In  N)* 

just  as  dense  as  pairs  of  primes  differing  by  any  other  integer,  we  should 

exiieet  the  density  of  such  pairs  to  be  just  We  have  seen, 

(In  iV)* 

however,  that  these  pairs  are  not  all  equally  dense;  in  fact  equation* 
(30)  shows  that  the  density  of  all  pairs  of  primes  differing  by  any  odd 
integer  miuit  be  lero.  Nevertheless  we  should  expect,  at  any  rate, 
that  the  avrrage  value  (if  it  exists)  of  all  the  densitira  p*(iV)  would  be 


as)rmptotically  equal  to 


1_ 

On'JV)* 


[p(iV)l*.  We  proceed  to  justify  this 


statement. 

We  have  seen  that  the  average  density  of  i)airs  of  primes  diffe  ring 
by  k  is  df'termined  by  the  tiuperposition  of  two  sieves  for  the  deter¬ 
mination  of  prime  numbers,  the  second  sieve  being  simply  the  first 
sieve  shifted  k  units  to  the  left.  We  also  know  that  the  average*  elensity 
of  prime*s  in  the  vicinity  of  AT  4*  9N,  where  0  ^  <  1,  is  asymptotic  to 

the  average  density  of  primes  in  the  vicinity  of  N,  for  p(N  +  9N) 


,  ~  ~  p{N).  Hence  the  average  character  of  the  sieve 

ln(Ar  -j-  9N)  In  N 

for  prime  numbers  (i.o.,  the  average  density  of  its  elements)  in  the  vicin¬ 
ity  of  N  -h  9N  will  be  asymptotic  to  the  average  character  of  the  sieve 
in  the  vicinity  of  N.  But  the  sieve  in  the  vicinity  of  N  -h  9N  is  identical 
with  a  new  sieve  in  the  vicinity  of  N,  this  new  sieve  being  obtained  by 
shifting  the  first  sieve  9N  units  to  the  left.  Hence  it  seems  reasonable 
to  assume  that,  if  k  9N  ^  N,  and  AN  —  A-N,  then  the  average 
density,  in  the  interval  (A^,  N  +  AN),  of  pairs  of  primes  differing  by  k, 
will  be  asymptotic  to  Pk(,N),  as  N  tends  to  infinity. 

Now  consider  an  interval  of  length  AN,  where  AN  ■«  A-N,  A  being 
a  positive  constant  greater  than  sero.  Suppose  we  pick  out  two  num¬ 
bers  at  random  in  this  interval,  specifying  only  that  they  differ  by  less 
than  t'AN,  where  <  is  a  fixed  positive  quantity.  The  number  of  pairs 


1 
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of  numberH,  in  the  interval  AJV,  which  differ  by  k,  will  be  (AJV  k  +  1) 

—  AJV^l  —  Since  k  <  «  ^ Hence  it  ui  equally 

likely  (to  within  a  factor  differing  from  unity  by  lees  than  <)  that  these 
two  numbere  differ  by  any  of  the  integers  1,  2,  3,  4,  •  •  •  (f  *AiV],  where 
[c-AiV]  denotes  the  greatest  integer  contained  in  t‘AN.  But,  as  as¬ 
sumed  above,  the  probability  that  two  numbers  differing  by  k  (k  < 
[c'AJV]  and  k  >  1)  will  both  be  prime  is  p*(Af),  and  hence  the  probability 
that  two  numbers  chosen  at  random  and  differing  by  less  than  «-AjV 
(but  not  coinciding)  will  both  be  prime  is  asymptotic  to 


Pi  -4-  Pi  -jh  •  •  •  -b  P(«asi)'(1  + /^i  «)1 

U^hi^AN  -  ifiAATj  ^ 


(31) 


where  |/(A^,  c)  |  is  less  than  f.  The  numerator  is  the  approximati* 
numbiT  of  pairs  of  primes  differing  by  less  than  tAN  (but  not  coinciding), 
and  the  denominator  is  the  total  number  of  distinct  number  pairs, 
differing  by  less  than  *AN,  in  the  intcrv'al/ 

Now,  if  oi^i  ^  6Nt  ^  OtNi,  where  Oi  and  Of  are  fixfnl  iKisitive  con¬ 
stants,  then  the  number  of  primes  in  the  interval  (Ni ,  Ni  -|-  iNt)  will 
6N 

1m‘  asymptotic  to  ,  — ^  ,  as  Nt  tends  to  infinity.  Hence  the  probability 
In  Ni 

that  any  two  distinct  numbers,  chosen  at  random  in  this  interval,  will 


l)oth  be  prime,  will  be  asymptotic  to 


1 


Now  let  the  interval 

(In  iVi)* 

(Si,  Ni  +  iNi)  be  any  interval  of  length  «-AN  included  in  the  larger 
inteiA’al  (N,  N  -f-  AN).  Then  we  will  have  6Ni  —  t-AN  *  t‘AN,  and 
N  <  Ni  <  N  A-  AN  —  fAN.  Hence  Nt  —  AN  ^  N  <  Ni ,  mi  that 
6Ni  »  f’AN  <  t'ANt .  Also,  AN  ■■  AN  ^  ANi ,  so  that 

iNt  -  t-AN  >  tAiNt  -  AN)  >  tA(Nt  ~  ANt)  -  tANt{l  -  A). 


*  The  denominstor  it 

(AAT  -  1)  +  (AAT  -  2)  4- 


+  UJV  -  (,4W|  +  II  -  !> 


M  .  ]  ,^1,^1  + 1,^1 . 


‘  For  the  probability  that  two  numbert,  rhoaen  at  random,  will  both  be  prime, 
will  be  aa3rmptotir  t«i 

lAi  t\i  _ 

IniV,  InJV,  I  sy,  /  lny,\  1 

•,v,  ■  ix,-  1  ~  (In  yy».y,  -  IV  ~  iXi  /  (In  y,)* 


i 
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Hence,  if  i4  m  lem  than  unity,  we  will  have 

-  ^)  <  iNi  <  tANi, 

m  that  the  conditionii  ntated  at  the  head  of  thie  paragraph  will  be 
natiafied. 

Hence  the  probability  that  any  two  numbere,  choeen  at  random  in 
such  a  subinterval  of  length  tAN,  will  both  be  prime,  will  be  asymptotic 

to  ~  ■  ,  as  N  tends  to  infinity.  But  the  probability 

(In  iVi)*  (In  Ny 

that  any  two  numbers,  chosen  at  random  in  an  interval  of  length  tAN 
included  in  the  larger  interval  (AT,  N  +  AN),  will  both  be  prime  is  just 
the  probability  that  any  two  numbers,  chosen  at  random  in  the  interval 
(N,  N  -f-  AN),  but  differing  by  less  than  «AN,  will  both  be  prime.  Since 
the  latter  probability  is  given  by  (31),  we  must  have 

ANifii  “r  Pi  “r  '  ‘  ■  "h  P(«AArl)Il  +  fiN,  •)]  1 


'{aat-' 


+ 1 


'.Li  , 


1  ,  ^  ^  ^  ,(  ‘+/W«)  1  I 

.aJv'" +  I  pfsnv)"’ 

2AN  ^  2AN 


Now  <  * ,  and  if  we  take  N  >  -j ,  then 

2AN  2  tA’  2AN 

Since  l/(iV,  •)!<«»  >1  follows  that,  for  iV  >  ~ , 

I  —  *  ^  1  +  f(N,t)  1  +  « 

1  + « ^ ,  [tAi^  :  1  ^  1  -  «• 

*  ”  2AAr  2AAr 


2AN  2' 


Hence,  from  (32), 


(IniV)*  ^  . 

i!S  w‘'’  +  '’  + 


+  P(«AN))  ^ 


(In  iV)V  ^  >  1  -  ‘ 

M-»m  ’  (PJ  +  Pi  +  •  •  •  +  PltAAT]!  ^  2  ,  ^ 


Now  suppose  we  let  N  tend  to  infinity  through  a  certain  sequence  of 
values,  defined  by  Af  —  where  Af  —  1,  2,  3,  4,  •  •  •  .  Then  as 


2ft 
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A'  — »  ac.  A/  — »  *,  and  also  tAN  ■»  t'AN  »  3f  —  (••iiAT).  Hence 


lim  „ 
M 


But,  from  (30),  we  may  write 


nr,  ('"  m)  "•C)  t  r|.i,.'n  (i  +  ^  f±-'  (34) 

r-»«i  M  1  Yt  \  P  “  •/  1  —  € 


lim 

and,  from  (25), 


‘juv 

V.V 


Hence  (34)  may  be  written 

M  S 


-y,  M  t-l  -y*  p-l  \  p  —  £/  1  —  • 

and  similarly, 

lin.  c..!,’.  ' -  t  4^  n  (l  +  ^ 

Letting  *  tend  to  zero  in  the  above  limits,  we  obtain 

lin.  ^'^~  t4.i»  ff(l  +  ^2)  -  I 

y^m  -yj  M  k~lyl  *-«  \  P  “  2/ 


(35) 


Now  we  have  seen  that,  on  the  assumption  that  the  exisment  >1  is 
equal  to  P,  we  obtain  pt{N)  ~  7iz-4m*  hence 


On  N) 


0* 


when* 


(3ft) 


(37) 
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Now  the  distributioiiM  of  all  paint  of  primes  differing  by  any  integer  k 
are  determined  in  a  similar  fashion;  namely,  by  the  super|M)sition  of  two 
sieves  for  the  determination  of  prime  numbers,  the  second  sieve  being 
simply  the  first  shifted  k  units  to  the  left.  Hence  it  .sterns  reasonable  to 
suppose  that  the  distributions  of  any  two  sets  of  pairs  of  primes,  differing 
by  two  integers  ki  and  iki ,  would  be  more  closely  related  to  each  other 
than  either  would  be  related  to  the  distribution  of  prime  numbers. 
Hence  it  would  seem  more  reasonable  to  make,  instead  of  the  assumption 
that  7i  r,  the  assumption  that  yi  ,  for  all  values  of  k.  We  shall 


therefore  make  the  latter  assumption.  We  can  then  determine,  from 

c  r* 

(35),  the  value  of  the  constant  factor  ,  and  since,  from  (26), 

7i 


irtiN) 


c.r*  f  dt 

y\  Jt  (InO* 


(38) 


we  will  then  have  another  fonnula  giving  the  approximate  number  of 
twin  prim<*s  less  than  N. 

c  r* 

We  now  procee<l  to  detennine  the  value  of  the  constant  — j-.  Plac- 
7*  *  >»  in  (35),  we  obtain 

liCtting  F{M)  —  ^  A***  IT  (  1  d-  ■  -  this  may  be  written 

ill  *-i  p-i  \  p  —  2/ 

^  -  lim  FiM)  (39) 

Col  M—m 

Pit  /  A  \ 

Since  A,*  —  0  if  p  >  k,  we  may  replace  n  1  +  hy 

P-*  \  P  - 

IT  I  *  +  expanding,  obtain 

P-*  \  P  —  2/ 

^  A  P<"  P’iH  A  A  ^ 

i  +  L-^+Z  + 


=1  p  -  2  ^  ^rS  /n,  (p  -  2){p'  -  2) 


L/va  ,  f  AuA 
W  \S  “  S  S  P  - 


H  p<M 


Y'  Y'  Y'  AuA^A,'* 
f=\  (p  -  2)(p'  -  2) 
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where  in  the  r-tuple  summation  over  p,  p',  p",  •  •  •  p*'"*’,  we  have 
3  ^  p  <  p'  <  p"  <  •  •  •  <  ^  M.  Since  all  terms  are  positive 

or  lero,  all  methods  of  summation  will  be  equivalent.  Summing  first 
on  k,  we  obtaiti 


nM) 


4j  M  fy(p-  2)(p'  -  2) 


Now  if  Pi  ,  Pi  ,  Pi  ,  * '  *  Pit  are  distinct  primes,  then,  since  «  0 
unless  1;  is  a  multiple  of  pi  (in  which  event  Ap,t  ■■  1),  it  follows  that 
Aftk'Af^k  Afft . Ap,k  “  0  unless  A:  is  a  multiple  of  pipipi  •  •  •  p«. 

Hence  ^  •  •  •  A^*)  *  - ^ - I,  where  the  nota- 

*-i  LpiP»Pi  •••  P«J 


tion  [x]  means  the  greatest  integ(‘r  less  than  or  c>qual  to  x.  We  may 
therefore  wrib* 


KM  p'iM  j  r  A/  "1  1 

S  (p-2)(p'  -^lwJ‘*'  ** ; 


where  in  the  r-tuple  sumnuition  over  p,  p',  p",  •  •  •  p‘'~'\  we  have  3  < 
p  <  p'  <  p"  <  •  •  •  <  p*'””  <  M. 

Hence  if  we  let 


^M) 


I  (M  1  M 

m\2  ta  P-  2'2p 


1 


Af 


KM  p'iM 


(40) 


it  follows  that  0(A/)  —  F{M)  >  0,  and 


11 


piM 


1 


p  -  2 


f=i  M  (p -  w -  2) 7 
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where  3  ^  p  <  p'  <  p"  <  •  •  •  <  p''~ '  ^  Af.  But  the  expreaaion 


on  the  right  is  precisely  equal  to  the  expansion  of  the  product  Q 
[l  +  «nd  hence 

0^*01)-  F(U)  <  1  g  (l  + 

i’  “I 

But  the  product  TT  1  +  ■-} - sr  obviously  converges,  for  M  be- 

j*-«  L  pyp  —  2)j 

coining  infinite,  to  a  certain  constant  value  K.  Since  this  product  is 
also  a  monotonic  increasing  function  of  Af,  it  follows  that 


0  <  ♦(Af)  -  F(M)  < 


Now  it  is  known*  that 


M.\  P  /  InAf 

where  c  is  Euler’s  constant.  (This  is  equivalent  to  (9).)  Heri6e,  , 

0  <  ♦(«)  -  «Af)  <  ^  f  (^,)  ~ 

whence  it  is  obvious  that  ♦(Af )  —  F(Af )  — » 0  as  Af  — »  * . 

Now,  from  (40), 

*<«>  -  ii'  +  % .(^2,  +  S  t  - 2)  +  •••} 

and,  from  (39), 

^  -  lim  A’(Af)  -  lim  {♦(Af)  -  (♦(Af)  -  f’(Af)]|. 

I/O  I  Jf-eaa  *-••• 

*  Edmund  Landau,  "Handbuch  der  Lehre  von  der  Verteiluna  der  Primsahlen”, 

i36,  p.  140. 
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But  we  have  hHowii  that  lim  |4(A/)  —  F{M)]  —  0,  and  hence 


7i 

C. 


-  lim  ^(M)  - 

n  w-.-  2yJilp{p-2)] 


But,  from  (37), 


^•a['  -  (irhy.] 


i.nriP-i)*' 

2  /-.Lp(P  -  2). 


80  that  we  obtain,  finally,  the  surpriHing  result 


I 

7t 


1 


CoP  Co 


or. 


71 «  r 


(41) 


Thus  we  see  from  (38)  that  the  assumption  thaty*  —  7t  for  all  values 
of  k  greater  than  lero  loads  to  the  same  formula  for  the  distribution  of 
twin  primes  as  the  assumption  7j  —  P.  We  may  interpret  this  result 
as  follows: 


Then  (35)  may  Ik*  written 


lim  \’w{k) 

M-»»  M  I  ■yj 


1 

CoP 


But  we  have  just  shown  that 


lim  ^  uAk) 

,  M—m  M  1^1 

and  hence,  by  division, 


Co 


p 


lim 


^  ^  ir(l:) 

*-i  7* 

Ev^ik) 

A- 1 


(42) 


Thus  we  see  that  the  reciprocal  squan*  of  the  exponent  for  prime 
numbers  may  be  expressed  as  a  weighted  mean  of  the  reeiprocal  squares 
of  the  exponents  for  all  pairs  of  primes  differing  by  integers.  The 
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unique  way  in  which  ^  enten  into  the  weight  function  w{k)  is  only 
apparent,  and  may  be  removed  by  dividing  w{k)  by  a  constant  factor. 
If  a  is  any  even  number,  then  10(a)  will  not  vanish,  so  that  we  may 
r«‘placc  i0(ifc)  by  a  new  weight  function 


W{k) 


^  IT  ~  ^  IT  ( P  ~  ^ 

t0(aj  “  Ata '  Vp  -  2  +  A^/  "  M  \p  -  2  + 


which  is  seen  to  be  perfectly  symmetrical. 

It  is  obvious  from  (42)  why  the  assumption  that  the  exponents 
are  all  equal  results  in  the  conclusion  that  their  common  value  is  F. 
Of  course,  if  these  exponents  are  not  all  equal,  we  should  not  expect  yt 
to  be  equal  to  F,  and  conversely,  if  jt  is  not  equal  to  F,  then  the  ex- 
|X)nents  can  certainly  not  all  be  equal.  Unfortunately,  the  very  rough 
and  approximate  line  of  reasoning  which  we  have  pursued  does  not  per¬ 
mit  us  to  draw  any  very  strong  conclusions  regarding  the  exact  value 
of  yt .  We  can  only  say  that,  since  the  distributions  of  pairs  of  primes 
differing  by  any  integer  k  arc  determined  in  more  or  less  similar  fashions 
(by  the  superposition  of  two  sieves  for  the  determination  of  prime  num¬ 
bers),  and  since  a  certain  weighted  average  of  the  exponents  7*  is  equal 
to  F,  we  should  not  expect  the  exponents  7*  to  differ  very  much  from  F. 
In  view  of  the  relation  (42)^  not  knowing  anything  very  definite  about 
the  relative  magnitudes  of  the  exponents  7* ,  the  best  guess  we  can 
make  concerning  the  value  of  yt  is  that  71  »  F.  We  should  therefore 
expect  the  formula  (36)  to  give  at  least  a  very  rough  approximation 
to  the  number  of  twin  primes  less  than  a  given  limit. 


V.  Comparison  of  Values  Given  by  f{N)  »  C 


Count  of  Twin  Primes  up  to  800,000 


jh 
(In  ty 


with 


In  order  to  check  the  values  given  by  the  formula  (36),  it  is  first 
necessary  to  compute  the  constant  C*  .  The  infinite  product  (37)  does 
not  converge  very  rapidly,  but  it  is  possible,  by  using  the  infinite  product 
expansion  for  the  Riemann  seta-function,  to  obtain  more  rapidly  con¬ 


vergent  products.  As  p  — »  « ,  I)*  ^  hence  if  we  multiply 


by  the  infinite  product 
convergent  product. 


we  .shall  obtain  a  more  rapidly 
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Now, 


f(2)  16 

f(4)  “  ir* 


and  hence 


C,  12 

2  ‘  IT* 


A  P*  —  2p  P*  -h  1  TT  p*  —  2p*  +  Pj-_^P 
,^i(p-l)*’  p*  p*-2p'  +  j^" 


C, 


— j— ] 

P(P  -  1)*J 


(43) 


This  product  converges  fairly  rapidly  and  may  r«‘adily  be  used  for 
computation/ 

In  order  to  estimate  the  error  involved  in  cutting  off  the  infinite 
product  (43)  after  a  finite  number  of  factors,  let 


Km 


P(P-I)*.' 


Then, 

i. « n  « II  fi  + _ - _ 

Km  Aip*-2p*  +  p-2  /AL  ^(p-2)(p*+l) 


—  In  Km  » 
0<  -IxiRm  <  21 

pHlf 


Zlnf 

pith  L 


1  -f 


(p  -  2)(p»  +  1). 


(p  -  2)(p*  +  1) 


t  -  <  r 

.^1  n*  Jm. 


<• 


Therefore 


Hence  it  is  seen  that  if  we  calculate  the  product^'  II  1 - 7— I 

6  ,<imL  p(p-1)*J 

the  error  involved  in  using  this  as  the  value  of  C$  must  be  less  than 
^  It  it  obviously  possible  to  continue  this  process.  Thus  we  readily  obtain 

c  -  -^L.-i—nri  -  1 

•  4410  |f(8)l*  L  J 


which  converKes  still  more  rapidly,  but  the  terms  in  the  product  are  more  trouble 
to  calculate. 
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0.00016.  Since  the  density  of  primes  for  N  >  100  will  actually  be 
considerably  less  than  the  density  of  integers  (for  AT  100,  the  density 

is  about  »  .22),  the  error  cannot  be  much  greater  than  (.22) 

(.00016)  -  .000035. 

*  r  2  "I 

Calculating  the  product  ^  11  1 - ; - I ,  we  find 

0  e-*L  P(P  —  1)  J 

Ct  -  1.3202  (44) 


which  is  in  all  probability  correct  to  four  decimal  places,  and  is  cer¬ 
tainly  not  in  error  by  more  than  0.00022. 

Now, 


*  dt  r  ^  .  _L 

(lnl)*“y,  in  I  In  N"*"  In  2’ 


and  since  there  exist  several  tables'  giving  values  of  the  logarithmic 
f“  dt 

integral  function  Lt(z)  ■■  f  ,  it  is  readily  possible  to  compute  values 
of  the  function /(JV)  ■»  C»* 


r  dt 
Jt  (In  O'* 


Using  Lehmer’s  “Table  of  Prime  Numbers”,  a  count  of  twin  primes 
up  to  800,000  has  been  made.  We  give  now  a  brief  table  comparing 
values  of  /(N)  with  the  actual  number  of  twin  primes  lees  than  N, 
represented  by  w,{N).  (A  more  complete  tabulation  of  ti(N)  is  given 
in  the  appendix.) 

It  is  thus  seen  that/(iV)  gives  a  fairly  good  approximation  to  wi{N), 
but  is  in  error  by  slightly  over  1%  for  the  values  of  N  greater  than 
200,000.  This  would  seem  to  indicate  that  the  constant  factor  Ct  is 
slightly  too  large.  However,  it  is  also  seen  that  for  smaller  values  of  N, 
the  percent  deviation  becomes  considerably  greater  than  1%,  remaining 
of  constant  sign.  Hence,  even  if  the  factor  C«  were  replaced  by  one 
slightly  smaller,  the  new  formula  thus  obtained  would  still  give  values 
definitely  too  large  for  small  values  of  N.  The  reason  for  the  latter 
observation  is  easy  to  see,  however. 

A  glance  at  Table  II,  at  the  end  of  Chapter  I,  will  show  that  von 
Mangoldt’s  logarithmic  integral  formula  gives  values  which  arc  definitely 
too  large,  for  small  values  of  N,  though  the  percent  deviation  tends  to 
sero  as  N  increases.  Riemann's  formula  gives  a  much  closer  approxima- 


*  E.  Jahnke — F.  Emde,  “Funktionentafeln  mit  Formeln  und  Kurven”,  R.  G. 
Teubner,  I..eipziK,  1933. 
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tion  for  all  valuer  of  N  up  to  1,000,000,000.  Now  our  general  theory 
indicateH  that  rdiV)  should  be  approximately  represented  by  a  certain 
constant  times  the  integral  of  the  square  of  the  derivative  of  a  function 
giving  the  average  density  of  primes.  Hence  we  should  obtain  a  better 
approximation  to  ir,(N)  if  we  take  as  the  average  density  of  primes. 


TABLE  IV 


AT 

-.(AT) 

/(AT) 

DiS. 

ion 

9 

13 

+4 

200 

16 

+3 

400 

22 

27 

+5 

600 

28 

35 

+7 

mi 

31 

40 

+9 

1  000 

36 

46 

+  10 

2  000 

62 

70 

+8 

4  000 

104 

112 

+8 

6  000 

144 

148 

+4 

8  000 

176 

182 

+6 

10  000 

206 

214 

+8 

20  000 

343 

357 

+  14 

40  000 

502 

607 

+  16 

00  000 

811 

833 

+22 

80  000 

1006 

1045 

+39 

100  000 

1222 

1248 

+26 

200  0(M) 

2157 

2182 

+2**) 

300  000 

2091 

3037 

+46 

400  000 

3801 

3848 

+47 

.VX)  000 

4562 

4628 

+66 

600  000 

.*>328 

5384 

+56 

700  000 

6058 

6121 

+63 

800  000 

6763 

6842 

+79 

insb'ad  of  the  derivative  of  Riemanii’s  function  H{N).  We  shall 
In  N 

therefore  now  consider  the  function 


F{N)  -  C-jJlR'iDYdt 


where  R'iN)  is  the  derivative  of  Riomanii’s  function,  and  C  is  a  con¬ 


stant 


r' 
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VI.  The  Analogue  of  Riemann’i  Formula  for  Twin  Primes 

Now  Riemann’s  function  R{z)  w  definc<i  by 


■-I  n 


(46) 


where  Li(x)  *  [  .  Henw, 

Jo  In  ( 

tfU  \  V  m(»)  ^  /'*  "  V  m(w)  1  (i/»)-i  J 

n  dx ;«  In  /  “  .4l  n  ’ln(x'/- 


or, 


m(»)  _i/.  ^  1 

X  In  X  n 


ff'(x)  -  /  •  S  ~  *  — : — 


If  wc  lot 


X  In  X 


♦(x)  . 

fi-t  n 


.-J  n 


then, 


«'(x) 


1 


(x  +  ^(x)I 


From  (47), 


X  In  X 

m(«)  V  m(w)  V 


(47) 

(48) 


I.-1  n  H-i  n  «-o  n’^-tn 


.-t  n  L  n"*'m!j 

••  y  V  "  /  ^ 

Now  it  w  well  known  that  ^  — ■'  *  0,  and  henc<‘  2^  -  =  —  1. 


t-i  n 


—1  n 


Therefore 


♦(X)  +  1 .  t 

a.i  n  M-i  n"*m: 


If  it  is  iiermisaible  to  invert  the  order  of  aummation,  we  have 

(In  x)"  nin) 


and  flinee 


^(x)  +  i.L^-^^Z^. 

M-i  ml  m-i 

•  "  »-t  » 


f(*)  —1  n 

M-i  m:  L 


-  f(m  d-  I) 

f(m  +  1)  . 


(49) 
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But  thii)  series  is  absolutely  convergent,  and  hence  the  above  inversion 
of  order  is  justiBed. 

Now,  for  m  >  1, 

0  <  f  (m  -I-  1 )  -  1  »  4-  ^  4-  — 

0  <  f(m  -H  1)  -  1  <  ^  4-  -  ^(2  m)  ^  ^ 

Siiiw  1  <  {(m  4-  1)  <  2,  for  m  >  1,  it  follows  that 
n  ^  +  0  -  1  ^  1.5 

f(m  4-  1)  2- 

Heiut*,  from  (49),  for  z  ^  1, 

«• 

0  <  -Mx)  4-  1)  <  1.5  Z 


(In  x)" 


1.5(>/i  -  1) 


2*'m! 

or,  1  <  — ^(x)  <  1.5  y/x  —  0.6  <  1.6  v^x 

Squaring,  we  obtain 


I  <  i^(x)r  <  lx 


(x>  1) 


(60) 


Now,  from  (48), 


and  from  (50),  for  N  >  2, 

rMx)fdx^9  r  dx  _ir  i.T  9 r  I 

Jt  x*(ln  x)*  *4  Jt  x(ln  x)*  **  4  Lin  x J*  "  4  Lin  2  In  ATj 

‘lice,  for  N  >  2,  this  integral  is  less  than  .v  »  **  3.26,  and  so  may 

4  In  X 

b(‘  nf‘glected  in  (51)  without  i^)preciably  changing  the  value  of 
(x)]*dx.  Hence,  substituting  the  value  of  ^(x)  as  given  in  (47), 
we  may  wrib*  (51)  as 


dx  .  „^M(n)  x*'^"*  'dx 


(Inx) 


i  +  2, 


-t  n  Jt  (bi  x)* 


+  0(1)  (52) 


where  the  term  represi'nted  by  0(1)  is  less  than  3.26  for  N  >  2. 
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Now  place  »  n  f/<;  x*'"  «■  I;  In  x  *  n  In  /;  then 

Ji  (In  x)*  n  Jitim  (In  /)*  «  ^  (In  0*  n  jtno  (In  <)* 

and  hence 

±_.yMr  ± 

n  (lnx)»  n*  J,  (In  n*  j*«/.(Inl)*  ' 

It  can  n'tulily  lie  shown  that  the  second  summation  on  the  right 
<'onverg<*s  to  a  constant  vahn*.  Placing  In  /  =»  x,  d/  *  c'dx,  we  have 


r  ~  f'"*  -d  -  ‘ 

Jiw-  (In  /)*  "  //»  iBt  X*  “  yi/,  I„t\x*  X  X* 

r  dl  _n _ 1_  /■"**  c*  -  X  - 

jvi-iliit)'  In  2  In  2  x* 

Now,  for  0  <  X  <  In  2,  0  <  - - ^  ^  and  hems- 


-  X  -  1 


f'  -  X  -  1 


dx  <  In  2 


From  (54) 


y  t^)  f*  fit  y  m(«)  /  _ I 

n*'  jiw.  (In  0-  *  «*  \ln  2  In  2 

-|-ln«+  T"*  ‘^4 

But  from  (55), 

iE#r  <i:i#r  ‘■---r'H 

I  B-l  n*  JI/b  Ini  X*  •-!  I  n*  jMnXni  X*  I 


In  2  1 


<?v<2 


M(n)!n_n  ^  i\2) 


n* 


(f(2)ri  2 


£  M  «)  _  1 

n  In  2  In  2 
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The  abf>v«*  rvlatioiiN  suffici*  to  show  that  the  m*rio«  (56)  converges, 
and  that  its  sum  will  not  he  gn'ater  than  2  in  al)soiute  value.  Hence 
we  may  write  (53)  as 

±  -w  r  .  t  r  a 

•-1  n  (In  x)*  n-t  n*  Jt  (In  /)* 

where  the  h^rm  repn*Hented  by  0(1)  is  less  than  2  in  absolute  value. 

Since  the  term  0(1)  (Kreurring  in  (52)  is  less  than  3.25  in  absolub' 
value,  we  may  substitub*  (57)  in  (52),  obtaining  finally 

I"  - 1’  (-1^). + r  (i^)- + 

where  the  term  0(1)  is  less  than  7.25  in  absolute  value.  If  we  let 
C*  (it 

6{t)  *=  /  .,  — iTi,  the  above  equation  may  be  written  in  the  form 

Jt  (In  tr 

r  («'(x)I*rfx  -  e(N)  4-  2-i:  +  0(1)  (.58) 

Jt  «-j  n* 

and  the  analogy  with  (46)  is  immediately  evident. 

Neglecting  the  bounded  term  0(1),  we  shall  write,  in  accordance  with 
(45) 


F(\)  -  C-<e(m  -f-  2 


— t  n*  j 


and  sec‘  if  it  is  ixmsible  to  cImmnk'  the  constant  C  so  that  a  good  a|)- 
proximation  to  wi(\)  is  obtained.  Because  of  the  rapidity  with  which 
the  series  (59)  converges,  it  suflRces,  in  order  to  obtain  values  of  F(N) 
correct  to  the  nearest  integer,  to  take  only  the  first  five  terms  of  the 
series  (59).  Sinci* 

r  r  ±  M  A. 

^  “  Jt  (In  tr  “  Jt  In  t  In  AT  In  2’ 


values  of  0(N)  may  readily  be  computed  from  tables  of  the  logarithmic 
inb‘gral  function. 

We  give  now*  a  table  comparing  values  of  F(N)  with  the  corresponding 
values  of  rt(N).  Without  attempting  to  determine  the  best  possible 
value  of  the  constant  C,  we  have  taken  C  equal  to  1.310,  and  it  is  readily 
seen  that  a  surpri.singly  g<KKl  approximation  to  the  function  iri(N)  is 
obtained. 


AVKKAGK  DISTRIIU  TION  OK  TWIN  PRIMK  NTMBKRS 


39 


TABLK  V 


N 

».(V) 

nM) 

Uifl. 

Kin 

9 

10 

1  +1 

200 

16 

15 

+  1 

400 

22 

23 

+  1 

AOO 

28 

■  29 

4=1 

800 

31 

.^5 

+4 

I  000 

3ft 

1  '*** 

+4 

2  000 

ft2 

64 

1  +2 

4  000 

KM 

KM 

0 

ft  000 

144 

140 

-4 

8  000 

.  176 

173 

-3 

10  000 

206 

2(M 

-2 

20  000 

343 

345 

+2 

40  000 

.‘>92 

.501 

1  -1 

ftO  000 

811 

814 

!  +3 

80  (MM) 

1006 

1024 

4=18 

100  000 

1222 

1225 

4-3 

1.50  000 

1698 

1700 

4-2 

200  000 

2157 

2148 

-9 

250  000 

2.585 

2.578 

-7 

.300  000 

2991  1 

2995 

4-4 

350  000 

3419 

3401 

-18 

400  000 

3801 

3798 

-3 

450  000 

4191  ' 

4187 

-4 

.500  (MM) 

4562 

4.570 

4-8 

550  000 

4044 

4947  1 

4-3 

flOO  000 

.‘>328 

5319  ' 

-9 

6.50  000 

5706 

5687 

-19 

700  000 

0058 

6060 

-8 

750  000 

6411 

6409 

-2 

800  000 

6763 

6765 

4-2 

VII.  Conclusiont 

We  have  just  shown  that  the  function  defined  by 

F(N)  -  c  jJlRWdt, 

when*  C  —  1.310,  gives  a  very  good  approximation  to  vt{N)  for  values 
of  AT  less  than  800,000.  Insofar  as  the  theory  developed  in  chapters 
III  and  IV  leads  us  to  exjiect  the  existence  of  a  relation  of  the  form 
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and  HUioe  thiM  Hupiicmitiun  Im  well  checked  by  actual  count  of  twin  primes 
up  to  800,000,  it  seems  extn>mely  probable  that  a  relation  of  the  above 
form  actually  does  hold,  as  AT  — »  « .  Since 


dt 

ilnty 


(this  follows  iinnu'diaUdy  from  (48)  and  (AO)),  it  then*fon*  seems  prol>a- 
ble  that,  as  JV  — ♦  x , 


t,(n)  ^  K-  mt)Ydt 


JL 

(In  0* 


KN 
(In  AO’ 


(00) 


where  the  constant  K  does  not  differ  very  much  from  1.310.  The  exact 
determination  of  this  constant  -assuming  it  exists  -should  furnish  an 
interesting  pn>blcm. 

We  may  also  include  that  the  oripnal  simple  assumption  that  ys  P 

C  P*  c 

is  false,  and  that  instead,  we  have  *  C,  or  yj  *  ^  P’,  whence 

y,  C 

yt  *=  (1.0004)P  —  0.50117,  approximately.* 

Appendix 

We  ipve  now  a  tabulation  of  the  function  ir,(Ar),  for  values  of  N  up  to 
800,000.  The  first  |)art  of  this  tabulation,  which  follows  immediately, 
gives  values  of  T|(Af)  at  intervals  of  1000  up  to  100,000.  In  the  left 
hand  .side  of  eaeh  double  column  is  given  the  value  of  N  divided  by 
1,000,  and  opposite  is  given  the  corr<*s|K)nding  value  of  r,{N). 


1 

3« 

35 

540 

69 

892 

i  /i 

2 

(i2 

31) 

551 

70 

904 

3 

83 

37 

560 

71  ■ 

920 

4 

104 

38 

572 

72 

930 

5 

127 

39 

583 

73 

941 

It.) 

(i 

144 

40 

592 

74 

947 

S.f, 

7 

163 

41 

600 

75 

957 

8 

176 

42 

612 

76 

mi 

'  The  pnuibility  iiiunt  nut  be  uverlooked,  however,  that  a  certain  constant 
error  of  omission  in  the  counting  of  the  twin  primes  has  been  committed.  The 
author  hopes,  at  some  future  time,  to  recheck  the  count  of  twin  primes,  and 
continue  the  count  to  a  higher  limit.  The  omission  of  about  six  or  seven  twin 
primes  per  hundred  thousand  integers  would  make  the  empirically  determined 
constant  C  equal  to  C»  ,  but  an  error  as  large  as  this  is  not  probable. 
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9 

191 

43 

624 

77 

977 

10 

20(> 

44 

635 

78 

986 

11 

222 

45 

646 

79 

995 

12 

236 

46 

653 

80 

lOOfi 

13 

247 

47 

665 

81 

1019 

14 

262 

48 

675 

82 

1031 

15 

273 

49 

688 

83 

1043 

16 

285 

50 

705 

84 

1051 

17 

298 

51 

714 

85 

1063 

18 

316 

52 

728 

86 

1074 

19 

328 

53 

736 

87 

1082 

20 

343 

54 

747 

88 

1096 

21 

358 

55 

755 

89 

1106 

22 

373 

56 

766 

90 

1114 

23 

389 

57 

780 

91 

1124 

24 

403 

58 

789 

92 

1134 

25 

409 

59 

800 

93 

1146 

26 

421 

60 

'  811 

94 

1158 

27 

432 

61 

821 

95 

1171 

28 

447 

62 

827 

96 

1179 

29 

459 

■  63 

835 

97 

1186 

30 

468 

64 

845 

98 

1201 

31 

479 

65 

854 

99 

1214 

32 

492 

66 

868 

100 

1222 

33 

511 

67 

874 

34 

524 

68 

883 

• 

There  now  follows  a  tabulation  of  values  of  ti{N)  at  intervals  of 
10,000  up  to  800,000.  In  the  left  hand  side  of  each  double  column  is 
pven  the  value  of  N  divided  by  10,000. 
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11 

1318 

40 

3801 

(iO 

.5990 

12 

1422 

41 

3878 

70 

13 

1514 

42 

3958 

71 

6133 

14 

1605 

43 

4051 

72 

6198 

15 

1698 

44 

4116 

73 

6272 

16 

1798 

45 

4191 

74 

17 

1879 

4() 

4268 

75 

(i411 

18 

1974 

47 

4333 

76 

(i474 

19 

2072 

48 

4414 

77 

(>539 

20 

2157 

49 

4484 

78 

6615 

21 

2250 

4562 

79 

6687 

22 

232() 

51 

4629 

80 

67a3 

23 

2419 

52 

4709 

24 

53 

4800 

25 

2585 

54 

4873 

20 

55 

4944 

27 

2750 

56 

5015 

2832  HI  .’>088 
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REMARK  ON  THE  THWmV  OF  BENDING  OF  PLATES  OF 
VARIABLE  THICKNESS 


Hr  M.  Ebic  Rbumnim* 


The  purpom*  of  th<*  preHont  pajxT  Ut  to  deduce  in  a  8impler  way  a 
solution  given  by  R.  Gran  Olsson'  of  the  differential  (‘quation  of  plates 
of  linearly  varying  stiffness  using  a  transformation  of  this  equation 
stated  by  the  author  in  a  previous  jwiper.* 

The  equation  in  question  is* 


V*(NV*ti;)  +  (1  -  •')^2 


a*A  d*tg 
dxdiy  dxdy 


dx*  dy*  dyF  dx*)  ~  ^  ^  ^ 


in  which 

w  denotes  the  deflection, 

AT  the  stiffness, 

X,  y  the  coordinatt's  in  the  plan<‘  of  the  plate, 
y  Poisson’s  Number  and 
,  p  the  acting  load. 

For  linearly  varying  stiffness 


N  ^  cx 


(2) 


<‘(|uation  (1)  reduces  to 


V*(xV*tr)  =  p 


(3) 


*  Maasachiuetta  Institute  of  Technology,  Department  of  Mathematics. 

'  R.  Oran  OUion,  Proc.  8th  Skandinavian  Congress  of  Math.,  Stockholm  1934, 
p.  149.  Ingenieur-Arci^v.  5  (1934),  p.  363. 

'  E.  Reissner,  Ingenieur-Archiv.  7  (1936),  p.  82. 

*  It  is  obtained  by  introducing  into  the  condition  of  equilibrium  of  an  element 
of  the  plate,  that  is  into: 


dM/x  dH  aM/y 

dz*  dxBy  dy* 


-  p{x,  y) 


the  stress-strain  relations 


M. 


-N(x,  y) 


( 


d*ir 

dx* 


c— Y 

ay’/ 


M, 


d’w 

-  -f-  e 

ay* 


d*ir\ 

a?/’ 
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// 


-N{i  - 


dhe 

dxdy 
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Under  the  Huppontion  that  two  opposite  edgeti  say  y  >■  0  and  y  »  6 
are  simply  supported,  we  can  solve  the  homof^neous  equation 


p  -  0 

by  assuming  in  the  usual  way 


10  -  sin  ^y  /(z)  (4) 

which  for  the  plate  of  constant  thickness  is  due  to  Maurice  lAvy*  and 
get  from  (3) 


[(£  -  -  “  <« 

It  follows  at  onee 

(I.  -  «■)/<->  -  — ^  (« 


in  which  a  and  b  are  arbitrary  constants.  The  integral  of  (6)  is 

f(x)~Ce^  +  Df-^-+Uz)  .  (7) 

and  /,  is  obtaint'd  hy  using  I^agrange’s  method  of  variation  of  con¬ 
stants.  Assuming 

/,  -  cix)f^  -f-  d(x)e-*'  (8) 

we  satisfy  (6)  if  we  put 

-i-  d'e  -  0  1 

c'/*  _  dV  ''  -  ^  I 

0x  j 


This  yields 


(10) 


(8)  and  (10)  give 

/,  -  A  (In  20X  -  e  (2dx)l/*  -  H[ln  2$x  -  e^Ei{  -  2dx)le"''  (11) 


‘  M.  L4vv,  Comptes-Rendues  t.  129  (1899). 
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when*  A  and  H  arr  arbitrary  conatanta  and 
Eiix)  ^  Cdu 

ia  thr  ao  called  ‘‘Exponential  Integral”,  which  ia  a  tabulated  function, 
('ombiiiing  (7)  and  (11)  we  get  the  required  aolution  of  (3)  and  with  it 
the  Hurface  deflection  and  the  atreaaea  and  atraina  of  rectangular  plab^a 
of  Htiffneaa  being  a  linear  function  along  two  of  the  edgea,  aimply  aup- 
|M>rted  on  theae  edgea,  carrying  no  aurface  load  but  arbitrary  edge 
foreea  and  couplea  on  the  two  other  edgea.  The  aolution  (7)  and  (11) 
correaponda  exactly  to  the  aolution  in  Gran  Olaaon’a  papers  quoted 
under'  and  might  easily  he  extended  for  any  arbitrary  load  function. 


THK  MAPPING  OF  GRAPHS  ON  SURFAC’Pii* 


Hy  1.  N.  KAONOt 

Introduction.  KuratowHki  haH  Hhown  that  a  necPHaary  and  nufficieiit 
condition  that  a  finite  graph  cannot  be  mapped  on  a  plane  is  that  it 
contains  as  sul)graph  one  of  the  two  graphs;  A:  the  graph  formed  by 
joining  each  vertex  of  the  triad  (a,  6,  c)  to  each  vertex  of  the  triad 
(r,  *,  <)•  R:  the  graph  formed  by  joining  each  vertex  of  the  set  (a,  b,  c, 
d,  c)  to  each  of  the  others.'  A  purely  combinatorial  proof  of  the  sam<‘ 
tlutm^m  was  given  by  Whitney.’ 

Kuratowski  states  that  these  graphs  can  be  mapped  on  the  projective 
plane  and  the  torus.  In  this  pap>er  we  study  the  nature  of  the  maps  of 
A  and  B  on  thes<*  surfaces.  We  show  how  to  construct  irreducible* 
graphs  which  cannot  be  mapfied  on  a  projective  plane,  and  irreducible 
graphs  which  cannot  be  mapped  on  a  torus.  We  also  show  how  to 
construct  irrc<lucible  nun  £p-al,  and  irreducible  non  S«*al  graphs,  where 
Mp  is  an  orientable  surface  of  genus  p,  and  S,  is  a  non-orien table  surface 
of  genus  q* 

Throughout  this  |)aper  we  may  assume  that  no  vertex  of  the  graphs 
di.s<‘ussed  has  fewer  than  three  arcs  incident  with  it,  and  that  such 
graphs  contain  no  arcs  whose  end  points  coincide,  or  no  pair  of  arcs 
forming  a  circuit.  For,  suppose  e  is  a  vertex  on  which  there  are  only 

*  Freaented  in  parts  to  the  American  Mathematical  Society,  under  tlie  titles 
"Irreducible  Non-toral  Ciraphs,”  April  19,  1935;  and  “Irreducible  Non  Pr«ijective 
Planar  (Iraphs,”  (by  title)  Sept.  10  193.'). 

t  Columbia  University. 

‘  "Sur  les  ('ourbes  Gauche,"  Fundamenta  Mathematicae,  Vol.  XV,  (1930), 
pp.  271-282.  This  result  was  first  proved  by  P.  A.  Smith  and  Orrin  Frink,  (see 
.Abstract  179,  Bull.  Amer.  Math.  Soc.,  Vol.  36,  No.  3).  The  investigations  of  the 
|)«’8ent  paper  were  undertaken  at  the  suggestion  of  Professor  Smith. 

*  H.  Whitney,  “Non  Separable  and  Planar  Graphs,”  Trans.  Amer.  Math. 
Soc.,  Vol.  34,  pp.  339-362. 

“Non  Planar  Graphs,”  Fund.  Math.  V’ol.  XXI  (1933),  pp.  73-84 

*  A  graph  is  called  irreducible  with  respect  to  a  property  of  the  graph  if,  when 
any  arc  of  the  graph  is  deleted,  the  graph  loses  that  property. 

‘  By  the  genus  of  a  surface  we  mean  the  integer  p  —  (2  —  K)/2  when  the  surface 
is  orientable,  or  the  integer  7  -  2  —  A"  when  the  surface  is  non-orientable,  where 
A'  is  the  characteristic 
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two  arcH  av,  vb.  Then  we  may  replace  the  chain  avb  by  an  arc  ab 
without  altering  the  mapability  or  non-mapability  of  the  graph  in 
queation.  If  two  area  of  a  graph  form  a  circuit  we  may  delete  one  of 
theae  for  the  aame  reaaon.  Similarly  we  may  delete  all  arcs  with  co¬ 
incident  end-points. 

The  results  of  this  |)a|)er  are  closely  related  to  the  general  map  color¬ 
ing  problem.  Suppose  we  desire  to  know  whether  a  map  of  q  2-cells, 
r  or  which  are  mutually  touching,  and  with  a  given  incidence  relation¬ 
ship  among  them,  exists  on  a  surface  S.  The  dual  of  this  map  will 
be  the  map  of  a  graph  G  and  will  exist  on  the  surface  if  and  only  if  the 
map  exists.*  If  such  a  map  exists  then  we  know  that  at  least  r  colors 
are  necessary  for  the  coloring  of  this  map.*  The  problem  of  determinitig 
if  a  given  number  of  colors  is  necessary  for  the  map  on  the  .surface  in 
(|uestion  is  thus  the  same  as  determining  whether  a  certain  graph  G 
can  be  mapped  on  this  surface.  Now  having  constnicted  all  the  im*- 


a 


A  B 

Fio.  1 

ducible  grafdis  which  cannot  be  mapped  on  the  surfact*,  we  can  deter 
mine  if  G  is  among  them,  or  contains  one  of  them  as  subgraph. 

Part  I.  The  Maps  of  A  and  B  on  the  Projective  Plane  and  the  Torus 

The  theorems  of  this  part,  while  of  interest  in  themselves,  an*  needed 
in  the  proofs  of  the  examples  given  in  the  latter  parts  of  this  pa|M*r. 

fH  1.  Maps  of  the  graphs  on  the  projective  plane  II. 

Definitions.  By  a  circuit  of  a  graph  G  we  mean  a  subgraph  of  G 
which  is  a  simple  closed  curve.  By  a  chain  of  G  we  mean  a  sequence  of 
arcs  ,  •  •  •  ,  (n  ,  of  G,  such  that  f  <  and  (i+i  have  an  endpoint  in  common 

*  Hee  Hcffter,  Math.  Annalen,  Vol.  38  (1891),  p.  447,  for  a  dpfinition  of  dual 
maps  and  a  proof  of  this  statement. 

*  For  an  exposition  of  the  map  coloring  problem  see  Philip  Franklin,  “A  Hix 
Color  Problem,”  Journal  of  Math,  and  Physics,  Vol.  13  (1934),  p.  36.3. 
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for  (t  »  1,  •  •  *  ,  n  —  1).  A  2-cell  is  called  regular  if  its  boundary  is  a 
simple  closed  curve.  A  2-cell  a  is  called  n-gonal  if  its  boundary  (de¬ 
noted  by  F(a))  is  a  circuit  containing  n  vertices.  By  the  degree  of  a 
vertex  we  mean  tlie  number  of  arcs  with  which  it  is  incident.  G  is  said 
to  separate  a  surface  S,  on  which  it  is  mapped,  if  iS  —  G  is  not  connected. 

In  a  previous  paper^  we  defined  a  surfact;  as  being  maximal  for  a 
graph  G,  if  it  is  the  surfact'  of  greatest  possible  characteristic  on  which 
G  can  be  mapped.  For  the  purposes  of  the  present  paper  w'c  shall  find 
^  it  convenient  to  rephrase  this  concept  as  follows:  An  orientabl^(Aefi- 
ori«»ntoble)  surface  is  called  minimal  for  G  if  it  is  the  utiwt table  (nou^ 
urien table)  surfacf*  of  least  possible  genus  on  which  G  can  be  mapped. 
A  surface  which  is  maximal  for  G  under  the  former  definition  is  easily 
.seen  to  be  minimal  of  G  under  the  new  definition. 

Theorem  1.  A  and  B  separate  II. 

Proof:  Let  R  he  A  or  B.  Suppose  H  does  not  separate  II  when 
inapfied  on  the  surface.  Let  p  be  any  vertex  of  R.  We  trace  a  simph' 
closed  curve  X  on  n  which  passes  through  p,  but  has  no  other  point  in 
common  with  R,  as  follows;  we  start  at  p,  then  follow  a  path  in  a  fixed 
arbitrary  direction  near  F{n  —  R)  until  we  first  return  to  p.  We  then 
terminate  the  path  at  p.  The  path  X  follows  along  a  circuit  of  G,  and 
can  obviously  be  deformed  into  this  circuit,  X  does  not  separate  II, 
.><inci‘  if  it  did,  the  circuit  into  which  it  is  deformable  would  separate  II. 

C'ut  n  along  X.  There  results  a  sphere  with  a  hole  bounded  by  Xi  -|-  Xt 
each  Xi  corre8{x>nding  to  X.  Xi  and  Xi  contain  vertices  pi  and  pt  n*- 
spectively,  each  corresponding  to  p.  If  we  close  this  hole  with  a  2-cell 
a,  we  obtain  a  sphere  on  which  is  mapped  the  graph  Xi  -)-  Xt , 

when?  R  can  be  formed  from  R*  by  coalescing  the  vertices  pi  and  pi . 
If  we  shrink  a  +  F(a)  to  a  point,  there  will  result  a  sphere  on  which  R 
is  mapped.  Since  R  is  non  planar  this  gives  a  contradiction. 

Theorem  2.  A  or  B  separate  11  into  2-ceUs. 

Proof:  II  is  homeomorphic  with  a  sphere  S  with  a  cross  cap*  affixed. 

*  “The  Triangulstion  of  Surfaces  and  The  Heawood  Color  Formula,”  Journal 
of  Math,  and  Physics,  Vol.  XV  (1936),  pp.  179-186.  We  shall  refer  to  this  paper 
as  T.  We  wish  to  call  attention  to  an  error  in  the  paper  T.  The  first  sentence 
of  the  second  paragraph  of  the  introduction  should  read,  “The  Heawood  color 
formula  gives  an  upper  bound  (Pkl  for  the  number  of  colors  sufficient  to  color 
a  map  on  a  surface  of  given  characteristic,  and  hence  for  the  number  of  mu¬ 
tually  touching  regions  which  can  be  mapped  on  this  surface.” 

*  A  cross  cap  is  a  hemisphere  with  a  circular  hole,  diametrically  opposite  points 
of  the  edge  of  the  hole  being  identified.  (B.  v.  Kerekjarto,  “Vorlesungen  uber 
Topologie,”  p.  151  and  fig.  28.) 
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liCt  R  be  A  or  H.  Map  K  on  S.  If  one  of  the  regions  into  which  iS  is 
separated  is  not  a  2-ceU,  it  is  a  2-oell  with  a  cross  cap  affixed.  We  can 
then  remove  the  cross  cap  and  cover  the  resulting  hole  with  a  2-cell, 
thus  mapping  K  on  a  sphere,  which  is  impossible. 

l^emma  1.  If  A  it  mapped  on  11,  at  leatt  one  of  tit  circuiit  boundt. 

Proof:  Let  X  »  arctbla  be  a  circuit  of  A.  If  X  bounds,  the  lemma  is 
true.  If  X  does  not  bound,  cut  the  surface  along  X.  It  will  open  out 
into  a  region  homeomorphic  with  a  circular  disc  a,  with  diametrically 
opposite  points  of  its  boundary  identihed.  i4  —  X  consists  of  the  arcs 
M,  br,  ct.  ta  together  with  an  arc  of  F(a)  forms  a  circuit  of  A  which 
hounds. 

Ijemma  2.  If  B  it  mapped  on  11,  of  leatt  one  of  iit  circuiit  boundt. 

The  proof  is  similar  to  that  of  lemma  1. 

Lemma  3.  Let  a  be  a  2-complex  homeomorphic  with  a  projective  plane 
unth  a  2-ceU  deleted,  and  let  a,  b,  c,  d,  be  four  poinit  on  F(a),  tuch  that  the 
pair  (a,  b)  teparaiet  the  pair  (c,  d).  Let  ab  and  cd  be  non  iniertecting  arct 
in  a  —  F{a).  Then  F(a)  +  ab  cd  teparaiet  a  into  two  regular  2-cellt. 

Proof:  ab  together  with  one  of  the  two  arcs  into  which  the  pair  (a,  b) 
separates  F{a)  forms  a  non  bounding  circuit,  for  otherwise  cd  would 
intersect  ab.  If  we  cut  a  along  ab,  it  oi)ens  out  into  a  2-cell  /3,  with 
Iraundary  acbadbo.  cd  separates  /3  into  two  regular  2-cells. 

Theorem  3.  .4  teparcUet  PI  into  one  hexagonal  and  three  quadrilateral 

2-cellt. 

Proof:  The  circuits  of  A  contain  either  four  or  six  arcs,  l^et  a  he 
a  2-cell,  of  those  into  which  A  .separates  11,  whose  boundary  is  a  circuit 
of  A. 

(1)  If  a  is  a  quadrilateral,  (we  shall  omit  the  word  “2-cell”  after  the 
adjective  “n-gonal”  whenever  no  ambiguity  results),  say  F(a)  ■» 
arcta.  Temporarily  delete  from  i4.  Then  the  region  complementary 
to  a  -|-  F{a)  consists  of  two  hexagons  with  boundaries  arbtcta  and  rctatbr 
respectively.  Whichever  of  these  bt  is  mapped  in,  is  separated  into 
two  quadrilaU'rals  by  6s. 

(2)  If  a  is  a  hexagon,  say  F(a)  =*  arbtcta.  Temporarily  delete  cr. 
The  region  complementary  to  a  -1-  F(a)  consists  of  a  quadrilateral  with 
tmundary  aitba,  and  a  hexagon  with  boundary  bratdb.  cr  separates 
the  latter  into  tw'o  quadrilaterals. 

Fig.  2  gives  a  map  of  A  on  IT.  The  free  edges  are  identified  as  indi¬ 
cated. 

Theorem  4.  B  teparaiet  n  in  one  of  two  wayt, 

(а)  Four  triangular  and  two  quadrilateral  2-cellt,  or 

(б)  Five  trianglet  and  one  pentagon. 
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Proof :  The  cimiitM  of  H  contain  cither  three,  four,  or  five  arcs.  The 
2-rellH  into  which  II  w  wparated  are  thuM  either  triangles,  quadrilaterals 
or  pentagons.  Not  all  of  these  are  triangles,  for  if  this  were  true,  we 
would  have,  if  a,  jlenote  the  number  of  vertices  of  degree  t, 


which  is  not  an  inU^ger.*  Hence  at  least  one  2-cell  a  is  not  triangular. 

(1)  If  a  is  a  quadrilateral,  say  F{a)  abcda.  Then  by  l^emma  3,  if 
a  denote  a  -f  F(a),  F{a)  +  bd  +  ca  separates  the  region  complementary 
to  a  into  two  quadrilaterals  P  and  y,  where  F(fi)  «  bdacb,  F{y)  —  baedb. 
If  e  is  in  d,  then  ea,  eb,  ec,  rd  separate  $  into  four  triangles.  Similarly 
if  e  is  in  y. 


(2)  If  a  is  a  |)entagon,  say  F{a)  »  abedea.  I^et  a  —  o  +  F{a).  By 
licmma  3,  F{a)  +  ac  -k-  bd  separates  the  region  complementary  to  a 
into  two  2-<*ells  d  and  y,  where  F{fi)  «  aedbea,  F(y)  »  dcabd.  Then 
eb  and  ec  are  in  and  separate  into  three  triangles,  od  is  in  y  aiul 
separates  y  into  two  triangles. 

Figure  3  represents  the  two  types  of  maps.  The  fn*e  edges  an* 
identified  as  indicated. 

Theorem  5.  If  n  is  any  circuit  of  A,  A  can  be  mapped  on  11  so  that  oiw 
of  the  2-cells  into  which  II  ts  separated  has  p  for  its  boundary. 

Proof:  A  separates  II  into  three  quadrilaterals  and  a  hexagon.  If  p 
is  a  quadrilateral  circuit  of  A,  either  it  bounds  one  of  these  2-cell8,  or  by 
suitably  permuting  the  letters  assigned  to  the  vertices  of  A,  p  will  be* 
the  lK)undary  of  one  of  these  quadrilaterals.  Similarly  if  p  is  a  hexagonal 
circuit. 


*  T.  liemma  1. 
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Theorem  6.  If  r  is  any  circuit  of  B,  B  can  be  mapped  on  II  ao  that  one 
of  the  2-celU  into  which  II  is  separated  has  »  for  its  boundary. 

Proof:  By  suitably  permutiuK  the  letters  assigned  to  the  vertic<*s 
in  one  of  the  two  maps  of  fig.  3,  r  will  be  the  boundary  of  one  of  the 
2-oells  in  one  of  these  two  maps. 

$  2.  Maps  of  the  graphs  on  the  torus  T. 

Definitions.  By  an  open  path  zy  in  a  graph  G,  we  mean  a  sequeiu'<‘ 
of  arcs  {i  ,•••,(■ ,  together  with  their  endpoints,  such  that  and 
{<+1 ,  (»  “  1,  2,  •  •  •  ,  n  —  1),  have  an  endpoint  in  common,  and  # 
(•>1 ,  ^  in  ,  and  such  that  x  and  y  are  the  free  endpoints  of  and 

respectively.  A  closed  path  is  a  path  whose  initial  point  x  coincides 
with  its  terminal  |x)int  y.  A  |)ath  is  called  regular  if  it  passt's  thnnigh 


Fin.  3.  Maps  of  R  on  II. 

each  of  its  arcs  and  their  «*ndiK)ints  exactly  once,  and  is  callf>d  irri'gular 
if  it  imsm's  through  some  of  its  arcs  or  their  endpoints  more  than  once. 

Theorem  7.  A  and  B  separate  T  into  2-cells. 

Proof :  T  is  minimal  for  each  of  these  graphs.  Hence  the  theorem 
follows.'® 

Lemma  4.  lA-t  a  be  a  2-complex  homeomorphic  to  a  torus  with  a  2-eell 
deleted,  ami  let  a,  b,  c,  d,  be  four  points  on  F(a),  such  that  the  pair  (o,  6) 
separates  the  pair  (c,  d).  Let  ab  arul  cd  be  non  intersecting  arcs  in 
a  —  F{a).  Then  F(a)  ab  cd  bounds  an  irregular  2-cell. 

Proof :  ab  together  with  either  one  of  the  two  arcs  into  which  {a,  b) 
•separates  F{a),  forms  a  non  bounding  circuit,  for  otherwise  cd  would 
intersect  ab.  Cut  a  along  ab.  a  will  open  out  into  a  cylinder  bounded 
by  ji  =  ab  +  acb  and  jt  =  ab  adc.  If  we  cut  this  cylinder  along  cd, 

'*  T.  Theijrem  1,  corollary,  and  Theorem  2. 
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it  will  open  out  into  a  n‘ctangular  2-o(il  with  an  irn'gular  path  for 
iMiundary. 

Theorem  8.  A ,  when  mapped  on  T  separates  it  in  one  of  two  ways, 

(a)  Three  regular  hexagonal  2-cells,  or 

(b)  Two  regular  quadrilaterals  and  an  irregular  hexagonal  2-cell  with 
boundary  of  the  form  x  =  arbsctbrcsa. 

(Note;  X  w  oharacterinHl  by  the  fact  that  it  is  tin;  sum  of  twro  regular 
chains  arbsci  and  tbrcsa,  each  containing  all  the  vertices  of  A.) 

Proof :  liCt  a  be  one  of  the  2-celis  into  which  T  is  separatetl.  F{a) 
must  be  a  closed  path  of  A.  Since  A  contains  no  closed  paths  with  an 
<Kld  number  of  arcs,  F(a)  contains  either  four,  six,  or  eight  arcs  of  A. 

(1)  Suppose  F(a)  is  a  closed  path  of  .4  containing  four  arcs,  say  F{a) 
■=  arcta.  Delete  for  a  moment  the  arc  bs.  Then  the  region  comple- 


Fio.  4a  Fio.  4b 

Fio.  4.  Maps  uf  A  on  T. 


nwntary  to  a  is  an  irregular  2-cell  /3  with  boundary  resarbtasetbr.  *  hs 
separates  ^  into  a  regular  quadrilateral  and  an  irregular  hexagon  with 
boundary  of  the  form  ». 

(2)  Suppose  F(a)  is  a  closed  path  of  A  containing  six  arcs,  say  F{a)  = 
arbseta.  Delete  for  a  moment  the  arc  bt.  Then  the  complementary 
n*gion  Is  an  irregular  2-cell  y  with  boundary  rbsardaser.  bt  separates 
y  into  two  regular  hexagons. 

(3)  Suppose  F{a)  contains  eight  arcs  of  A ;  say  at  is  the  arc  of  .1  not 
contained  in  F{a).  I>et  H  ^  A  —  at.  Then  F(a)  must  be  a  closed 
path  passing  through  each  arc  of  H  cither  once,  or  twice  in  opi^osite 
directions,  such  that  the  path  does  not  immediately  retrace  itself 
along  any  arc.  Then*  are  essentially  three  such  paths  in  H.  (a) 
xi  =  asdbrc^dcra,  (b)  xj  =  nrbtcrasribsa.  (c)  x*  =  arbsctbrcsa. 
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(a)  If  F{a)  ifl  Ti  then  the  complementary  region  is  a  regular  quad¬ 
rilateral  with  boundary  arbta.  eU  cannot  be  in  this  complementary 
region,  hence  this  case  is  impossible. 

(b)  Likewise  it  is  impossible  for  F{a)  to  be  n  . 

Hence  (c).  /’(o)  is  n .  The  region  complementary  to  a  -f  F(«) 
then  a  2-cell  6  whose  boundary  is  tucbtcra.  at  separates  6  into  two 
regular  quadrilaterals. 

Figure  4  represents  the  two  types  of  maps.  The  free  edges  are 
identified  as  indicated. 

Theorem  9.  B  when  mapped  on  T  separates  it  in  one  of  five  ways; 

(o)  Four  regular  triangles  and  one  irregular  pentagon  with  boundary 
of  the  form  abcadecda. 


(6)  Three  regular  triangles,  a  regular  quadrUaieral,  and  an  irregular 
pentagon  with  boundary  of  the  form  bcadecdb. 

(c)  Two  regular  triangles,  one  regular  quadrilateral,  and  two  regular 
pentagons. 

(d)  Two  regular  triangles,  two  regular  quadrilaterals,  and  an  irregular 
pentagon  with  boundary  of  the  form  aedceba. 

(e)  Five  regular  quadrilaterals. 

'Fhe  proof  is  analogous  to  that  of  theorem  8. 

Figure  6  represents  the  five  types  of  maps.  The  fre<*  edges  are 
identified  as  indicated. 

Theorem  10.  If  ft  is  any  circuit  of  A,  A  can  be  mapped  onT  so  that  ft 
is  the  boundary  of  a  regular  2-ceU. 
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Theorem  It.  If  r  is  any  circuit  of  H,  li  ran  be  mapped  onT  so  that  v 
is  the  boundary  of  a  regular  2-cell. 

By  wiitablr  porniutinfc  tho  lottors  aHHigned  to  the  vortices  in  one  of 
tlio  mu|)s  of  figures  4  or  5,  u  or  p  will  bo  the  boundary  of  a  regular  2-oell. 

Tho  graphs  A  and  B  wparato  tho  projective  plane  into  rogidar  2-coIls. 
However  they  do  not  separate  the  torus,  (as  is  seen  from  theorj^ms  8 
and  9),  into  regular  2-ceIl8.  In  this  connection  it  is  of  interest  to  noh* 
that  the  complete  six-point  separates  the  torus  into  regtdar  2-ceUs, 
and  this  latter  graph  is  irreducible  with  respect  to  this  property." 

Part  n.  Non  and  non  ®,-al  graphs 

If  .S  is  any  surface,  there  exists  a  set  of  irreducible  graphs  which  <‘an- 
not  be  mapped  on  iS.  In  this  section  we  show  how  to  construct  a  few- 
such  graphs.  In  {)arts  III  and  IV’  we  go  into  more  detail  for  the  special 
cases  where  is  a  torus  or  a  projective  plane.  The  problem  of  hnding 
all  such  graphs  for  a  given  surface  pn*sonts  considerable  difficulty. 
The  author  has  not  been  able  to  determine  whether  there  is  an  upper 
bound  to  the  number  of  such  graphs  for  a  given  surface,  even  for  the 
simple  cases  of  the  torus  and  the  projective  plane.  While  we  feel  cer¬ 
tain  that  there  must  be  an  upper  IxMind  to  the  number  of  irreducible 
non  toral,  and  irn*ducible  non  projective  planar  graphs,  the  pr(M)f  of 
this  has  proved  baffling,  and  we  must  leave  this  question  open. 

We  shall  denote  an  orientable,  (non-orientable),  surface  of  g<*nus  p  by 
the  symlxd  Sp,  (2„). 

Definition.  l>*t  *S  Ik*  a  sphen*  with  a  numlx*r  of  hatidles  affixed. 
Delete  a  handle.  There  n*sults  a  surface  with  tw’o  holes.  Span  each 
hole  with  a  2-cell.  There  rc.sults  a  spheje  *S'  with  one  fewer  handles 
than  S.  This  process  is  called  picking  off  a  handle. 

Theorem  1 .  I^et  G\ ,  6j  ,  •  •  •  ,  G„_i ,  G„_i ,  6’„  be  cannecled,  irreducibU 
non  2!p-al,  S,,-al,  •  •  •  ,  2v-al,  ^.-al,  -.-al  graphs  respectively.  Then 

a  =  G|  (It  A-  •  •  •  +.  (t» 

(where  Gi  does  not  intersect  Gj ,  i  #  j)  is  an  irreducible  rum  Xt-al  graph, 
where  A:  =  (p  -J-  7  -f  •  •  •  -f  r  -f  «  +  /)  -f  (n  -  1). 

l*n)of:  G  is  non  -*-al.  For,  supix)s<*  G  wem  ili-al.  Then  G  could 
lx*  map|M‘<l  on  a  sphen*  S  with  k  handles.  We  show  that  this  leacls  to  a 
contradiction. 

6*  -b  G|  -b  •  •  •  +  Gn  separates  S  into  a  numlx'r  of  regions,  and  Gi  is 
mapped  in  a,  on<*  of  thes<*.  Now  .since  Gi  is  non  w^-al,  a  m»ist  Ix'  u 


"  We  omit  the  pnM>f  (which  is  empirical  in  ehnr.ieter). 
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planar  region  with  at  leaMt  (p  +  1)  handen  afl&xed.  For,  if  a  were  a 
planar  region  with  fewer  than  (p  +  1)  handleH  Gi  could  not  be  mapiMMl 
on  it.  Remove  G\ ,  and  then  pick  off  p  +  1  of  the  handlea  afiuuHl  to  a. 
There  resultn  a  sphere  S'  with  k  —  (p  -f-  1 )  handles  on  which  Gt  +  Gt-\- 
•  •  •  +  0,  is  mappcnl. 

Now  G|  +  G4  +  •  •  •  ’j’  Gn  separates  5'  into  a  number  of  regions,  and 
(it  is  mapped  in  a,  one  of  these.  Since  Gt  is  non  2,-al,  a'  must  he  a 
planar  region  with  at  least  (9  +  1)  handles  affixed.  Pnieeeding  as  in  the 
preceding  paragraph,  we  obtain  a  sphere  S"  with  *  —  (p  -f  1)  —  (7  +  1) 
handles,  on  which  Gr-f  G4  4-  •  •  •  *4  G,  is  mapped. 

We  proceed  in  this  manner,  step  by  step  until  there  nwults  a  sphere 
with  «  4-  I  4  1  handles  affixed'*  on  which  G,_i  4  G„  is  mappi'd. 
Now  G,  separates  S*"'*’  into  a  number  of  regioas,  in  one  of  which, 
a‘"“*’,  G,_i  is  mapp(‘d.  a‘"~*'  must  be  a  planar  region  with  at  least 
(s  4  1)  handler,  since  G.-i  is  non  S,-al.  Remove  G»_i  and  {nek  off 
(«  4  1)  of  the  handles.  There  results  a  sphere  S'*”"  with  at  most  t 
handles,  on  which  G.  is  mapped.  But  this  is  im{K)ssible  since  G,  is 
non  S<-al. 

G  is  also  irnnlucible,  for  suppose  an  arc  (of  G|  is  ckdeted.  Let  Gi  «■ 
G  —  (.  Map  G'i  on  an  .  Ix*t  a  be  one  of  the  regions  into  which 
is  separated.  Affix  (9  4  1)  handles  to  o.  Then  G»  can  be  mapped 
on  the  resulting  region.  IjcI  0  be  one  of  the  subdivisions  of  the  resulting 
surface.  By  affixing  a  sufficient  number  of  handles  to  0  we  can  map  G| 
on  the  resulting  rt'gion. .  . .  Proceeding  thus  step  by  step  we  find  that  by 
adding  {k  —  p)  handles  to  "Sp  we  shall  have  obtained  an  2*  on  which  G—( 
is  mapped.  Similarly  if  any  are  of  any  of  the  other  G4  is  deleted. 

Theorem  2.  Ia  P  be  an  irreducible  non  'Sp-al  graph,  and  Q  be  an 
irreducible  non  2,-af  graph.  Let  G  be  the  graph  formed  by  coaleHcing 
any  point  x  of  P  with  any  point  y  of  Q.  Then  G  is  an  irreducible  non 
2,^,4. i-of  graph. 

Proof:  G  is  non  bir  supixjse  G  were  2,M^^ral.  Then  G 

can  be  mapped  on  a  sphere  S  with  (p  4  7  4  1)  handles.  Now  P 
.separab's  S  into  a  number  of  regions,  and  Q  is  mapped  on  one  of  these 
n>gions  plus  its  Imundary,  (call  it  a),  such  that  the  point  yofQ  coincides 

'•  The  number  of  handles  affixed  to  .S*"  ®  is 

fc  -  (p  4  1)  -  (7  4  1) - -  (r  4  1)  -  (P  4  7  4  •••  4  r  +  s  +  0 

4  (n  -  1)  -  (p  4  1) - (r  4  1) 

-s4<4n-l-(n-2) 

-  •  4  <  4  1 
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with  the  point  x  of  thifl  boundary.  Now  the  interior  of  a  must  a 
planar  region  with  at  least  (9  +  1)  handles,  for  Q  is  non  Z^l.  Remove 
Q,  and  then  pick  off  9  +  1  of  the  handles  on  a.  There  results  a  sphere 
with  p  handles  on  which  P  is  mapped.  But  since  P  is  non  S^-al,  this 
is  impossible. 

G  is  also  irreducible,  for;  suppose  an  arc  (  of  P  is  deleted.  Then 
we  can  map  P  —  (  on  an  2,  .  Let  a  be  one  of  the  regions,  of  those  into 
which  Z,  is  separated,  having  x  on  its  boundary.  Affix  9  d-  1  handles 
to  a.  Then  Q  can  be  mapped  on  the  resulting  region  in  such  a  way  that 
If  is  accessible  to  x.  We  can  then  coalesce  x  and  y,  and  when  this  is 
done  we  shall  have  mapped  G  —  (  on  an  Z^^i .  '  Similarly  if  an  arc  of 
Q  is  deleted. 

Definition.  Let  iS  be  a  sphere  with  a  number  of  cross-caps.  Deleb' 
a  cross  cap.  There  results  a  surface  with  a  hole.  Span  this  hole  with 
a  2-cell.  There  msults  a  sphere  S'  with  one  fewer  cross-caps  than  S  had. 
This  process  is  called  picking  off  a  cross  cap. 

Theorem  3.  Let  Gi ,  Gt ,  •  •  •  ,  G«_t ,  0„_i ,  (7,  be  connected  irreducible 
non  Sip-al,  •  •  •  ,  Sr-of,  <2.-ol,  Si-of  graphs  respectively.  Then 

G  —  Gi  4-  -f-  •••-♦-  O, ,  {where  Gi  does  not  intersect  Gf,i  ^  j),  is  a 

non  &t-al  graph,  where  k  »  (p  4  9  +  •*,•  +  r  -b  «  -f  <)  +  (»»  —  !)• 

(Note:  In  theorem  1  of  this  section,  the  analogous  theorem  for  orient- 
able  surfaces,  G  is  also  irreducible.  In  this  theorem  G  is  not  necessarily 
irreducible.) 

Proof:  G  is  non  0/ral,  for  suppose  this  were  not  true.  Then  G  could 
Is*  mapped  on  a  sphere  8  with  k  cross-caps.  W4  show  that  this  leads 
to  a  contradiction. 

f7i  4  4  •  •  •  4  G—i  4  Gn  separates  8  into  a  number  of  regions, 

and  Gi  is  mapped  in  a,  one  of  these,  a  must  be  a  planar  region  with 
at  least  p  4  1  cross-caps,  for  if  a  were  a  planar  region  with  fewer  than 
p  4  1  cross-caps,  Gi  could  not  be  mapped  on  it.  Remove  Qi  and  pick 
«»ff  p  4  1  of  the  cross-caps  affixed  to  a.  There  results  a  sphere  5'  with 
at  most  it  —  (p  4  1 )  cross-caps,  on  which  Gt  4  f7i  4  •  *  •  4  f7«  is 
mapped. 

The  balance  of  the  proof  is  analogous  to  the  proof  of  theorem  1  of 
tliis  section  the  words  “cross-cap”  replacing  the  word  “handle”  in  the 
discu-ssion. 

Theorem  4.  Let  P  be  an  irreducible  non  ^p-al  graph,  and  let  Q  be  an 
irreducible  non  <Bral  graph.  Let  G  be  the  graph  formed  by  coalescing 
any  point  x  of  P  with  any  point  y  of  Q.  Then  Gisa  non  graph. 

(The  note  after  theorem  3  applies  to  this  theorem  al.so.) 

The  piw)f  is  analogous  to  that  of  theorem  2  of  this  section. 
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Part  m.  Irreducible  Non  Projective  Planar  Graphs 

m  1.  Non  accessible  set  of  vertices  of  an  0^-al  graph. 

Definition.  Let  Q  be  an  0,-al  graph.  Suppose  Q  contains  a  set  of 
vertices  (71 ,  •  •  •  ,  7r)  such  that  no  matter  how  Q  is  mapped  on  an 
not  all  of  the  vertices  of  this  set  are  accessible  to  any  one  point  of 
—  Q),  and  such  that  (?i  ,  •  •  •  ,  7r)  is  the  minimal  such  set.  We 
call  such  a  set  of  vertices  a  non  accessible  set  of  order  p  for  Q. 

Theorem  1.  Let  Gbean  irreducible  non  ^irol  graph.  Delete  an  arc  pq. 
Then  the  set  of  vertices  (p,  q)  is  a  non  accessible  set  of  order  k  for  O  —  pq. 

Proof :  G  —  p7  is  S*-al,  hence  can  be  mapped  on  an  3* .  If  this 
could  be  done  in  such  a  manner  that  both  p  and  q  were  accessible  to  the 
same  point  of  3*  —  (G  —  pq)  then  p  could  be  joined  to  q  and  G  would 
then  be  mapped  on  an  0*  . 

Theorem  2.  Let  G  be  an  irreducible  non  ^k-ol  graph,  and  x  any 
vertex  of  G.  Ijct  the  arcs  on  x  have  for  their  other  endpoints  the  vertices 
(ti,  •  •  • ,  tn).  Delete  x  and  the  arcs  on x.  Then  (tt,  •••,<»)  w  o  non  acces¬ 
sible  set  of  order  k  for  the  resulting  graph  G*. 

P^(K)f:  G*  is  3*-al.  If  G*  could  be  map|)ed  on  an  3*  so  that  each 
of  the  vertices  ((1 ,  •  •  •  ,  I,)  is  accessible  to  the  .sam«‘  point  j/  of  0*  —  G* 
th«*n  we  could  join  y  to  each  of  these  vertices  and  have  a  map  of  a  graph 
homeomorphie  with  G  on  3* . 

In  the  sequel  we  shall  be  particularly  inten‘sted  in  the  following 
graphs;  //  =  .1  —  or,  K  H  —  ah,  A  =  /f  —  (a;  ab,  ac,  ad,  ae),  M  * 
.1  —  {a;  nr,  as,  at),  when*  .1  and  H  an*  the  two  irreducible  non  planar 
graphs. 

fH  2.  Construction  of  irreducible  non  projective  planar  graphs.  Let 
Hi,  Ri  ,  and  R  be  irn*ducible  non  planar  graphs.  Let  G  be  an  irreduci¬ 
ble  non  projective  planar  graph.  Then 

G  =  «  -I-  (o)  -I-  Q  -I-  (f], 

where  [a]  is  a  set  of  arcs,  each  of  which  has  both  its  endpoints  on  R, 

Q  is  a  1 -complex  not  intersecting  R, 

[  I]  is  a  set  of  arcs,  called  cut-arcs,  each  of  which  has  one  endpoint  on 
R,  and  the  other  on  Q.  The  endpoints  of  the  arcs  of  [  f]  which  are  rm 
R  are  called  terminals. 

G  contains  at  least  one  irreducible  non  planar  graph  as 

subgraph.  Choose  one  of  these  and  call  it  R.  Once  this  choice  of  R  is 
made  we  show  that  the  structure  of  G,  relative  to  A,  is  of  one  of  the 
following  types. 
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Type  1.  G  in  one  of  the  thre<>  graphs  Ri  Ht ,  where  Hi  does  not 
intersect  Rt . 

Type  II.  Q  is  any  one  of  the  graphs //,  K,  L,  M  of  A  I.  [f]  consists 
of  arcs,  one  and  only  one  of  which  is  on  each  of  th<‘  vertices  of  a  non 
accessible  set  of  vertices  of  Q,  aiul  such  that  tin*  terminals  are  all  con¬ 
tained  in  the  same  circuit  of  R. 

Type  III.  The  graphs  of  this  typ<*  am  characteriwd  by  the  property; 
the  terminals  are  all  contained  in  some  one  circuit  X  of  R,  (o)  *  0, 
and  Q  is  planar  and  does  not  contain  as  subgraph  any  of  the  graplis 

H,  K,  L,  M. 

Type  III,  (1).  I>*t  N  lx*  the  graph  compowd  of  the  arcs  uv,  ux,  uy, 
uz,  vx,  vy,  w.  liCt  G  be  formed  by  allowing  the  thns*  vertices  x,  y,  z 
of  N  to  coincide  with  three  distinct  |K>ints  contained  in  some  eircuit 
X  of  R. 

Type  III,  (2).  Ix*t  w,  X,  y,  z,  Ixt  four  distinct  ixiints  of  some  eircuit 
of  R,  when*  the  |>air  (w,  y)  separab's  the  |>air  (x,  z)  on  this  eircuit,  and 
on  any  other  circuit  of  R  containing  these  four  points.  I/et  Q  be  an 
arc  uv.  liCt  (f)  —  (utc,  uy,  vx,  vz). 

Other  subtypes.  A  few  cxampl(>s  an*  given  in  Part  \. 

Type  IV.  The  graphs  of  this  type  are  characteriied  by  the  property; 
the  terminals  are  not  all  contained  in  any  one  circuit  of  R,  [a]  »  0, 
and  Q  is  planar. 

There  are  thre<*  subty|x*s. 

Type  IV  a.  There  is  one  terminal  on  each  of  three  ares  of  R,  these* 
three  arcs  all  having  an  endpoint  in  common. 

Type  IV  b.  R'w  A,  and  there  is  one  terminal  on  each  of  five  arcs  of  A, 
four  of  these  arcs  forming  a  circuit  (say  arbsa)  and  the  fifth  arc  (say  ct) 
having  no  endpoint  on  this  circuit. 

Type  IV  e.  R  in  B,  and  there  is  one  t4*rminal  on  each  of  four  arcs  of 
H,  three  of  these  arcs  forming  a  circuit,  (say  abca)  and  the  fourth  arc 
(say  de)  having  no  endpoints  on  this  circuit. 

Type  V.  The  graphs  of  this  type  are*  charaete*riieel  by  the  property 
that  Q  is  planar  and  [a]  ^  0. 

Theorem  3.  Let  G  be  an  irreducible  rum  projective  planar  graph.  G 
contains  as  subgraph  an  irreducible  non  planar  graph  R.  Relative  to  R, 
the  structure  of  G  is  of  one  of  the  types  I-V. 

Proof:  f?  -  W  -I-  (a]  +  g  +  (f). 

I).  If  g  is  planar,  (a)  Suppose  [o]  i-  0.  There  are  two  peMsibilities, 

(1)  The  terminals  are  all  containe*d  in  se>me  circuit  X  of  R.  If  Q 
cemtains  one  of  the  graphs  H,  K,  L,  M  as  subgraph,  then  Q  cemtains  a 
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non  acopssiblo  st*t  of  vrrticrs  and  it  Ls  sufficient  that  Q  b«'  one  of  thi- 
graphs  H,  K,  L,  M,  and  that  (f)  consist  of  arcs,  one  of  which  is  on  each 
of  the  vertices  of  the  non  accessible  set  of  Q.  For,  no  matter  how  R  is 
mapped  on  II  with  X  the  boundary  of  a  2-celI,  Q  cannot  be  mapfied  on 
this  2-eeII  so  that  all  the  vertices  of  the  non  accessible  set  are  acceasible 
to  X.  (}  is  then  of  t3rpe  II. 

If  Q  does  not  contain  any  of  the  graphs  //,  K,  L,  M  aa  subgraph, 
then  G  is  of  type  III. 

(2)  The  terminals  are  not  all  contained  in  any  one  circuit  of  R.  G 
is  then  of  type  IV. 

(b)  Suppose  (a)  ^  0.  Then  G  is  of  type  V. 

II)  If  Q  is  non  planar,  then  for  (7  to  be  non  projective  planar,  it  is 
sufficient  that  Q  be  an  irreducible  non  planar  graph.  For,  if  Q  is  such  it 
cannot  be  mapped  on  any  of  the  2-eells  of  II  —  ft.  G  is  then  of  type  1 . 

In  Part  V  we  give  examples  of  the  various  types  of  irreducible  non 
projective  planar  graphs. 

Part  IV.  Irreducible  Non  Toral  Graphs 

«  1.  Non  accessible  set  of  vertices  of  an  2p-al  graph.  I^ct  Q  be  n 
2,,-al  graph.  We  define  a  non  accessible  set  of  vertices  of  order  p  for  Q 
in  the  same  manner  as  in  %  \  of  Part  III.  The  proofs  of  the  following 
two  theorems  are  identical  with  the  pr(X)fs  of  theorems  1  and  2  of 
Part  III. 

Theorem  1.  Let  G  be  an  irreducible  non  2^,,-aI  graph.  Delete  an  arc  p<i. 
Then  the  act  (p,  q)  i$  a  non  accessible  set  of  vertices  of  order  p  for  G  —  pq. 

Theorem  2.  fjct  O  be  an  irreducible  non  Zp-al  graph,  and  x  any 
vertex  of  G.  I^et  the  arcs  on  x  have  for  their  other  endpoints  the  vertices 
(It,  •  •  • ,  tn).  Delete  x  and  the  arcs  on  x.  Then  (fi ,  •  •  • ,  f«)  is  a  non  acces¬ 
sible  set  of  order  p  for  the  resulting  graph  G*. 

We  define  the  graphs  II,  K,  L,  M  as  in  Part  III. 

S  2.  Construction  of  irreducible  non  toral  graphs.  We  have 
G  =  ft  +  [a]  4-  Q  4-  (f), 

when*  ft,  (al,  Q,  (f),  an*  defined  >is  lK*fon*.  .\s  in  Part  III,  we  ch<K>s«* 
a  subgraph  ft  of  G,  and  once  this  choice  is  made  we  show  that  the 
structure  of  G,  n*lative  to  ft,  is  of  one  of  the  following  types. 

Type  /.  G  is  one  (»f  the  thre<*  graphs  ft,  +  ftj  .  (Where  ft,  d<H*s  not 
inters<*ct  ftj). 

7’i/pc  II.  l.ef  Q  Is-  any  one  «»f  the  graph.<  //.  K,  L,  M .  I^et  (f)  con- 
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tuAt  of  arcH,  one  and  only  one  of  which  is  on  each  of  the  vertices  of  a 
non  accessible  set  of  vertices  of  Q,  and  let  [a]  «  0.  The  terminals 
are  any  points  of  R,  not  necessarily  distinct.  This  typ(‘  consists  of  all 
graphs  having  such  a  structure. 

Type  III.  The  graphs  of  this  type  are  characterised  by  the  proper¬ 
ties;  R  »  i4,  Q  is  planar  and  does  not  contain  //,  K,  L,  or  ilf  as  sub¬ 
graph,  [a]  «  0,  and  there  are  terminals  on  at  most  eight  arcs  of  A. 

Type  IV.  The  graphs  of  this  type  an;  characterised  by  the  prop«*r- 
ties;  R  ^  B,  Q  is  planar  and  does  not  contain  H,  K,  L,  or  Af  as  sub¬ 
graph,  [a]  0,  and  there  are  terminals  on  at  most  six  arcs  of  B. 

Type  V.  The  graphs  of  this  type  are  characterised  by  the  propertM*s; 
A  =  i4,  [a]  >  0,  Q  is  planar  and  does  not  contain  any  of  the  graphs 
H,  K,  L,  or  M  as  subgraph,  and  every  arc  of  A  contains  at  least  one 
terminal. 

Type  VI.  Tlu;  graphs  of  this  tyjie  are  characterised  by  the  jirop<‘r- 
ties;  R  B,  Q  is  planar  and  does  not  contain  any  of  the  graplis  H,  K,  L, 
or  A/  as  sul>graph,  [a]  =  0,  and  there  are  terminals  on  seven  or  more 
arcs  of  B. 

Type  VI,  1.  There  are  terminals  on  each  of  seven  arcs  of  B,  such 
that  the  thn'e  arcs  of  B  which  do  not  contain  terminals  do  not  form  a 
circuit  or  a  chain. 

Type  VI,  2.  There  are  terminals  on  eight  or  more  arcs  of  B. 

Type  VII.  The  graphs  of  this  type  are  characterised  by  the  prop<*rty 
tliat  [a]  ^  0. 

Theorem  3.  Lei  G  be  an  irreducible  non  toral  graph.  G  contains  as 
subgraph  an  irreducible  non  planar  graph  R.  Relative  to  R  the  structure, 
of  G  is  of  one  of  the  types  I-VII. 

Proof:  G  -  «  +  [a]  +  Q  -t-  (f]. 

I.  If  Q  is  non  planar.  The  proof  is  the  same  as  for  the*  analogous  case 
in  theorem  3  of  Part  III.»  G  is  of  type  I. 

II.  If  Q  is  planar,  (a)  Suppose  [a]  «  0. 

(1)  If  Q  does  not  contain  any  one  of  the  graplis  H,  K,  L,  or  M  there 
are  four  possibilities, 

(i)  R  is  A,  and  not  all  the  an’s  of  A  contain  terminals.  G  is  then 
of  type  III. 

(ii)  R  is  A  and  each  arc  of  A  contains  at  least  one  terminal.  G  is 
then  of  type  \. 

(iii)  R  is  B  and  at  most  six  arcs  of  B  contain  terminals.  G  is  then 
of  ty|s*  IV. 
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(iv)  RisB  and  seven  or  more  arcs  of  B  contain  terminals.  G  is  then 
of  type  VI. 

(2)  If  Q  contains  a  subgraph  one  of  the  graphs  H,  K,  L,  or  M,  then 
as  in  theorem  3  of  Part  III,  we  can  show  that  it  is  sufficient  that  Q  be 
one  of  these  graphs.  G  is  then  of  type  II. 

(b)  If  [a]  ^  0,  G  is  of  type  VII. 

In  Part  V  we  give  examples  of  the  various  types  of  irreducible  non 
torai  graphs. 

Part  V.  Examples  of  Irreducible  Non  Projectiye  Planar  and  Irreducible 
Non  Torai  Graphs 

M  1.  Examples  of  irreducible  non  projective  planar  graphs. 

Tjfpe  I.  The  examples  arc  given  in  the  description  of  this  type. 

Theorem :  Any  graph  of  type  I  is  an  irreducible  non  projective  planar 
graph. 

Proof :  Since  Hi  is  non  planar,  it  separates  11  into  2-cells  when  mapped 
on  it.  Since  Kt  is  non  planar  it  cannot  be  mapped  in  any  one  of  these 
2-cells.  Hence  G  is  non  p.p.  (We  shall  use  the  abbreviation  p.p.  for 
the  words  “projective  planar.”)  The  irreducibility  is  obvious. 

Definition:  We  shall  employ  the  following  symbolic  representation 
for  G, 

G  -  («/lo]/Q/lf]). 

We  shall  indicate  the  fact  that  a  terminal  is  on  an  arc  xy  of  7^  by  assign¬ 
ing  to  it  the  symbol  p,,  ,  the  subscript  indicating  which  arc  the  terminal 
is  on.  To  completely  describe  a  graph  we  shall  write  out  in  full  the  arcs 
and  vertices  in  each  division  of  the  symbol.  If  one  of  the  components  is 
abs(>nt  in  the  graph,  we  shall  place  a  0  in  the  corresponding  division  of 
tlie  symlx)!. 

Type  II.  The  only  irreducible  graphs  formed  as  described  an*  the 
following.  All  the  other  graph.s  formed  as  d»*acribed  are  reducible. 

Gii-i  “  (A/O/tu;,  uw,  MX,  vw,  vx,  wxim,  v»,  w»,  xt) 

Gii-t  —  (A/O/ur,  uw,  ux,  vw,  vx,  wxlur,  vr,  wr,  xa) 

Oii-t  =■  (A/0/u»,  uw,  ux,  vw,  vx,  wx/ur,  vr,  wt,  xt) 

Gii-4  •=  (A/O/uv,  uw,  ux,  vw,  vx,  wxjuc,  vc,  wt,  xt) 

Gii-t  “  (B/O/uv,  uw,  ux,  vw,  vx,  wxjue,  ve,  we,  xe) 

G„-t  =  (A/O/twc,  vx,  ux,  yu,  yv,  yw/us,  va,  wa) 
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“  {AIQIxu,  TV,  xw,  yu,  yv,  yw/ur,  vr.  tct-) 

Gii-^  *  (B/O/xu,  TV,  xw,  yu,  yv,  ywjud,  vd,  wd) 

Gii-t  »  {A  IQ ! XV,  xw,  yu,  yv,  yw,  zu,  zv,  zw/xn,  w) 

Gii-n  “  {A  IQ ! XV,  xw,  yu,  yv,  yw,  zu,  zv,  zwitr,  ul) 

Gu.ix  *  (B/0/x»,  xw,  yu,  yv,  yw,  zu,  zv,  zwiud,  xd) 

Gii-a  -  (AIQlux,  uv,  uz,  vx,  vy,  vz,  xy,  xz,  yzlu»,  ys) 

Gu-n  *  {AIQlux,  uv,  uz,  vx,  vy,  vz,  xy,  xz,  yzlur,  yt) 

Gu-u  “  {B  IQ  lux,  uv,  uz,  vx,  vy,  vz,  xy,  xz,  yziud,  yd) 

We  prove  that  a  typical  K^iph  G,<_t  is  an  irreducible  non  p.p.  graph. 
The  proof  for  any  other  graph  of  this  type  is  similar. 

Theorem:  G  ■*  0,<_t  is  an  invducible  non  p.p.  graph. 

Proof:  G  is  non  p.p.,  for;  No  matter  how  A  is  mapped  on  II,  A  sepa¬ 
rates  n  into  2-cells.  Let  X  be  a  circuit  of  A  containing  the  terminals 

r,  «.  Suppose  A  is  mapped  so  that  X  bounds  a  2-cell.  If  we  map  Q 
in  this  2-oell,  a,  the  arcs  of  [f]  cannot  be  mapped  in  a  —  Q,  8in(*e  (u,  v, 
tc,  x)  is  a  non  accessible  set  of  vertices  for  Q.  If  X  does  not  bound  a 
2-cell,  then  which  ever  2-cell  Q  is  mapped  in,  the  arcs  of  [(]  cannot  b(‘ 
mapptHl  on  n  —  (Q  -f-  X). 

G  is  also  irreducible,  for;  suppose  an  arc  {  of  Q  is  deleted.  Then 
(Q  ~  {)  can  be  mapped  in  the  above  2-cell  a  so  that  the  arcs  of  ( f]  are 
mappable  in  a  —  Q.  Suppose  an  arc  of  [f],  say  ur,  is  deleted.  By  the 
definition  of  a  non  accessible  set,  Q  can  be  mapped  in  a  so  that  (v,  w,  x) 
are  accessible  in  F{a).  The  arcs  rr,  wr,  xt  can  then  be  mapped  in 
a  —  Q.  Suppose  an  arc  of  X  is  deleted.  A  —  ri  can  be  mapped  on  a 
plane  so  that  r  and  «  are  on  the  boundary  of  one  of  the  2-cells  into 
which  the  plane  is  separated.  Affix  a  cross  cap  to  this  2-cell.  Then 
Q  -(-  [f]  can  he  mapped  on  the  resulting  region. 

Type  III. 

Type  III,  (1).  A  few  examples  are: 

Gui-u  =*  (B/O/ur/uic*  ,  ud,  ue,  vwd, ,  vd,  ve) 

Giii-u  *  {BIQluvIuwit ,  ub,  uc,  vw^  ,  vb,  vc) 

Giii-u  *  (B/O/ur/uc,  tid,  ue,  vc,  vd,  ve) 

Giii^u  *  (A /0/wp/ uo,  uc,  ue,  va,  vc,  v») 

Type  III,  (2).  Two  examples  are 

Gui-n  =  {AIQluvIuXrc ,  uz„  ,  vy„  ,  vwrk) 

Giii^n  =  (B/0/up/i*x^  ,  uzrj  ,  vw^  .  vy*.) 
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Oth<*r  oxamples  of  type  III: 

Giii^  *  {A/O/u,  v/ur,  i«,  ut,  tnr,  vs,  vt) 

Giii-t  =  (A/O/u,  vfur,  m,  ut,  va,  vb,  vc) 

Giu-t  *  (A/O/uv/ua,  vb,  vc,  vr,  vt) 

We  prove  that  G  **  Gm-u  is  an  irreducible  non  p.p.  graph.  The 
proof  for  any  other  graph  of  the  type  III,  (1)  is  similar. 

G  is  non  p.p.,  for  suppose  G  were  p.p.  The  subgraph  B  of  Oscparate.s 
IT  into  regular  2-cellH.  The  arc  uv  must  lie  in  one  of  these,  and  this  2-cell 
must  have  the  vertices  wt,  ,  d,  e  on  its  boundary.  Since  this  boundary 
is  a  circuit,  one  of  the  arcs  uu>*  ,  vd,  vc  must  intersect  one  of  the  arcs 
vv)4, ,  vd,  ve.  Hence  G  is  non  p.p. 

G  is  also  irreducible,  for:  (1)  .suptiose  uv  is  deleted.  Let  a  be  a 
circular  disc  with  boundary  aiCieiVidiatCfttVtdtai .  In  a  map  chains 
fiVtodi ,  and  aibdi ,  and  arcs  bci ,  bci ,  vdi ,  wei ,  vwi ,  Oift ,  diCi .  Upon 
identifying  similarly  lettered  vertices  and  arcs  on  F(a),  we  obtain  a 
projective  plane  on  which  0  —  u»  is  mapped. 

(2)  In  an  analogous  manner  we  can  show  that  if  any  other  arc  of  G 
is  deleted  the  resulting  graph  is  p.p. 

From  this  point  on  we  shall  omit  the  proofs  of  irreducibility,  when 
proving  that  an  example  given  is  an  irreducible  non  p.p.  graph.  It  is 
necessary  to  omit  these  details  (which  are  purely  empirical)  to  keep  this 
paper  within  reasonable  bounds. 

We  prove  that  G  =  Cr,<t-ii  is  an  irreducible  non  p.p.  graph.  The 
proof  for  any  other  graph  of  type  III,  (2)  is  similar. 

G  is  non  p.p.,  for  suppose  G  were  mapped  on  IT.  The  subgraph  A 
.separates  IT  into  regular  2-cells,  uv  must  lie  in  a,  one  of  these,  where 
F(a)  contains  the  vertices  x,, ,  z*. ,  y,t ,  tc,* .  That  is,  the  arcs  rc,  as, 
ct,  rb  of  A  must  all  be  contained  in  F{a),  which  is  possible  only  if  a  is 
hexagonal,  with  boundary  F(a)  *  terbsat.  The  pair  of  vertices  (x„  , 
z«)  then  separates  the  pair  (y,i ,  le,*)  on  this  boundary.  Hence  chain 
Xrc  uzw  intersects  chain  y,t  vWf^  .  That  is,  G  is  non  p.p. 

The  irreducibility  of  G  is  shown  in  the  general  manner  of  deleting  an 
arc  at  a  time,  and  mapping  the  resulting  graph  on  a  circular  disc  plus  its 
boundary,  diametrically  opposite  points  of  the  boundary  of  the  disc 
l>eing  identified  (as  in  the  proof  for  Gm-u). 

The  proof  that  is  an  irreducible  non  p.p.  graph  is  similar  to 

the  proof  for  graphs  of  type  III,  (1).  The  proof  for  Otas  is  also  similar 
to  that  of  the  above  type.  The  proof  for  is  similar  to  the  proof 
for  Giii-n  . 
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Type  IV. 

Type  IV,  a.  Thrre  arr  two  Huoh  graplu*. 

-  (A/O/p/pp^  ,  ppa. ,  pp.r) 

■  -  {AtOlp/pPkd  ,  PPdr  ,  PPd,) 

Type  IV,  b.  A  typical  Kraph  in 

“  (AlOlpIpp..  ,  pjh.  ,  ppir  ,  PPr,  ,  PPct) 

Type  IV,  c.  No  irreducible  Rraph  of  thin  tyfX'  exintn.'* 

We  now  prove  that  G  «  in  lui  irnnlucible  non  p.p.  graph. 

'Phe  proof  for  in  nimilar. 

G  in  non  p.p.,  for  nuppone  G  could  In*  inap|M‘d  on  II.  The  nul)graph  A 
.st*|>araten  II  into  regular  2-celln,  hence  the  vert<>x  a  ap(X'am  on  tht' 
Inaindary  of  one  of  thene  either  once  or  not  at  all.  Hence  at  mont  two 
of  the  arcs  or,  <u,  at  are  on  the  Ixnindary  of  a  given  one  of  thene  2-cciln. 
Hence  no  matter  in  which  of  then«‘  2-<-elln  p  in  map|)ed  in,  at  leant  one 
of  the  arcs  on  p  intemectn  A . 

The  irrediicibility  in  nhow’ii  in  the  unual  way. 

W'e  show  that  G  «  in  an  irreducible  nun  p.p.  graph. 

G  in  non  p.p.,  for  nuppone  G  could  be  mapped  on  II.  The  arcs  of  A  on 
which  there  are  terminals  are  not  all  contained  in  any  one  circuit  of  A . 
Hence  no  matter  how  the  subgraph  A  happens  to  be.mappt'd  on  II, 
not  all  the  terminals  are  on  the  boundary  of  any  one  2-cell.  Hence  no 
matter  which  one  of  the  2-celln  into  which  A  s<>paraten  II  p  happens  to 
l*e  in,  at  leant  one  arc  on  p  interH«*ctn  A. 

The  irreducibility  is  shown  in  the  unual  way. 

Type  V.  A  few  examples  are, 

G,.i  -  (A/ab,  rstpipprr ,  pp.. ,  ppu) 

(/,_*  —  (A/ab,  be,  r«,  st/u/ua,  uc,  ur,  us,  ut) 

6',_»  *  (A*/pq,  uv,  xy/0/0),  where  the  vertices  p,  q,  u,  v, 
X,  y  are  on  arc  ca  of  A,  and  the  order  of  the  vertices  on  c«  is  spxuqyvc. 

6\_4  -  (A/oc,  ra,  bp„/p/pb,  pc,  pr,  pprr). 

"  The  author  has  been  able  to  show  empirically  that  any  graph  of  this  type  is 
reducible.  For  example,  a  graph  of  this  type  is 

G  -  (B/O/p/ppu  ,  ppw  ,  PP»  ,  PPrf.). 

G  contains  as  subgraph  a  graph  homeomorphic  with  the  irreducible  non  p.p. 
graph 

G'  -  (i4/ap„  ,  bp„  ,  cp%,  ,  rs/O/O) 
which  is  a  graph  of  type  V. 
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(i  »  OV_i  is  un  imHluoiblc  nun  p.p.  graph. 

l*nK>f:  Th<*  only  ixjssibh*  ciiruits  of  A  containing  the  throe  arcs 
cr,  cjt,  bt  arc  the  hexagonal  circuits  Xi  »  scrblas  and  X*  *  scratba.  Map 
.4  on  II.  Sinci*  p  is  joined  to  p„  ,  p,, ,  pu  ,  in  (',  if  (f  were  p.p.  p  would 
have  to  be  in  a  2-eell  a,  of  thow'  into  which  .1  separab's  II,  such  that 
F{a)  contains  the  ares  f«,  re,  bt,  which  is  possible  only  if  a  is  a  hexagonal 
2-eell,  and  F{a)  is  Xi  or  Xj .  In  either  case  one  of  the  quadrilateral 
2-e<‘ll8  0  is  then  bounded  by  X»  =  sarbs.  Now  rs  and  ab  cannot  both  b«‘ 
in  0,  hence  one  of  these  arcs  must  be  in  a.  If  ab  is  in  a  then  chain 
PfPPu  intersects  ab.  If  rx  Ls  in  a  then  chain  pr.pphi  intersects  rx. 
Hence  G  is  non  p.p. 

Tlie  irreducibility  of  G  is  shown  in  the  usual  manner. 

The  proof  for  f7,_,  is  similar.  is  equivalent  to  a  graph  of  tyjs* 

III,  (2).  We  thus  see  that  there  is  duplication  among  the  types,  .so 
that  they  do  nut  constituU*  a  mutually  exclusive  clas.sification. 

G  *  f/,_4  is  an  irreducible  non  p.p.  graph. 

Pnmf:  G  contains  as  subset  the  graph  B*  formed  by  joining  the 
vertices  a,  6,  c,  x,  t  to  each  other,  (where  the  chain  arb  joins  a  to  6,  and 
the  chain  bpc  joins  b  to  c,  to  form  B*).  Map  B*  on  II.  II  Is  s«‘parated 
ijito  regular  2-cells.  Since  pre  is  joined  to  each  of  the  vertices  r,  b,  p,  r 
in  G,  if  G  were  p.p.,  pr<  would  have  to  lie  in  om*  «)f  these  2-cells  a,  such 
that  F(a)  contains  the  chain  arbpr.  Now’  rp  (‘annot  b<*  in  a  without 
intersecting  either  chain  prtqb  or  are  p,,c.  .Also  rp  cannot  b<>  in  the 
complementary  region  without  interse<’ting  the  arc  bx  or  bt.  Heju’e  (S 
is  non  p.p. 

The  irreducibility  is  shown  in  the  usual  manner. 

%2.  Examples  of  irreducible  non  toral  graphs.  \\e  shall  employ 
the  same  s)nnbolie  representation  for  an  irreducibh;  non  toral  graph 
as  was  used  for  an  im'ducible  non  pmjective  planar  graph  in  »  1. 
In  |)roving  that  a  non  toral  graph  is  irreducible,  we  shall  employ  the 
following  method  (except  for  graphs  of  type  II).  W’e  shall  represent 
the  torus  by  a  r«*ctangular  2-eell  a,  the  opp<)site  edges  of  which  are 
K\ ,  A’t  and  F\ ,  Ft ,  such  that  F{a)  ■=  Ei  -f  Fi  —  Et  —  Ft .  U|K>n 
identifying  E\  with  Et ,  and  Fi  with  Ft ,  the  resulting  surface  obtained 
is  a  torus.  Such  a  rectangular  2-eell  we  shall  call  a  toroeell.  8uppos<- 
the  verticf's  of  Ei  are  u,  v,  w,  x,  that  is.  supjx)s<‘  Ei  *=  Et  =  uvtrxu 
then  by  the  notation  Pj  ,  «?i ,  etc.,  we  shall  mean  the  vertices  p,  tr,  etc. 
consideretl  as  vertices  of  Ei  ,  while  by  «>»,«'»,  etc.,  we  shall  mean  these 
same  vertices  considen'd  as  lj<*ing  on  Et .  Similarly  by  the  notation 
Mil  ,  M»i  ,  etc.,  we  shall  mean  the  vertex  u  considen’d  as  the  vertex  at  the 
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int«nM‘ction  of  E\  with  Et ,  (or  Et  with  Ft,  etc.).  (Sc'o  Fig.  6.)  Similar 
notation  shall  bo  used  for  the  vertices  on  Ft , 

Type  I.  The  examples  are  given  in  the  dewription  of  this  typ«*. 
Type  II.  The  examples  given  in  #  1,  of  irreducible  non  projective 
planar  graph.s,  art*  also  irretincible  non  toral  graphs.  Two  additional 
examples  an*, 

Gii-t  *  (.'l/O/jru.  XV,  xw,  yu,  yv,  yw/ulrr ,  vm^  ,  wi) 

Gii-t  *«  (B/O/xv,  xw,  yu,  yv,  yw,  zu,  zv,  zwIxU, ,  uUr) 

'rheon*m:  Any  graph  G  of  ty()e  II  is  an  irreducible  non  toral  graph. 
l*nK)f:  Suppose  Q  is  //.  (If  Q  is  K,  L,  or  M  the  proof  is  similar.) 
F/Ct  the  arcs  of  (f)  lx*  al  and  rm. 


Fig.  « 


G  is  noil  toral,  for  sup|M>st*  G  can  Is*  map[M*d  on  T.  The  subgraph  H 
s<*paratt*s  T  into  2-cell.s.  No  matter  which  one  of  thest*  Z-cells,  a,  Q  is 
niapiM*d  in,  both  of  the  vertices  a,  r  of  Q  will  not  ls>  acct*ssible  to  F(a), 
sinct*  they  an*  a  non  accessibit*  set  for  Q.  Henct*  even  if  the  terminal.'^ 
I  and  m  an*  on  F{a),  both  th<*  arcs  a/  and  rm  cannot  lx*  mapped  in  a  —  Q, 
without  inter.>tecting  Q;  hence  G  is  non  toral. 

G  is  also  irn*ducible,  for:  (I)  supptxs*  an  arc  of  [fj  is  dt*leted,  say 
a/.  Map  B  on  a  torus  so  that  one  of  the  2-cell8  into  which  the  surface  is 
S4*parat<*ii  has  tiu*  terminal  m  on  its  Ixnindary.  Map  the  circuit  X  * 
of  Q  in  this  2-<*ell  a.  X  separat(‘s  a  into  a  2-c(*ll  d  and  a  ring  sha|M*d 
n-gion  y.  Map  chain  Um  in  d  and  chain  brc  in  y.  Then  r  can  lx*  joined 
to  m.  G  —  al  Is  thus  toral.  Similarly  G  —  rm  is  toral. 

(2)  Supposi*  an  arc  of  Q  is  deleteil,  say  bn.  Th(*n  map  R  on  a  torus  T 
so  that  one  of  tin*  2-(*ell8  into  which  T  is  .separated  has  Ixith  the  terminals 
/  and  m  on  its  Isaindary.  Map  the  circuit  a  =  crate  of  Q  in  this  2-<*ell 
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a.  M  separata's  a  into  a  2-eell  and  a  riiiK  sha|)e<l  repun  Map 
chain  rbt  in  /3  and  chain  asc  in  y,  in  such  a  way  that  t  is  interior  to  the 
circuit  erase.  Then  a  and  r  are  accessible  to  /  and  m  respectively 
Hence  (j  —  bs  in  toral.  Similarly  if  any  other  arc  of  Q  in  deleted. 

(3)  8upp<»s<*  an  arc  of  /I*  in  deleted.  (Where  /?•  is  the  graph  /f 
with  the  terminals  I  and  m  considered  as  vertices  of  degree  two  in  ff.) 
I>et  (  be  the  deleted  an*.  Then  ft*  —  (  is  planar.  Map  it  on  a  sphen*, 
which  is  then  separated  into  2-cell8.  I>et  S  be  one  of  these  2-cells  .such 
that  F(8)  contains  m,  and  <  be  a  2-cell  such  that  F(t)  contains  1. 

(a)  If  4  ^  e.  Map  the  circuit  X  —  biesb  in  4.  X  separates  4  into  a 
2-cell  4|  and  a  ring  .shaped  region  4s .  Map  chain  tas  in  4i  and  bre  in 
4i .  Then  rm  can  be  mapped  in  4t .  .Vflix  a  handle  bridging  4i  and  c 
Then  a  can  be  joined  to  I  over  this  handle.  G  —  {  is  then  mapped  on 
the  resulting  torus. 

(b)  If  4  *■  c  then  affix  a  handle  bridging  4i  and  4s  in  (a)  and  join  a  to  I 
over  this  handle,  (t  —  (  is  then  map|)ed  on  a  toms. 

This  accounts  for  all  the  arcs,  and  G  is  thtis  irreducible. 

Type  III.  \  few  examples  are 

G,„_i  ■*  (d/O/uc,  vw,  um/ua,  ub,  uc,  va,  vb,  vc,  wa,  wb,  wc) 

Giii-t  (.4/0/u,  vw/ur,  us,  lU,  vr,  va,  vt,  wa,  wb,  wc) 

=  (i4/0/u,  vwlua,  ub,  uc,  vr,  va,  vt,  wr,  wa,  wt) 

We  now  pn)ve  that  G  «  G,<i_i  is  an  irreducible  non  toral  graph.  The 
proof  for  other  graphs  of  this  type  is  similar.  We  shall  omit  the  proof 
of  irreducibility,  which  is  analogous  to  that  for  G^u^i  below.  (It  is 
necessary  to  omit  these  details  to  keep  this  pa|)er  within  reasonable 
iHuinds.  For  the  graph  G,«_i  we  shall  give  an  irreducibility  proof  to 
show  the  details  of  such  a  proof,  and  shall  omit  the  proofs  for  all  the 
other  examples,  as  they  follow  the  same  general  lines.) 

G  »  Gm^i  is  non  toral,  for  supposi*  G  were  toral.  (a)  Suppos**  the 
subgraph  .4  separates  the  toms  T  into  three  regular  hexagons.  Since 
u,  V,  w  are  each  joined  to  each  other,  and  to  each  of  the  vertices  a,  b,  c  of 
.4,  they  must  all  lie  in  the  same  one  of  these  2-cell8  a.  Then  chain 
nuvb  separates  a  into  2-cells  a'  and  a"  where  a'  is  the  2-cell  with  c  on  its 
boundary.  Since  w  is  joined  to  c  in  G,  tr  must  be  in  a.  Then  chain 
am  intersects  uc. 

(b)  If  A  separates  T  into  two  regular  quadrilaterals  and  an  irregular 
hexagon  a,  then  .since  all  three  of  the  vertices  o,  6,  c  cannot  be  on  the 
boundary  of  the  same  quadrilateral,  u,  v,  w  must  lie  in  a.  F(a)  will 
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be  of  the  form  aibtcrbtcm.  The  vertex  a  of  the  triad  (a,  6,  c)  of  A 
appeara  but  once  on  F(a).  Since  a  is  joined  to  u,  v,  w,  either  (1)  uw 
intersects  vb  or  tw,  or  (2)  «r  intersects  wb  or  leo,  or  (3)  vw  intersects  ub 
or  ua. 

Hence  G  is  non  toral. 

Tjfpe  IV.  A  typical  example  is 

rf„_i  *  {B/O/uv,  vw,  wx,  xuiua,  ite,  va,  vd,  xa,  xe,  tea,  ted) 

I'he  proof  that  this  an  irreducible  non  toral  graph  is  analogous  to 
that  for  G,ii-i  below. 

Type  V.  A  typical  example  is 

G,  =  (AlOlpqtpprb ,  pph. ,  ppc.  ,  pp«  ,  ppat  ,  ppbt  ,  ppct ,  qq.r ,  qqrc) 

This  graph  is  non  toral,  for;  no  matter  how  A  is  mapped  on  T,  at 
most  eight  arcs  of  A  are  on  the  boundary  of  any  one  of  the  2-cells  into 
which  T  is  separattnl.  Since  p  is  jomed  to  q,  pq  must  lie  in  one  of  tliese. 
Hence  at  least  one  of  the  arcs  on  p  or  on  q  must  intersect  .4. 

We  omit  the  proof  of  irreducibility. 

Type  VI. 

Type  VI,  1.  Tliree  examples  art', 

G,i.i  =»  {H/Qjplpp^  ,  pp„  ,  ppfcc ,  ppw  ,  PP6, ,  pp*i  ,  PVc) 

G,i^t  *  {Bl^lplprp„  ,  pp.d  ,  pp«  ,  PPM  ,  pp,d  ,  pp„  ,  ppd,) 

=  (B/  O  jpq/pph.  ,  ppcd ,  ppdr .  pph, ,  qqhd ,  qq,r ,  qq^) 

Type  VI,  2.  A  typical  example  is 

=  (B/O/p,  q/ppA ,  ppb, ,  ppd, ,  pihd  ,  qqu ,  qq^ ,  qq^  ,  qq») 

We  prove  that  G  =«  (7,, -4  is  non  toral.  The  proof  for  other  examples 
of  type  VI  follows  the  ^lame  general  lines.  We  omit  the  proof  of  ir¬ 
reducibility. 

Consider  the  chain  {  =  abdec  of  B.  Map  B  on  a  torus  T.  If  { 
is  not  on  the  boundary  of  a  2-cell,  of  those  into  which  T  is  .separated, 
then  p  is  not  accessible  to  all  the  terminals  Pm>  ,  Pb* ,  Pu  ,  Pde .  Suppose 
f  is  on  the  boundary  of  a  regidar  2-cell  a.  Then  F(o)  must  be  abedca. 
liCt  c(a)  be  the  portion  of  T  complementary  to  a  -f-  F{a).  Then  ad 
and  be  satisfy  the  conditions  of  lemma  4,  Part  1,  and  e(a)  is  thus  an 
irregular  2-cell.  The  arcs  ea,  bd,  and  ce  separate  c(a)  into  2-cells  such 
that  no  one  of  these  has  all  four  of  the  terminals  qbd  ,  q^d  ,  q-  ,  qt,  on  its 
Iwundary.  q  is  thus  inaccessible  to  all  of  these  terminals.  If  {  is  on 
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the  boundary  of  an  irreKular  2-cell  0,  then  no  one  of  the  2-cell8  of  c(a) 
hat4  all  the  terminals  9,7  on  its  boundary. 

Hence  G  is  non  toral. 

Type  VII.  A  few  examples  are 

Gtii-l  “  {^A  / ac/ p/pPmr  t  PP—  t  PP»*  t  PP^  t  PP*'  i  PP»*  »  PPet) 

*  *  {A  jaej  plpp^  ,  pPmt  f  PPat  t  PP^  f  PPk*  I  PPK  I  PP«  »  PP*t) 

■:  {A/ab,  ac,  be,  rt,  rt,  Aluolua,  ub,  itc,  va,  vb,  vc) 

G,ii^  *  {A/ab,  be,  rs,  rt/uv/ua,  ac,  ur,  at,  ul,  tfo,  vc,  vr,  va,  vt) 

G,ii^  »  (A/ab,  be,  ac,  ra,  rt.  A/ a,  v/aa,  vc,  ar,  au,  at,  va,  vc,  vr,  va,  rt) 
G,ii-t  =•  {A/ab,  be,  ac,  ra,  rt/vx,  ava/aa,  vr,  va,  rt,  trr,  tc«,  trt) 

G,ii-i  »  {A/ab,  bc/uv,  vw,  um/ua,  ua,  uc,  va,  vb,  va,  tvr,  teb,  irt) 

We  prove  that  G  »=  G,n-i  is  an  irreducible  non  toral  graph. 

G  is  non  toral,  for  suppose;  G  can  be  mapped  on  a  toru.s  T. 

(1)  Suppose  the  subgraph  A  of  G  is  mapped  on  T  so  that  T  is  sepa¬ 
rated  into  three  regular  hexagons.  Then  no  matter  which  of  these  p 
is  mapped  in  it  is  accessible  to  at  most  six  terminals. 

(2)  Suppose  A  .separates  T  into  two  regular  quadrilaterals  and  an 
irregular  hexagon  a.  One  of  the  arcs  of  A  is  not  contained  in  f{a). 
If  p  is  in  one  of  the  quadrilaterals  it  is  accessible  to  at  most  four  ter¬ 
minals.  If  p  is  in  a;  if  the  arc  of  A  not  contained  in  F{a)  has  a  terminal 
on  it  then  p  cannot  be  joined  to  this  terminal;  hence  suppose  the  arc  of 
A  not  contained  in  F{a)  is  either  ba  or  bt. 

(a)  Suppose  ba  is  not  in  F{a).  Since  the  boundaries  of  the  quadrilater¬ 
als  cannot  have  all  three  vertices  a,  b,  c  on  any  one  of  them,  ac  must  be 
in  o.  F{a)  is  either  aatcrbtarca  or  aardbratca. 

If  F{a)  is  the  former,  then  ac  intersects  one  of  the  chains  pkrPPei , 
p^ppmr ,  or  petpper .  If  F{a)  is  thc  latter  a  similar  situation  exists. 

(b)  Suppose  bt  is  not  in  F{a).  Since  G  is  symmetric  with  respt'ct  to 
the  arcs  ba  and  bt,  the  discussion  is  the  same  as  for  (a). 

Thus  G  cannot  be  mapped  on  T. 

G  is  also  irreducible,  for;  (1)  Suppose  the  arc  pper  is  deleted.  Let  a  be 
a  torocell,  where  Ei  =  £*  ■=  caac  and  Fi  *■/*’*  *  erbte.  In  a  map  arcs 
btai,  ttai,  oiTi.  These  separate  a  into  fdur  2-cells,  one  of  which,  0, 
is  boundfHl  by  arbtcaacta.  Map  p  in  0.  Then  p  is  acc(»sible  to  every 
terminal  exci'pt  p,r .  Hence  G  —  pptr  is  toral.  If  cp«r  is  deleted  in  the 
above  map  then  chain  pp„ri  can  be  mapped  in  0.  Hence  G  —  cp„ 
.and  G  —  pr,r  an*  toral. 
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In  an  analogouH  manner  we  ran  show  that  if  any  other  are  of  G  is 
deleted  the  resulting  graph  is  toral. 

The  proof  that  is  an  irreducible  non  toral  graph  is  similar  to 

that  for 

We  prove  that  is  non  toral. 

Suppose  G  »  were  toral.  G  contains  as  sul)graph  the  complete 

six-point  H  with  vertices  a,  b,  e,  r,  *,  i.  No  matter  how  H  is  mapped 
on  T,  T  is  se|)arated  into  regular  2-cells.  Suppose  a  is  one  of  these* 
such  that  F{a)  contains  a,  b,  and  c. .  Then  chain  buve  st'parates  a  into 
two  2-eells  y  and  0,  when*  0  is  that  2-cell  with  a  on  its  Ixnindary.  Then 
in  must  intersect  im.  Hence  G  is  non  toral.  We  omit  the  proof 
of  irreducibilty 

We  prove  that  G  »  is  non  toral. 

Suppose  G  were  toral.  If  the  .subgraph  A  s(*|)arat(>s  T  into  thn*<* 
regidar  hexagt>ns,  then  which  ever  one  of  these  uv  is  in,  u  and  r  cannot 
both  be  joined  to  each  of  the  vertices  a,  c,  r,  *,  t,  without  some  of  the 
arcs  on  u  and  v  intersecting.  If  T  is  se|)arated  into  two  regular  qua<l- 
rilaterals  and  an  irregular  hexagon  o,  then  uv  must  be  in  a  for  both 
u  and  p  to  be  accessible  to  all  the  terminals.  At  least  two  of  the  arcs 
ab,  be,  r$,  si  must  be  in  a.  These  two  arcs  .•separate  a  into  three  2-cells, 
such  that  which  ever  one  of  thes<*  uv  is  in,  both  u  and  v  cannot  be  joined 
to  all  the  terminals.  Hence  G  is  non  toral.  We  omit  the  proof  of 
irreducibility 

The  proofs  for  and  G,/,.i  follow  al«>ng  the  same  general  lines  as 
for  G,n-t . 

Finally,  we  prove  that  G  is  non  toral. 

G  contains  as  subgraph  the  graph  A  formed  by  joining  each  vertex 
of  the  triad  (u,  r,  t)  to  each  vertex  of  the  triad  (w,  c,  a).  Map  iC  on  a 
torus  T.  Either 

(1)  T  is  separated  iuto  three  regidar  hexagons;  .since  v,  «,  b  are  joined 
to  each  other  on  G,  the  must  all  lie  in  the  same  one  of  these  2-cells  if 
G  is  toral.  The  arcs  br,  bi,  bw,  be,  ba  sejiarate  this  2-celi  into  2-cells 
no  one  of  which  has  all  the  vertices  u,  w,  c,  a  on  its  boundary.  Hence  no 
matter  which  one  of  these  v  and  s  are  mapped  in,  they  are  not  accessibh* 
to  all  the  vertices  to  which  they  arc  joined  in  G.  Hence  G  cannot  lie 
toral  in  this  case. 

or  (2)  T  is  separated  into  two  regidar  quadrilaterals  and  an  irregular 
hexagon  a  with  boundary  of  the  form 

I  Pi  PtP*Pi*n  qiqtq»qt  I, 


I 


MAPPING  OF  GRAPHS  ON  8rRFA('l':8 


75 


where  1 18  a  vertex  of  the  triad  (u,  r,  t),  m  is  a  vertex  of  the  triad  (u?,  c,  a) 
the  p’s  and  q's  are  all  distinct,  and  the  p’s  and  g’s  are  the  vertices  of 
A  distinct  from  I  and  m.  Since  b  is  joined  to  w,  e,  a,  r,  imG,h  cannot 
lie  mapped  in  one  of  the  quadrilati'rals,  and  hence  must  be  in  a.  Since 
6  is  joined  to  p  and  «  in  G,  p  and  «  are  also  mapped  in  a. 

(a)  If  I  is  r.  Then  chain  mbr  separates  a  into  two  regular  2-cells. 
Sinc<‘  p  is  joined  to  «  in  G,  p  and  a  are  both  in  the  same  one  of  these. 
Then  either  aa  intersects  chain  bvti  or  pa  intersects  chain  bau.  Similarly 
if  I  is  t. 

(b)  If  I  is  u,  and  m  is  vc.  Then  chain  wvu  separates  a  into  two  regular 
2-cells,  a  and  b  must  be  in  the  same  one  of  these,  since  they  are  joined 
to  each  other  and  to  p  in  G.  Then  either  chain  xtbc  intersects  aa  or 
chain  vac  intersects  ba.  Similarly  if  /  is  u  ahd  m  is  c  or  a. 

G  is  thus  non  toral.  VVe  omit  the  proof  of  irreducibility. 
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FOUR  PLACK  TABLK  OF  THK  BESSKL  FIJNC'TION 

Bt  M.  M.  Clapp 

ValueH  of  J«(z)  and  Ji{x)  computed  from  the  HericH  expaiiision  (omit¬ 
ting  terms  of  order  i^).  Accuracy  is  ±.0002.  Underlined  values  an* 
values  for  the  roots,  maxima,  and  minima  of  J%{,x)  and  the  corres|K)nd- 
ing  values  of  Ji(x)  from  Jahnke,  K.,  and  Kmde,  F.,  FunktionentaSeln, 
Tabtea  of  Function*:  second  (revised)  edition,  p.  237,  1933.  For  values 
of  X  (0<x<25.l)  see  Hayashi,  K.,  Tafeln  der  fieHneUehen,  Theta-, 
Kugel-  und  nnderer  Funktinnen:  pp.  2-27,  1930. 
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RKACTION  VELOCITY  IN  THE  SYSTEM: 
SOLID.  -I-  GAS  —  SOLID.. 


IL  FiXiW  ST8TB1I8 
Hr  (lEORac  8.  (iardnek* 

In  a  previoiu*  paper'  the  writer  has  studied  the  velocity  in  the  reaction 
between  a  granular  solid  and  a  gas,  for  the  special  case  in  which  the 
product  of  the  reaction  is  a  second  solid  phase,  and  the  actual  rate  of 
reaction  of  the  gas  and  solid  at  the  reacting  surface  is  great  compared 
to  the  rate  at  which  the  reactant  gas  is  transferred  to  the  reacting  surface. 
An  equation  has  been  developed  for  the  velocity  of  this  type  of  reaction 
in  closed  systems,  which  has  been  found  to  be  quite  generally  applicable. 
It  now  remains  to  apply  this  equation  to  flow  systems. 

However,  it  is  evident  that  conditions  in  flow  .systems  are  far  more 
complex  than  those  existing  in  closed  systems.  In  closed  systems,  for  a 
given  value  of  the  time,  the  partial  pressure  is  practically  uniform 
thnnighout  the  reaction  vessel,  and  each  particle  of  solid  has  reacted  to 
appmximately  the  same  degree  with  the  gas.  At  least,  this  is  true  if 
every  particle  of  the  .solid  is  as  easily  accessible  to  the  gas  as  every 
other  particle.  In  flow  systems,  on  the  other  hand,  there  are  other 
complicating  factors.  If  the  state  is  steady,  the  partial  pressure  of  the 
reactant  gas  varies  from  point  to  point  in  the  tube,  and  the  concentra¬ 
tion  of  solid  reaction  product  does  likewise.  If  the  state  is  not  steady, 
we  have,  in  addition  to  the  above,  a  variation  with  time  at  every  point 
in  the  tube.  Although  these  additional  difficulties  are  present,  we  can, 
nevertheless  make  some  progress  toward  their  solution,  as  the  writer 
will  attempt  to  show. 

Consider  a  tube  of  circular  cross  section,  filled  with  small,  homo¬ 
geneous,  approximately  spherical  granules  of  solid  absorbent.  Through 
this  tube  is  flowing  a  mixture  of  gases.  One  of  these  gases  reacts  with 
the  solid,  and  the  product  of  the  reaction  is  a  second  solid  phase.  In 
many  reactions  of  this  type  the  reaction  of  the  solid  and  the  reacting 
gas  is  very  rapid  after  the  gas  actually  reaches  the  solid  reactant  sur- 

*  Contribution  from  the  Laboratory  of  Brewer  k  Gardner,  Philadelphia. 

'  Gardner,  J.  Math.  Phys.,  Mam.  Inet.  Tech.,  14,  241  (1935). 
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face.  The  controlling  factor  ia  thua  the  diffuaion  of  the  reactant  gaa 
through  the  layer  of  aolid  reaction  pnxluct  exiating  on  each  granule  of 
Holid. 

In  auch  a  procedure,  we  find  that  what  occura  ia  characteriatic  of  this 
type  of  pniceaa.  Figure  (I)  repreaenta  conditiona  in  a  tube  such  a.s 


Fia.  1 


Fio.  2 

described  above.  The  al>scisaae  represent  linear  distance  in  the  tube, 
in  the  direction  of  gas  flow,  measured  from  the  point  of  entrance  of  the 
gases  into  the  mass  of  aolid  particles.  The  ordinates  represent  partial 
pressure  of  the  reactant  gas  in  the  gas  stream.  At  the  earliest  portion 
of  the  run  we  have  a  curve  similar  to  AB.  That  ia,  the  partial  pressure 


REACTION  VEIXXITY  IN:  SOLIDi  +  GAS  -  SOLIDn 


79 


of  the  reartant  gait  dropa  off  very  nharply  with  ditttance.  As  time  goes 
on,  the  curve  changes  to  AC,  and  then  to  AD,  and  after  the  initial 
portion  of  the  solid  is  practically  saturated  with  the  gaseous  reactant, 
we  get  the  curve  EF.  This  corresponds  to  the  establishment  of  equi¬ 
librium  conditions  for  our  process,  and  a  curv’e  of  the  form  EF  will 
progress  in  the  direction  indicate<l,  without  change  in  form  {GH, 
IJ,  etc.). 

In  the  same  way,  if  we  study  conditions'  at  a  given  point  in  the  tube, 
we  find  that  the  change  of  partial  pressure  with  time  is  similar,  except 
that  the  slope  of  the  curve  is  now  changed  in  sign.  This  condition  is 
represented  in  figure  (2). 

It  is  the  object  of  the  present  paper  to  study  this  '*time  distribution” 
of  reactant  gas  at  a  definite  point  in  the  tube,  and  show  how  it  can  be 
expressed  by  the  basic  velocity  equation. 


Derivatioii  of  Equation  for  Time  Distribution  of  Reactant  Gas 

In  order  to  do  this,  we  shall  consider  a  definite  point  in  the  tube — 
for  example,  the  outlet. 

The  equation  previously  developed'  to  express  the  velocity  of 
diffusion  controlled  reactions  of  the  t)rpe  considered  (in  closed  sys¬ 
tems)  is: 

-  »■'•)  _ 

■*  (pj"  -  »"•)  +  B'  '  ' 

In  this  equation,  6  refers  to  the  time,  p  to  the  partial  pressure  of  reactant 
gas,  and  y  and  are  the  absorption  capacities  of  the  solid  at  time  6 
and  00,  respectively.  It  is  easily  seen. that  this  equation  is  equally 
applicable  to  flow  systems,  and  will  express  the  reaction  velocity  at  any 
point  in  the  tube.  However,  unless  we  can  express  the  variable  y  in 
terms  of  the  pressure  p,  our  task  is  hopeless. 

This  can  be  done  by  making  use  of  the  equation  of  continuity  for 
intermittent  extraction.*  Expressed  for  our  case,  this  equation  may  be 
written  as 


dp  ,  dp  ,  ^dz 
u  —  A-  a  —  A-  0  — 
dx^  d0^  ^  d0 


(2) 


Here  p  and  6  are,  as  above,  the  partial  pressure  of  reactant  gas,  and  the 
time,  respectively;  z  refers  to  the  amount  of  solid  reaction  product 

*  Hitchcock  and  Robinson,  "Differential  Equations  in  Applied  Chemistry," 
1936,  2nd.  ed.,  p.  89. 
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fonnrd;  and  u,  a,  and  0,  am  conHtant«.  For  thr  raae  in  hand,  where  we 
arc  conHidering  conditions  at  a  definite  point  in  the  tube,  z  is  constant, 
and  equation  (2)  becomes 


or 


Integrated,  with  the  boundary  conditions  that  p  0  when  s  «>  0, 
equation  (4)  becomes 

z  “  ap,  where  a  » 

Since  (y,  —  y),  the  amount  of  absorption  capacity  used  up,  equals  z,  the 
amount  of  solid  reactant  formed,  we  may  write 


(y#  -  y)  “  ap- 


(5) 


Now,  since  yo  “  ,  and  »  ap„  ,  we  have 

y*  -  ap. . 

Substituting  in  (5),  we  get  the  value  of  y  in  terms  of  p; 

y  -  a(p,  -  p). 

Applying  this  value  of  y  to  equation  (1),  the  result  is 

dl(npj''*  -  (a(p..-  pi)*'*)  _  Ap 

d0  l(apJ'«-(a[p.-pl)‘«)  +  ^‘ 

The  constant  B,  as  was  shown  in  the  previous  paper  (1),  is  repre¬ 
sentative  of  a  constant  diffusional  resistance  on  the  surface  of  the  solid 
granuk's.  The  quantity 

l(ap.)"*  -  («IP.  -  Pi)"*! 

is  representative  of  the  variable  resistance  to  diffusion  caused  by  the 
formation  of  the  solid  rcaction  product.  One  or  the  other  of  these 
quantities  may  become  controlling,  depending  upon  the  type  of  reaction 
we  arc  considering.  In  some  cases,  as  has  been  shown  previously,' 


REACTION  VEIXX’ITY  IN:  flOLIDi  +  GAS  -  SOLIDu 


81 


Imth  quantitirH  may  be  of  importanre.  The  equation  may  thuts  be 
integrated  for  three  ca^es: 

1.  The  reaction  is  controlled  by  a  constant  diffusional  resistance; 

2.  It  is  controlled  by  the  diffusional  resistance  of  the  reaction 
product ; 

3.  It  is  controlled  by  a  combination  of  the  above,  where  both  factors 
must  be  considered. 

In  this  paper  we  shall  consider  only  the  case  where  the  reaction  is 
controlled  by  the  resistance  offered  to  the  diffusion  of  the  reactant  ga.s 
by  the  solid  reaction  product,  which  seems  to  be  the  most  probable 
mechanism.  With  this  in  mind,  we  get,  for  the  reaction  product- 
controlled  case: 

io>.r  -  (p.  -  p)'T  - 

The  integral  on  the  right  hand  side  may  be  evaluated  graphically,  as 
will  be  shown  later. 

Application  of  Time  Distribution  Equation  to  the  Reaction  Between 
Hydrogen  Sulphide  and  Iron  Oxide 

We  may  now  apply  this  equation  to  a  complicated  case,  the  reaction 
between  hydrogen  sulphide  and  ferric  oxide.  (This  is  the  reaction  that 
is  of  importance  in  the  “dry  purification”  of  city  gas.)  Some  of  the 
complicating  factors  in  the  application  of  the  equation  to  available 
data  on  this  reaction  are : 

1.  The  gas  usually  contains  some  oxygen,  which  reacts  consecu¬ 
tively  with  the  complex  iron  sulphide  first  formed; 

2.  We  have  here,  not  one  solid  reaction  product,  but  a  solid  and  a 
liquid  one,  since  water  is  a  product  of  the  reaction. 

As  is  quite  generally  known,  the  reaction  of  the  iron  sulphide  with 
oxygen  is  slow  compared  to  the  reaction  of  the  ferric  oxide  with  hydrogen 
sulphide,  and  for  the  purposes  of  this  illustration,  the  hydrogen  sulphide- 
ferric  oxide  reaction  may  be  taken  as  controlling.  As  will  be  shown, 
although  we  have  a  liquid  reaction  product,  it  is  apparently  held  firmly 
enough  by  the  solid  reaction  product,  so  that  the  solid  and  liquid 
together  act  as  a  solid  phase. 

Figure  (3)  shows  the  results  of  two  runs,  by  different  workers,  in 
which  gas  containing  400  grains  of  hydrogen  sulphide  per  100  cu.  ft.  of 
gas  was  passed  at  constant  rate  through  a  tube  containing  a  mixture 
of  a  by-product  iron  oxide  and  sawdust.  The  concentrations  of  hy- 
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drofpn  Riilphido  drop  off  with  time  in  a  manner  Himiiar  to  that  in  the 
curve  8hown  in  figure  (2).  (For  the  Htudy  of  theee  resulta  it  ia  not 
neceseary  to  convert  the  concentrationa  given  to  partial  pressures,  as 
the  shape  of  the  curve  does  not  depend  upon  the  units  employed.) 
Curve  A,  figure  (3),  represents  a  run  made  in  this  lalx>ratory  by  Dr. 
J.  K.  Brewer,  and  curve  B,  figure  (3),  represents  a  run  made  by  Seil, 
Ht'iligman,  and  Clark.* 

From  a  plot  of  concentration  against  time,  similar  to  figure  (3),  but  on 
a  slightly  diffenmt  scale,  we  may  determine  the  areas  under  the  curve, 
from  to  various  values  of  6,  which  will  give  us  values  proportional  to 
the  right  hand  side  of  equation  (7).  We  may  then  plot  these  values 
against  the  calculated  values  of  the  left  hand  side  of  equation  (7). 
This  has  been  done  for  the  data  given  in  figure  (3).  The  results  are 
plotted  in  figure  (4).  As  can  be  seen,  a  good  value  is  obtained  fur  the 
straight  line  in  both  cases. 

Diicutaion  of  Results 

The  results  on  the  hydrogen  sulphide-iron  oxide  reaction  are  of 
particular  interest,  becau.se  they  show  that  a  reaction  can  depart  con¬ 
siderably  from  ideal  conditions,  and  still  follow  closely  the  velocity 
equation  (6).  A  number  of  experimental  results  on  this  reaction  have 
l)een  plotted,  (not  shown  here),  and  satisfactory  agreement  with  the 
equation  has  been  observed. 

In  the  previous  paper  in  this  series  (1)  the  discontinuity  of  equation 
(1)  has  been  discussed.  In  this  cose,  also,  it  will  be  found  that  the 
straight  line  will  not  be  prolonged  indefinitely,  since  as  was  previously 
shown,  absorption  takes  place  in  finite  time.  The  curve  in  figure  (4) 
should  therefore  break  off  sharply,  and  approach  infinity  parallel  to  the 

r 

axis  of  /  p  dd.  The  sharpness  with  which  this  occurs  is  a  measure  of 

Jt» 

the  approach  of  the  experimental  results  to  theoretical  conditions. 

It  should  be  emphasised  in  all  of  this  work,  that  our  basic  equations 
are  applicable  to  conditions  in  which  a  »econd  solid  phase  is  a  product  of 
the  reaction,  and  not  a  solid  solution,  since  we  have  postulated  that  the 
reaction  takes  place  at  the  boundary  of  the  two  solid  phases.  As  to 
whether  the  equation  would  hold  for  adsorption  of  vapors  by  charcoal, 
we  are  not  in  a  position  to  say,  but  believe  that  it  would  not,  as  this  is 
probably  a  .solid  solution  process.  At  any  rate,  it  does  give  us  a  method 
for  deciding  betw’een  the  two  types  of  solid-gas  reactions. 

'  Seil,  Heiligman,  and  Clark,  American  Oaa  Journal,  May  and  June,  1929. 
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The  writer  wisheti  to  expreHs  his  appreciation  to  Drs.  Frank  L. 
Hitchcock,  of  MamachuaettH  Institute  of  Technology,  E.  R.  Weaver  of 
the  Bureau  of  Standards,  and  J.  Edward  Brewer,  of  this  laboratory,  for 
reading  the  manuscript,  and  to  the  latter  for  permission  to  reproduce  the 
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Summary 

1.  A  velocity  equation,  previously  developed  to  express  the  reaction 
velcM’ity  in  closed  systems  between  a  gas  and  a  solid,  for  the  case  in 
which  the  reaction  product  is  a  solid  phase,  and  in  which  the  actual 
reaction  rate  at  the  reacting  surface  is  great  compared  to  the  rate  of 
supply  of  the  reactant  gas  to  the  reacting  surface,  has  been  applied  to 
flow  systems. 

2.  The  equation  expressing  the  change  of  partial  pressure  of  reactant 
gas  with  time  at  any  point  in  a  tube  in  which  such  a  flow  reaction  is 
taking  place  has  been  found  to  be: 

-  Mp.  -  pi)'"! _ Ap _ 

M  i(<ipj'"  -  («ip.  -  pi)''i + B 

where  p  refers  to  partial  pressure  of  reactant  gas,  6  to  the  time,  and  a,  A 
and  B  are  constants. 

3.  This  equation  has  been  applied  to  the  reaction  between  hydrogen 
sulphide  and  iron  oxide  in  flow  systems.  Satisfactory  agreement  has 
b»*en  observed  between  theory  and  experiment. 

Labosatort  or  Krbwbr  and  Gardner,  Philadelphia. 


fi-MATRICES  AND  EQUIVALENT  NETWORKS.  I* 

Bt  Richabo  Stbvbns  Bdbinoton 

1.  Introduction.  In  recent  papers*  the  author  has  considered  a 
theory  relating  to  m-affine  congruent  matrices  and  their  application 
to  the  study  of  electrical  networks.  If  B  is  a  matrix  of  a  linear  passive 
m-terminal  pair  network  and  T  is  any  real  m-afiKne  non-singular  matrix, 
then  A  >■  T^BT  corresponds  to  a  network  equivalent  to  B,  that  is, 
equivalent  in  the  electrical  sense  that  A  and  B  have  the  same  char¬ 
acteristic  coefficient  matrices.  From  physical  considerations  it  is 
desirable  to  be  able  to  determine  the  ranges  V  of  the  elements  in  T  so 
that  A  corresponds  to  networks  which  do  not  require  the  introduction  of 
one  or  more  ideal  transformers  for  realisability.* 

In  part  I  of  the  present  paper  the  author  initiates  the  development  of  a 
theory  relating  to  B-matrices.  Necessary  and  sufficient  conditions  are 
given  that  C  ■«  P^DP  be  an  B-matrix,  where  P  and  D  are  real  and  P 
non-singular.  With  each  D  there  is  associated  n  sets  of  functions 
each  set  forming  a  group  of.  order  2"~^  If  C  is  positive  definite  then 
the  n-2"“‘  quadric  surfaces  x**'  “  0  form  the  boundary  of  a  region  W 
in  the  space  of  P  for  which  C  is  an  B-matrix.  The  theory  is  then 
extended  to  sets  of  real  matrices  and  to  the  case  when  P  is  m-affine. 

In  the  second  part  of  the  paper  application  of  the  theory  of  B-matrices 
is  made  to  linear  electrical  networks,  sufficient  conditions  being  found, 
together  with  a  range  V  of  T,  that  networks  corresponding  to  A  not 
require  ideal  transformers  for  realizability. 

Part  I.  B-matrices. 

2.  B-matrices.  A  real  matrix  B  m  (6„)  of  order  n  is  said  to  be  an 

n 

R-matrix,  if  and  only  if  ^  |  br*  |  ^  26m  ,  for  each  «  »  1, 2,  •  •  •  ,  n. 

i  PrMented  to  the  American  Mathematical  Society,  Cambridge  Mara.,  Sept. 
2,  10S6. 

*  Burington,  Richard  8.,  On  the  equivalence  of  quadrics  in  m-affine  n-space  and 
its  relation  to  the  equivalence  of  tm-pole  networks.  Transactions  of  Amer.  Math. 
Soc.,  Vol.  38  No.  1,  July  1985,  pp.  163-176. 

Burington,  Richard  S.,  Matrices  in  electric  circuit  theory.  Journal  of  Mathe¬ 
matics  and  Physics,  Vol.  XIV,  No.  4,  Dec.  1935. 

*  Guillemin,  E.  A.,  Communication  Networks.  Vol.  2,  (1935),  John  Wiley  and 
Sons,  New  Ydrk,  p.‘151,  pp.  232-234. 
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If  B  is  a  real  /^-matrix,  then  ^  0,  «  »  1,  2,  •  •  •  ,  n.  If  some 
b„  <  0,  then  evidently  B  cannot  be  an  A-matrix,  so  that  a  necessary 
condition  that  Bbean  R-matrix  is  that  b„  ^0,s  »  1,  •  •  •  ,  n. 

Let  be  a  real  matrix  congruent  to  B, 

(1)  A  -  T^BT, 

where  £  is  a  positive  semi-definite  real  matrix,  and  where  T  m 
is  real  and  non-singular.  If  is  of  rank  p,  then  so  is  i4,  for  T  is  non- 
singular.* 

In  order  that  X  be  an  A-matrix,  it  is  necessary  that  the  elements  of  T 

n 

be  such  that  ^  |  Ort  |  ^  2a„ ,  s  1,  2,  •  •  •  ,  n.  We  wish  to  determine 

r-l 

the  range  of  the  elements  of  T  in  order  that  i4  be  an  /{-matrix.  Since  B 
is  positive  semi-definite,  so  is  i4,  and  consequently  we  can  assert  that 
a„  ^  0  as  well  as  ^  0,  «  »  1,2,  >  •  •  ,  n. 

Let  M  and  6  be  operators  such  that  if  Cr,  is  the  element  in  the  row 
and  s***  column  of  a  m  X  n  array  C  «  (e„),  that 

flCn  •“  ~Crt  f  iCrt  “  ”  |  Cri  |  if  T  ^  S] 

pCff  *  Crr  I  iCrr  “  Crr  • 

If  (x)  ■  (xi , - ,  Xm)  be  a  row  “vector”,  then  so  is  (x)C  »  (y), 

where  (y)  ■  (yi , - ,  y«),  and  y*  *  21  x,c,* ,  for  A:  -  1, 2,  •  •  •  ,  n. 

Hence  by  letting  x/  *  p,  and  6  in  turn,  for  j  *=  1 ,  •  •  •  ,  m,  we  see  that 


(m)C  “  (Cii  —  C||  —  •  •  •  —  Cm\  —  Cik  —  Ctk  —  •  •  •  —  Ck-l.k  + 

Ckk  ~  Ck+i,k  —  •  •  •  —  Cmk  »  *  *  •  i  ~  ^1*  —  ...  —  Cm«) 

(4)C  “  (Cu  —  I  Cii  1  —  •  •  •  —  I  Cwi  1,  •  •  •  ,  —  I  Cu  1  —  I  C**  1  —  •  •  •  —  I  Ck-l.k  1 

Ckk  ~  I  Ck+l,k  I  ”  •  *  •  “1  Cmk  "  *  *  »  “  1  |  ”  ■  *  •  “1  Cmn  |). 

Evidently,  (p)C  ^  (i)C.  If  (S)C  ^  0,  so  is  (p)C  ^  0. 


From  the  definition  of  an  /{-matrix,  it  follows  that  a  real  matrix  B  is 
an  /{-matrix  if  and  only  if  (6)B  ^  (0). 

Consider  the  set  of  all  possible  distinct  vectors  of  the  form  (x,)  ■ 
(x,i ,  •  •  •  ,  x^),  in  which  the  x,/  are  either  1  or  —  1,  j  «  1,  2,  •  •  •  ,  n. 
There  are  2"  such  vectors  (xi),  •  •  •  ,  (x*.). 

Let 

X.-  (X,)A  (9-  1.  •••,2-) 

*  C.  C.  MscDuffee,  Theory  of  Mairxeet,  pp.  57-8. 
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be  the  set  of  functions  generated  from  the  real  matrix  A  and  the  vectors 

(*f). 

With  each  x«  we  associate  the  diagonal  matrix 

(■^tl  ■  I  •  •  •  » 3r^]. 

It  is  easy  to  prove  that  the  set  of  matrices  [X,],  q  »  1,  •  •  •  •  ,  2", 
form  a  group  G  of  order  2"  under  the  operation  of  multiplication.  The 
generators  of  G  are  (-1, 1,  •  •  •  ,  IJ,  (1,  -1,  •  • .  ,  1],  (1, 1,  -1,  1,  ,  IJ, 

... ,11,1,... ,1,-1]. 

We  shall  be  interested  in  certain  subgroups  k  *  1, - ,  n, 

of  G,  where  in  G“’,  ■»  iJ*’  «»  1.  The  order  of  each  G“’  is  2"“‘, 

k  •  1,  ...  ,n. 

Let  (xi*^),  g  —  1,  . . . ,  2"  *,  denote  the  sub-sets  of  (x,), }  «■  1, . . . ,  2", 
corresponding  to  G‘*’  and  let  xj*’»  ?“!»•••»  2*~‘  be  the  set  of  functions 
appearing  in  the  column  of  where  X'*’  is  a  rectangular  array 

w’ith  (xi*’)  in  the  row. 

Theorem  2.1.  If  A  be  a  matrix  then  the  fundion  i'^^A  i$  an  invariant 
under  any  tramformation  of  the  group  G‘*’,  where  ie  the  k*^  component 
of  the  vector  {6)A  —  . . .  ,  (Jfe  «  1,  . . .  ,  n). 

The  proof  of  this  theorem  is  immediate,  since  the  various  Xt*’i 
9  «  L  "  *  » differ  only  |n  the  signs  preceding  the  various  Or,. 

Similarly, 

Theorem  2.2.  The  set  of  functions  Xt ,  form  a  group  g  under  the  sub¬ 
stitutions  implied  by  (x,),  and  g  is  simply  isomorphic  with  G,  {q  »  1, 
•••  ,2-). 

Theorem  2.3.  The  set  of  functions  x^\  {q  «  1,  • . .  ,  2*  *),  form  a 
subgroup  g**’  of  g  simply  isomorphic  with  G**’,  and  the  fundion  i^^^A  is  an 
invariant  of  as  well  as  of  G“\  (A  »  1,  . . .  ,  n). 

It  is  clear  that  every  member  of  xi*’,  9  ■■  1 »  •  •  •  i  2"~‘  can  be  generated 
from  one  of  the  set  by  a  generator  of  the  group  g'*’.  Consequently  all 
the  functions  xi*’,  9  *  1*  •  •  •  i  2"“';  A  —  1,  2,  . . .  ,  n,  can  be  generated 
from  (ji)A. 

If,  for  a  given  A,  xi**  ^  0,  (7  »  1,  ...  ,  2"“*),  that  is  if  each  member  of 
7**’  is  non-negative,  then  4‘*’i4  ^  0.  Furthermore,  if  this  is  true  for 
each  value  of  A  «>  1,  . . .  ,  n,  then  (4)^4  ^  (0). 

Theorem  2.4.  A  necessary  and  sufficieni  condition  that  the  real  matrix 
A  —  T^BT,  d{T)  0,  be  an  R-matrix  is  that  the  members  of  each  group 
7**’  be  cdl  non-negative. 

3.  The  eurfaces  Xt*’  0.  Let  T  be  an  n*-space  consisting  of  the 
totality  of  real  points  (In  ,  *  * .  ,  I.i  ; .  * .  ; lu  ,  ■  1  tnn),  that  is,  the 
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Rpace  of  the  matrix  T.  In  general,  each  member  x<  of  is  a  quadric  in 
2n  variables  imbedded  in 

The  various  surfaces  xi**  *  0»  9  “  1»  »  2*~‘,  in  g^\  k  fixed,  divide 

^  into  regions  and  where  contains  all  points  of  3”  for  which 
xi*’  ^  0,  9  —  1,  •••  I  2"“‘,  and  where  V*’  contains  all  other  points 
of  ff  not  in  In  other  words,  in  ^  0. 

Hence  with  each  group  there  is  associated  a  region  for  which 
^  0,  and  a  region  for  which  <  0,  If  “  1,  •  •  •  ,  n. 

Let  r  denote  that  portion  of  composed  of  all  points  common  to 
x“’,  •  •  •  ,  and  no  other  points.  Then  we  have,  a  neceMary  and 
mfficient  condition  that  (d)A  ^  (0)  m  that  the  elemente  of  T  belong  to  r. 

Delete  from  the  region  r  those  points  in  3*  for  which  d{T)  »  0. 
Denote  this  region  by  W.  Then 

Theorem  3.1.  A  neceeeary  and  sufficient  condition  that  the  matrix 
A  —  T^BT  be  an  R-matriz,  where  B  is  real  and  T  is  real  and  non-singular, 
it  that  the  elements  of  T  belong  to  the  region  W  in  3*. 

Let  B  be  a  positive  semi-definite  real  matrix.  Then  every  a,i  ^  0, 
s  ^  1,  •••  ,n,  in  T^BT.  It  is  well  known  that  there  exists  a  real 
transformation  matrix  Ti  such  that  J  ^  TlBT\ ,  where  J  is  the  matrix 

Evidently  J  is  an  A-matrix. 

Consider  the  matrix  Ai  congruent  to  J,  where  Tt  —  [1,  •  •  •  ,  f,  0, 
...  ,0],  <  0.  Then  A,  -  TlJTt  -  (1,  . . .  ,  f*,  0,  • . .  ,  0),  <  0. 
Obviously  Ai  is  an  /2-matrix  for  all  real  values  of  (.  Now  Ai  — 
TfTlBTiTt.  Hence  there  exists  a  region  W  containing  an  infinite 
number  of  points  for  which  i4i  is  an  /{-matrix. 

Theorem  3.2.  If  B  be  a  positive  semi-definite  real  matrix,  there  exists  an 
infinite  number  of  points  in  3)  for  which  A  ■■  T^BT  is  an  R-matrix. 
Here  B  need  not  be  an  R-matrix. 

Every  point  on  the  boundary  of  the  region  W  given  in  theorem  3.1, 
except  possibly  those  points  where  d(T)  «  0,  is  a  point  for  which  A 
is  a  positive  semi-definite  /{-matrix. 

Example  1.  Suppose 

/20,  4\  /I,  0\ 

"-(4,  .) 


Then 

A-rBT-(''  "V''  »\  +  +  w+*)»Y 

\®.  »/\4.  »/  \  (4+i)»,  »’  / 
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B  is  not  an  A-matrix.  We  seek  the  region  W  for  which  ^4  is  an  /f-matrix. 
Evidently,  au  ■  20  +  82  +  x*  and  on  ■  y*  are  non-negative.  Now 

i6)A  m  («»>^,  «‘*U)  -  ((20  +  8x  +  X*)  -  I  y<4  +  x)  1,  y*  -  |  y(4  +  x)  |). 

Following  the  theory  developed  above,  we  consider  the  group  G  of 
diagonal  matrices  [X,],  9  ,  2*;  namely 

IX.] -[1,1],  IX,] -[1,-1],  IX,1 -1-1,1],  1X4]  -  I-l, -1]. 

Consider  the  subgroups  G'*’  and  G**’  of  G,  where  G“’  consists  of  [X.*’]  — 
[Xi]  —  [1,  1]  and  IXi“]  —  [X,]  —  [1,  —1],  and  where  G‘*'  consists  of 
IXI*’J  -  [X.]  -  II,  1}  and  [Xi*’]  -  IX,]  -  [-1, 1].  Let  (xi")  be  the  row 
vector  (1,  1)  corresponding  to  the  diagonal  matrix  [X."];  (xi")  the 
row  vector  (1,  —1)  corresponding  to  [Xi"];  and  (x.")  and  (xi")  the  row 
vectors  (1,1)  and  (—1,1)  corresponding  to  [X."]  and  [Xi"],  respectively. 
Denote  by  X*"  and  X‘"  the  arrays 

We  let  xi*’  denote  the  set  of  functions  appearing  in  the  column  of 
X**’i4 ;  that  is,  xi"  »  the  set  appearing  in  the  first  column  of 

\1,  -l/\  (4-fx)y,  y*  / 

/20  -H  8x  d-  X*  +  4y  -I-  xy,  (4  +  x)y  +  y*\ 
\20  -I-  8x  +  X*  -  4j/  -  xy,  (4  -|-  x)y  -  y*/ 
and  xi"  is  the  set  appearing  in  the  second  column  of 
/>•  1\/20  +  8x  +  ^  (4+x),\ 

\-l|  lA  (4  +  l)»r  »’  / 

/  20  +  8x  -I-  X*  -f  4y  -h  xy,  (4  +  x)y  +  y*  \ 

\-20  -  8x  -  X*  d-  4y  +  xy,  -(4  d*  x)y  d-  y*/ 

In  order  that  i4  be  an  E-matrix,  each  member  of  the  group  y^"  of 
functions  xi"  ■*  20  -f-  8x  +  x*  -f*  4y  -f-  xy,  xi"  20  -H  8x  d-  x* 
—  (4y  d-  xy)  and  each  member  of  the  group  of  functions  xi"  *  (4  d-  x)y 
d*  y*,  xi"  “  —  (4  d-  x)y  d-  y*  must  be  non-negative.  The  various 
members  of  y"’  and  y**’  are  quadratic  in  the  parameters  x  and  y  and  the 
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various  surfaces  xl"  “  0,  xi”  "  0,  xi**  “  0,  xi*’  “  0  define  a  region  v  in 


the  xy-plane  for  which  (6) A,  as  given  above,  is  non-negative.  From  w 
delete  all  points  for  which  y  >■  0  and  denote  the  resulting  region  by  W. 
Then,  a  necessary  and  sufficient  condition  that  A  be  an  /^-matrix  is 
that  (x,  y)  belong  to  W. 


R-MATRICE8  AND  EQUIVALENT  NETWORKS 


91 


semi-definite.  It  is  known  that  there  exists  a  real  non-singular  matrix 
T 1  which  reduces  Bi  and  Bt  to  the  diagonal  forms 

(4.1)  /  -  [1,  . . 1)  -  TlB^T,,  J  -  [an,  • .  •  ,  0.  . . .  ,  0]  -  TlB,Tt, 

where  each  an  ^  0.  Both  I  and  J  are  A-matrices. 

Let  T*  «  (1,  •  •  •  ,  1,  ().  Then  I  and  J  become 

C*!  *  (1,  •  •  •  ,  1*1  *  TflTt,  Cs  “  l«ii,  •  •  •  ,  a„ ,  0,  •  •  •  ,  0)  *  TtJTi . 

Evidently,  Ci  and  Ct  are  both  A-matrices  for  all  real  values  of  t. 

Let  Wi  denote  the  region  for  which  At  T^BiT  is  an  A-matrix  and 
Wt  the  region  for  which  At  ~  T^B^T  is  an  A-matrix.  The  set  of  all 
points  IFu  common  to  Wi  and  Wt  constitutes  a  region  for  which  A|  and 
At  are  A-matrices.  Hence 

Theorem  4.1.  If  Bi  and  Bt  are  real  matrices,  Bi  being  positive  definite 
and  Bt  positive  semi-definite,  there  exists  a  region  Wxt  in  for  which 
At  *  T^BiT,  At  “  T^BtT  are  both  R-matrices.  The  region  Wn  contains 
infinitely  many  points. 

Consider  the  set  of  real  positive  semi-definite  matrices  Bi ,  Bt ,  ■  •  •  , 
Bf  .  Let  Wi ,  •  •  •  ,Wf  be,  respectively,  the  regions  for  which  At , 
•  ••  ,  A,  are  /J-matrices,  where  A,-  T^BjT,  j  »  1,  •••  ,  Let 

IFt......  denote  the  set  of  points  (if  any)  common  to  Wi ,  •  •  •  ,W^ . 

From  previous  considerations  we  see  that  a,  necessary  and  sufficient 
condition  that  the  positive  semi-definite  real  matrices  A/  »  T^BjT, 
j  »  1,  ,9,  be  simultaneously  A-matrices  is  that  be  non- 

vacuous,  and  that  T  belong  to  Wi...... . 

Evidently,  if  Bi ,  •  •  •  ,  are  each  /^-matrices  the  region 
is  non-vacuous  for  T  =  (1,  •  •  •  ,  1]  belongs  to  . 

The  various  theorems  of  §2  and  §3  may  be  extended,  with  suitable 
modifications,  to  cover  sets  of  matrices  At,  •  •  •  y  A, . 

5.  T  m-aflBne.  Consider  the  case  where  T  is  a  real  1-affine  trans¬ 
formation  of  the  form 

1  0  •••  0 

(6.1)  ‘  ,  diT)  0. 

fat 

In  a  previous  paper*  the  author  showed  that  a  real  non-parabolic 
matrix  B  can  be  reduced  by  (5.1)  to  the  form 
*  Trans.,  loc.  cit.* 
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(5.2) 


Ai 


an 

0 

0  •  • 

•  0 

0 

0 

0  • . 

.  0 

0 

0 

0 

ds  •  • 

•  • 

. 

.  . 

0 

.0 

0 

•  • 

0 

where  an  is  an  absolute  invariant  and  the  i’s  are  1,  —  1  or  0. 

Clearly,  if  an  <  0,  .4|  is  not  an  A-matrix. 

We  shall  assume  that  B  is  positive  semi-definite,  so  that  an  >  0,  and 
Sj  are  either  1  or  0.  As  in  §3  we  may  prove  that 

Thforem  5.1.  Theorems  2.1  through  2.4  and  theorems  3.1  and  3.2  hold 
with  T  1-qfine,  and  B  -positive  semi-definite,  non-parabolic. 

Suppose  that  T  is  2-affine,  that  is 


d{T)  0. 


If  B  is  a  real  non-parabolic  positive  definite  symmetric  matrix  it  can 
be  reduced  by  a  matrix  T  of  (5.3)  to  the  form 


1 

0  • 

••  0 

0 

1  • 

••  0 

(5.3) 

T  - 

ki 

tm- 

•  ttn 

fnt 

•  .  • 

(5.4) 


ou  0 
I  Oil  OB  0 
0  0  1 

0  0  0 


TlBTi. 


Here  the  an  ,  an  ,  ajj  are  absolute  invariants.  Clearly  Ai  is  not  neces¬ 
sarily  an  /{-matrix.  If  Ai  is  not  an  A-matrix,  no  transformation  (5.3) 
will  reduce  (5.4)  to  an  A-matrix  and  maintain  the  essential  form  of  (5.4). 

Theorem  5.2.  If  B  is  real  symmetric  non-parabolic  and  positive  semi- 
definite,  and  if  Ai  given  in  (5.4)  is  an  R-matrix,  then  there  exists  a  non- 
vacuous  region  W  for  which  T^BT  is  an  R-matrix,  W  contains  infinitely 
many  points. 

Similar  theorems  may  be  proven  for  T  m-afl^e,  m  >  2. 
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In  general,  with  suitable  modifications  the  theorems  of  |2,  |3  and  |4 
may  be  extended  to  the  case  where  T  is  m-afiine. 

The  detailed  considerations  of  the  case  where  B  is  parabolic  and  not 
positive  semi-definite  as  well  as  the  extension  to  sets  of  matrices  will  be 
considered  at  a  later  time. 

If  further  restrictions  be  placed  on  T,  then  the  region  W  will  be 
restricted  accordingly.  For  example,  if  in  »  T^BT  it  be  furthermore 
required  that  Or,.,  »  0,  •  •  •  ,  Or^,^  0,  then  the  points  of  T  for  which 

i4  is  an  A-matrix  consists  of  those  points  in  W,  if  any,  laying  on  the 
intersections  of  the  surfaces  a,,.,  «  0,  •  •  •  ,  o,*,*  «  0. 

Part  n.  Application  to  network  theory* 

6.  Network  equations.  We  shall  consider  the  m-terminal  pair 
n-mesh  linear  electrical  network  containing  (lumped)  resistances, 
inductances  and  elastances. 

The  complete  differential  equations  for  this  network  are 

(6.1)  A|tj  -  {.}, 

where 

a,i  «  R,,  -f  L.ip  -f  D„p~\  P  “  S’ 

I*}  “  1*1 .  •  •  •  » *»l  and  {‘I  “  {*1  ,•••,«»,  0,  •••,  0}  are  one-column 
arrays.  Here  ci ,  •  •  •  ,  f,.  are  the  real  e.m.f.’s  impressed  on  terminal 
pairs  1,  •••  ,  m,  respectively;  q,  and  i,,  are  the  instantaneous  (real) 
charges  and  (real)  currents,  respectively,  in  mesh  s;  R,t ,  L,i ,  Z),i , 
s  ^  t,  (real  numbers)  are  the  (lumped)  circuit  parameters  (resistance, 
inductance  and  elastance,  respectively)  mutual  to  meshes  «  and  t; 
R»t  t  I  the  total  circuit  (real)  parameters  of  mesh  «,  i.e.,  the 

total  resistance,  inductance  and  elastance  of  mesh  «,(«,<«  !>*■*•  **). 
The  meshes  are  so  choosen  that  mesh  a  is  the  only  one  which  passes 
through  the  terminal  pair  «,  (s  «  1,  •  •  •  ,  m). 

Matrix  A  ">  (Or.)  is  called  a  network  matrix.  We  shall  assume  that 
the  mutual  impedances  a,,  are  (bilateral)  reciprocal;  i.e.,  that  A  is 
symmetric. 

Let  the  e.m.f.’s  be  given  by 

(«.2)  («|  - 

'  Burington,  R.  8.,  Matrieet  tn  electric  ctreutt  theory,  Journal  of  Mathematics 
and  Physics,  Vol.  XIV,  No.  4,  Dee.  1935,  pp.  330-344. 
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where  {e)  »  |«i  0,  •••, 0)  and  j£|  -  {Ei,  ,Em, 

0,  •  •  •  ,0)  are  column  vectors,  E,  is  the  complex-root-mean  square 
voltage  amplitude  for  pair  «,  and  the  real  part  of  e,  is  the  actual  e.m.f., 
«. ,  in  mesh  a.  Then  the  ateady-aiate-aoliUion  of  (6.1)  is  (if  d(A)  ^  0) 

(6.3)  {/|  -  B-^\E\, 
where 

(6.4)  B  *  (b„),  br,  *  »  Rr,  +  L„X  -f-  \  ^  ju. 


7.  Equivalent  networks.  If  {/)«  <^nd  {£}«  denote  {/)  and  \E\, 
respectively,  with  all  but  the  first  m  rows  deleted,  and  Y  m  (Y,i) 
denotes  with  all  but  the  first  m  rows  and  columns  deleted,  then 

(7.1) 

Y  is  known  as  a  characteriatic  coefficient  (admittance)  matrix  of  network  A. 

Two  2m-terminal  linear  networks,  of  matrices  A  and  B,  respectively, 
are  said  to  be  equivalent  if  for  all  frequencies  (<i>  »  —  Xj),  they  have  equal 
characteristic  coefficient  matrices  Y. 

The  rate  at  which  energy  is  being  supplied  to  the  network  (6.1),  the 
instantaneous  power,  is 

(7.2)  (i){.)  -  (0^{.'}  -  (*)«|t}  -|-p(0I<l»)/2  +  p(q)Z){9|/2. 

Let  be  subjected  to  the  real  cogredient  m-affine  non-singular  linear 
transformations 


(7.3)  it)  -  Til),  {q\  =  T\q\. 


Then  0  becomes 


where 


Hence 

(7.4) 
where 

(7.5) 


(l)A{l\  -  (i)U\, 
A  *  T^AT. 

B  -  T^BT, 

B  •  R  + 


X  *  ju. 


It  has  been  shown  that  the  network  of  matrices  B  and  B  are  equivalent. 
Moreover,  if  B  is  passive  (i.e.,  R,  L  and  D  are  non-negative)  then  B  is 
passive. 
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However,  even  though  B  corresponds  to  a  physically  realiiable 
network  not  containing  an  ideal  transformer,^  the  network  correspond¬ 
ing  to  B  may  not  be  realizable  except  by  means  of  ideal  transformers. 
The  network  corresponding  to  B  will  require  one  or  more  ideal  trans¬ 
formers  whenever  B  contains  negative  circuit  elements. 

Such  negative  circuit  elements  may  occur  whenever — for  all  possible 
mesh  contour  selections — the  total  resistance  (inductance  or  elastance) 
on  a  mesh  contour  is  less  than  the  numerical  value  of  the  sum  of  the 
various  resistances  (inductances  or  elastances)  in  the  various  mutual 
branches  of  the  mesh. 

Networks  having  an  undue  number  of  ideal  transformers  are  of  little 
practical  value  at  present,  hence  we  wish  to  avoid  ideal  transformers 
whenever  possible.  Consequently,  transformations  T  »  (L.)  which 
lead  to  negative  circuit  elements  (resistances,  inductances  and  capaci¬ 
tances)  in  B  of  (7.5)  are  impractical. 

Evidently,  the  theory  of  /2-matrices  is  applicable. 

The  various  mathematical  theorems  presented  in  part  I  of  this  paper 
may  be  used.  For  example,  by  §3,  4,  5, 

Theorem  7.1.  If  B  is  the  matrix  of  a  given  1-termincU  pair  network 
which  involves  only  one  type  of  circuU  parameter,  (resistance,  inductance  or 
elastance)  and  T  is  \-ajfine  and  non-singular,  then  a  sufficient  condition 
that  A  »■  T^BT  correspond  to  a  network  d  equivalent  to  the  network  of 
matrix  B,  but  Cf  not  requiring  one  or  more  ideal  transformers  for  realuabil- 
ity,  is  that  A  bean  R-matrix  that  is,  that  T  belong  to  a  region  W. 

Theorem  7.2.  If  A  ^  T^BT  be  the  matrix  of  a  network  Q  equivalent 
to  a  network  of  matrix  B,  and  is  a  1-terminal  pair  network,  T  l-affine 
and  non-singular,  and  Cf  each  containing  but  tu>o  types  of  circuit  param¬ 
eters,  say  inductance  L  and  elastance  D,  B  ^  \L  X“‘D,  then  a  sufficient 
condition  that  Cf  not  require  an  ideal  transformer  for  realizability  is  that 
Z  and  D  each  be  an  R-matrix,  where  A  ^  hZ  \~'D,  that  is  that  T  belong 
to  the  region  IFh  common  to  the  regions  Wi  and  Wtfor  which  Z  and  D  are 
R-matrices,  respectively. 

Theorem  7.3.  In  theorem  7.2,  if  B  ^  XL  X~‘D  -f-  R,  that  is,  if  ^ 
corUains  three  types  of  circuit  parameters,  then  a  sufficient  condition  that  d, 
equivalent  to  fB,  require  no  ideal  transformers  for  realizability,  is  that 
Z,  D,  R,  all  be  R-matrices,  (X  «  XZ  -H  X~‘/)  -|-  R),  that  is  T  belong  to 
region  Wm,  the  region  common  to  regions  Wi,  Wt,  Wtfor  which  R,  Z,  D 
are  R-matrices,  respectively',  and  that  Wmbe  non-vacuous. 

*  Guillemin,  loc.  cit.* 

Cauer,  W.,  Idetd  Trantformatoren  und  lineare  Trantformationen,  E.N.T.  9 
(1932)  8.  157i 
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Wm  contains  at  least  one  point  when  B  is  the  matrix  of  a  network  not 
requiring  ideal  transformers  for  realisability. 

Similar  theorems  can  be  stated  in  regard  to  sufficient  conditions  for 
the  realisability  of  networks  requiring  ideal  transformers.  Other 
theorems  concerning  the  groups  surfaces  Xt*’  ~  0  can  also  be  stated. 

Example  2.  Let 


be  the  resistance  matrix  of  a  1 -terminal  pair  passive  realizable  resistance 
network  of  two  meshes.  Then  if 


T 


y  0, 


A  »  T^RT  is  the  matrix  of  a  resistance  network  equivalent  to  the 
network  ^6  of  matrix  R,  and 


A 


/6  -  8i  -I-  lx\ 
\  k(-4  +  lx), 


l/(-4-l-7x)\  /oii  OiA 

ly'  /  Voti  On) 


In  order  that  A  be  the  matrix  of  a  resistance  network  realizable  without 
the  aid  of  ideal  transformers,  A  must  be  an  A-matrix,  that  is,  (5)A  ^  0. 
The  curves  which  define  the  boundary  of  the  region  W  of  the  ry-plane 
for  which  A  is  an  /^-matrix  are,  with  y  ^  0, 

xl"  -  (6  -  8x  -h  lx')  -I-  i/(-4  -H  lx)  -  0, 

xi”  -  (6  -  8z  +  lx')  -  y(-4  +  7x)  -  0, 

xl"  -  y(-4  +  lx)  +  ly'  -  0, 

xi«  -  -y(-4  -I-  lx)  -I-  7y*  -  0. 


All  points  (x,  y)  interior  to  and  on  the  boundary  of  W,  except  where 
y  >B  0,  belong  to  W.  is  clearly  indicated  in  figure  2.  If  p  be  any 
point  (x,  y)  in  W,  then  A  is  the  matrix  of  a  resistance  network  Ct 
equivalent  to  'fi  and  realizable  without  ideal  transformers.  There  are 
no  other  values  of  (x,  y)  for  which  Cf  is  realizable  without  the  aid  of  ideal 
transformers. 


r 


(A)  (A) 


Fio.  3 

Example  3.  Consider  the  two-terminal  reactive  network  S'  with 
Li  —  1,  L|  —  3,  Di  »  1,  D»  »  3.  The  network  matrix  B  of  S  is 

Consider  the  matrices 

A  m  T^BT  pl  +  p-^D 

where 


*  Guiilemin,  loc.  cit.',  pp.  23&-8. 


y  9^0. 


98 


RICHARD  STEVENS  BURIXGTON 


Then 


I  -  T^LT,  D  -  T^DT 


^  /4  -  6x  -I-  3x*,  3y(x  -  1)\  /j  . 

"\  3y(x-l),  Zy*  /’  "\  3xy,  3yV‘ 

Following  the  theory  developed  we  see  that  the  curves 

(4  -  6x  +  3x*)  ±  Zyix  -  1)  -  0,  ±  Zy{x  -  1)  +  Zy'  -  0, 

define  the  region  Wi  of  the  xy-plane  for  which  L  is  an  A-matrix;  and 
the  curves 


(1  +  3x*)  ±  3xy  “0,  ±  3xy  -t-  Zy*  ■*  0, 

define  the  region  Wt  for  which  D  is  an  A-matrix.  The  region  Wu 
common  to  Wi  and  TFs  is  a  region  for  which  the  network  Cf  corresponding 
to  A  will  not  require  ideal  transformers  for  realisability.  (Region 
IFu  is  shown  in  figure  3).  All  the  points  of  the  boundary  of  Wu  belong 
toWi,. 

Referring  to  figure  3,  the  point  (0,  1)  labeled  P  corresponds  to  the 
given  network  fB;  the  point  ( —  0.264, 1 .528)  labeled  Pi  corresponds  to  the 
equivalent  (Foster)  network  f®**’  with 


the  point  (1,  —1.33)  labeled  P»  corresponds  to  the  (Cauer)  equivalent 
network  with 


the  point  (0,  —  1 .33)  labeled  P4  corresponds  to  the  (Cauer)  equivalent 
network  f®**’  with 
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\-4,  5.33/  Vo,  5.33/ 

/  U*\  -n*'  \  ..m",  0\ 

""i-ii",  U- +  LiV ”  U,  DiV' 

the  point  (—.33,  1.33)  labeled  P»  corresponds  to  the  network  with 
/  633,  -5.33\  /..33,  -..33\ 

\-5.33,  5.33  /  V-1.33,  5.33  / 

/Li‘'  +  Li‘’,  Ln  \ 

"'’V  tl"  tiv'*'’’  V-Di",  Di“  +  Di“/' 

To  every  point  (x,  y)  of  ,  a  network  corresponding  to  A  is  realis¬ 
able  without  ideal  transformers.  The  point  (.6,  1),  marked  P«  has  a 
network  fB**’  corresponding  to  it  with 

\-1.2,  3  /  V.18.  3/ 

/iA‘\' M'‘'\  »r  \ 

"'’U'",  U" I  Di‘\  Df'+DiV' 

Example  4.  As  a  further  illustration  of  the  theory,  consider  the 
following  potentially  equivalent  passive  2-terminal  pair  networks  as 
indicated  below: 

The  matrix  of  the  network  (a)  is 

^  D%,  D%  \ 

\  J^i,  Dt  +  DtJ 

where  each  element  in  Z)  is  positive  and  D  is  positive  definite.  Adjoin 
a  third  row  and  column  as  indicated: 

/Di  Dt,  Di,  0^ 

B  =»  I  Di,  Dt  +  Dt,  0 

0,  0,  h 
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A  -  T^BT 


Di  +  D|  +  X*, 
Di  +  xy, 

I 


D»  +  xy,  xx\ 

Di  +  Di  +  y*,  yz  I 

y*.  *V 

/Di.  0, 

-jo,  Di  +  Di  +  Di, 

\d,'.  -DI, 


are  equivalent  to  (a). 

If  A  is  an  A-matrix,  a  network  corresponding  to  A  does  not  require  an 
ideal  transformer  for  realisability,  and 

(Di  +  Di  +  X*)  -  I  D,  4-  xy  1  -  1  xz  1  ^0, 

<  -  I  Da  +  xy  I  +  (Di  +  D|  +  y*)  -  I  yz  I  ^  0, 

-  1  xz  I  -  I  y*  I  +  **  2:  0. 

The  surfaces  xi*’  *  0  corresponding  to  these  inequalities  bound  a 
region  W  in  3-epace,  within  which  all  points  (x,  y,  z)  make  A  an  R- 
matrix. 

We  shall  interest  ourselves  with  the  special  case  where  ou  —  0.  This 
means  that  we  are  interested  only  in  that  portion  of  the  region  W 
common  to  the  cylinder  Di  +  xy  —  0. 

We  have  represented  this  region  W  in  figure  4,  where  it  is  understood 
that  y  —  —  Di/x. 

In  figure  4,  the  region  W  is  clearly  indicated  for  the  case  when 


Di  —  1,  Di  —  .5,  Di  —  2. 
The  curves  bounding  this  region  are  given  by 

xy  -  -2, 

I  xz  I  ;S  3  +  x*. 

1  y*  I  ^  2.5  +  y*. 
j  xz  1  +  I  yz  1  ^  z*. 


In  order  that  network  (6)  be  equivalent  to  (o),  we  must  have 


Di  +  xy  »  0, 

<  Di  +  Z)i  4-  X*  —  xz, 
Di  4-  Da  4-  y*  -  -yz, 


y 


^  Di  Da  4~  Di  Di  4~  Di  Di 
V^DiDifl^ 
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In  figure  4,  this  case  occurs  when  x  ■■  2,  y  «•  3.5,  that  is  at  point  P. 
However,  all  networks  corresponding  to  A  with  (x,  z)  within  W  are  also 
equivalent  to  (a)  and  do  not  require  ideal  transformers  for  realisability. 


Fio.  4 


8.  Conclusions.  Further  extensions  of  the  theory  and  application  of 
A-matrices  will  be  made  in  another  paper.  However,  the  present 
development  should  be  of  some  use  and  should  cast  light  upon  the  theory 
of  equivalent  networks. 

Obviously,  it  is  impossible,  in  a  certain  sense,  to  construct  models  of 
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the  various  surfaces  xi**  “  0  unless  the  number  of  parameters  to  be 
considered  is  less  than  or  equal  to  3. 

However,  such  models  can  be  constructed  quite  easily  for  the  cases 
where  two  or  three  parameters  are  allowed  to  vary,  the  others  being 
fixed. 

Moreover,  in  dealing  with  equivalent  electrical  networks,  we  are  most 
frequently  concerned  with  the  equivalence  of  1 -terminal  or  2-terminal 
pair  networks,  which  dictates  that  T  be  1 -affine  or  2-affine,  thus  reducing 
the  number  of  parameters  in  T. 

Let  T  —  7*1 ,  •  •  •  ,  r,  where  Tj  contains  but  one  parameter.  A 
region  Wi  of  realisability  for  the  parameter  in  Ti  may  be  constructed  for 
Ai  “  TlBTi]  similarly  within  Wi,  a  new  region  Wt  may  be  generated 
by  T|  for  At  *  T^AiTt,  etc.  This  method  does  not  lead  to  the  most 
general  region  of  realisability  for  T,  but  may  frequently  be  useful. 

This  paper  then  gives  a  method  for  selecting  ranges  for  the 
parameters  of  T  such  that  the  networks  of  matrices  A  »  T^BT  will  not 
require  ideal  transformers  for  realisability. 

Cass  School  or  Arruxo  Scibkcx, 

Clbtbland,  Ohio. 
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I.  Introduction 

1.  Homogeneous  linear  differential  equations.  Let  us  recall  how 
the  theory  of  systems  of  homogeneous  linear  differential  equations 
looked'  in  1840. 

By  regarding  derivatives  as  new  variables,  we  can  replace  any  such 
system  by  one  of  the  first  order,  having  the  general  form 

(1)  dxildl  -  S  xaCOoa.CO  U  -  1,  •  •  •  ,  nl 

t-i 

Moreover  there  is  one  and  only  one  solution  of  (1)  which  satisfies  a  given 
set  of  boundary  conditions  Xi(0)  «  o<(t  ■*  1,  •  •  •  ,  n).  Further,  if  for 
each  fixed  i,  we  denote  by  6t,(0  the  solution  of  (1)  which  satisfies  the 
set  of  boundary  conditions*  htifO)  *■  S*  [k  »  1,  •  •  •  ,  n],  then 

(2)  Xiit)  -  i  Okbuit) 

k-l 

satisfies  (1)  and  also  x,(0)  «  Oi.  That  is,  (2)  gives  the  general  solution 
of  (1). 

2.  Relation  to  the  algebra  of  matrices.  These  facts  (stated  in  various 
forms)  appear  in  many  texts  which  ignore  the  notion  of  product  integra¬ 
tion.  To  bridge  the  gap,  two  observations  are  needed. 

First,  the  akiit)  and  (*<(0  define  matrix  functions*  A(0  and  B(t)  of  the 

^  Cf.  Cmuchy’s  “Lecona  de  cbIcuI  differentiel  et  integrBl”,  pub.  by  Moigno, 
Pmria  (1844),  Lesson  36. 

*  Of  course  4^  is  the  Kronecker  delta-function:  one  if  t  «  fc  and  sero  otherwise 
— II  4^  II  is  fiis  matrix  unity. 

*  In  the  sense  of  Cayley  (1857).  We  shall  adopt  the  usual  notation  X  —  ||  z,/ 1|, 

P  ~  II  II  >  *'*  for  matrices.  The  "null-matrix”  ||  0  ||  will  be  denoted  by  0; 
the  "unit-matrix”  ||  sj  ||  by  /;  the  "sum”  ||  -1-  yn  ||  of  two  matrices  X  and  Y 

by  X  -1-  Y;  the  "product”  *ityik  of  X  and  Y,  by  X^Y;  the  product 

II  xtiX  II  of  X  by  a  "scalar”  X,  by  XX.  For  the  laws  of  matrix  algebra,  the  reader 
is  referred  to  Wedderburn’s  "Lectures  on  matrices”,  pp.  4-5.  They  are  in  the 
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variable  t  (which  may  be  thought  of  as  representing  the  lapse  of  time). 
And  second,  to  within  infinitesimals  of  higher  order  (provided  the 
aji(t)  are  continuous), 

m 

(3)  bn(t  +  At)  ^  bkiit)  4-  E  b,iit)aii{t)At 

which,  in  the  notation  of  matrix  algebra,  becomes 

(4)  Bit  ^  At)  ^  Bit)o[I  +  A(0AI)1 
and  resembles  closely  the  relation 

(5)  x(t  +  At)  a.  x(t)  +  a(t)At 

which  determines  the  solution  x(t)  of  the  differential  equation  dx/dt  » 
a(0>  In  the  latter  case  (of  so-called  “quadrature")*  the  lapse  of  time  At 
changes  the  integral  by  the  addition  of  a  small  quantity;  in  the  case  of 
homogeneous  linear  differential  equations,  the  lapse  changes  the  integral 
through  multiplication  by  a  matrix  differing  slightly  from  the  unit 
matrix. 

These  reflections  are  what  must  have  occurred  to  V.  Volterra*  (1887). 
They  suggest  calling  Bit)  the  “product*  integral"  of  i4(t),  and  inversely, 
calling  Ait)  the  “product  derivative"  of  Bit).  Thus  they  suggest 
developing  an  infinitesimal  calculus  of  matrices  as  a  self-contained  theory, 
in  which  the  z*(0  do  not  appear  at  all. 

3.  Sketch  of  the  infinitesimal  calculus  of  matrices.  One  can  easily 
define  the  derivative  (properly,  right-derivative)*  of  a  general  matrix 
function  Bit),  so  that  it  is  A  (!)  in  the  case  we  have  discussed.  Namely, 
one  can  define  the  derivative  to  be  the  limit 

(6)  A(0  -  LimAi^o  +  A<)  -  /J/Af 


main  the  same  as  those  of  ordinary  algebra,  except  that  (a)  in  general  X^Y 
Y^X  (non-commutativity),  (b)  some  “singular"  matrices  X  have  no  inverse 
X-‘  with  X  0  -  A-»  o  A  -  /. 

*  “Sulle  equasioni  differenxiali  lineari”.  Rend,  dei  Lincei  3  (1887),  301-6. 
Also  “Sui  fondamenti  della  teoria  delle  equasioni  diff.  lineari",  Mem.  Soc.  Ital. 
8ci.III8(1887),  p.6. 

*  Since  matrix  multiplication  is  non-commutative,  it  is  proper  to  speak  of 
product  integration  as  “non-commutative"  integration. 

*  By  inverting  the  order  of  multiplication,  one  can  define  a  symmetrical  left- 
derivative. 
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Can  one  inveraely,  given  ^4(0,  find  an  ‘‘integral’'  of  which  it  is  the 
derivative  in  the  sense  of  (6)?  One  can”  by  defining 

(7)  r  ^(0  dt  -  Lim,,,^,  If  (7  +  ^(f*)  I  A*  II 

Jm  k-l 

where  r  denotes  a  partition  of  [a,  b]  into  segments  Ai ,  •  •  •  ,  Ar(«)  of 
lengths  |Ak|  ^  |ir|,ftcAt,  and  JI  Xt  is  an  abbreviation  for  X|  o  ...  e  Xr . 

*-i 

It  is  easy  to  see  that  the  limit  in  question  exists  provided  i4(()  is 
(uniformly^)  continuous.  The  relation 

(8)  (X  +  AX)o(r  +  AT)  -  X«F  +  (XoAK  -f  K*AX  +  AXoAK) 

shows  that  a  small  change  in  each  of  a  set  of  factors  produces  a  small 
change  in  their  product.  And  the  relation 

(9)  (/  +  AX)o(/  +  AF)  -  (7  +  AX  +  AF)  +  AXAF 

(together  with  the  small  oscillation  of  A  (f)  on  each  small  A*)  shows  that 
[7  +  A  (ft)  I  At  I  ]  is  replaced  when  At  is  subdivided,  by  something 
differing  little  from  it. 

We  shall  show  later  (§§8-13)  under  more  general  assumptions,  that 
these  definitions  of  integral  and  derivative  are  reciprocal.  Moreover, 
they  do  yield  the  general  integral  (2)  of  (1)  in  §1,  and  have  a  number  of 
basic  formal  properties.  Finally,  even  the  I^ebesgue  integral  can  be 
extended  (provided  the  ati(f)  are  bounded  and  measurable)  so  as  to 
apply  to  matrices.  This  has  been  shown  by  L.  Schlesinger,*  who, 
however,  neglected  to  prove  the  reciprocity  of  L-integrability  and 
differentiability  p.p.  This  reciprocity  will  be  established  below  (§25). 

4.  The  infinitesimal , calculus  of  transformations.  The  above  sketch 
outlines  what  is  now  known  about  general  methods  of  product  integra¬ 
tion;  there  exists  a  coherent  infinitesimal  calculus  of  matrices.  We  shall 
now  suggest  how  Lie’s  notion*  of  an  “infinitesimal  transformation’’  fits 
into  a  more  general  conception  of  an  infinitesimal  calculus,  with  a  more 
general  product  integral.  In  this  calculus,  matrices  are  replaced  by 

*  Continuity  on  a  closed  segment  implies  uniform  continuity  on  that  segment. 
Cf.  footnote  (27). 

*  “Neue  Grundlagen  ftir  eine  Infinitesimalkalkul  ftfr  Matriien”,  Math.  Zeits. 
33  (1031),  33-61. 

*  Cl.  8.  Lie,  "Transformationsgruppen",  Leiptig,  1888,  p.  46. 
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ditplaeemenU — which  unfortunately  have  fewer  algebraic  properties 
than  matrices. 

To  get  an  idea  of  it,  imagine  a  liquid  circulating  in  a  glass  jar.  Let 
B(t)  denote  the  '^displacement'’  undergone  by  the  liquid  during  the 
time  interval  [0, 1] — i.e.,  the  transformation  carrying  each  point  occupied 
by  a  molecule  of  the  liquid  at  the  time  (  0,  into  the  point  occupied  by 

the  same  molecule  at  the  time  t.  Then  the  displacement  undergone 
by  the  liquid  during  any  time-interval  [I,  u],  is  the  transformation** 
B~'(t)>B(u).  Further,  the  velocity  of  flow  of  the  liquid  at  any  instant  t, 
is  the  vector-field 

(10)  V{t)  -  Lim^i^o  +  M)] 

toward  which  the  small  displacements  B~'(t)oB(t  -f  AI),  when  multiplied 

j  * 

by  the  factor  — ,  converge  as  approaches  aero.*' 

Ai 

In  the  language  of  Lie,  V(0  is  the  infinitentnal  trantformation  asso¬ 
ciated  at  the  instant  t  with  the  one-parameter  family  (which  need  not  be 
a  group!)  of  transformations  B{t) — and  a  comparison  of  formulas  (6) 
and  (10)  reveals  that  it  specialises  to  Volterra’s  notion  of  the  derivative 
of  a  matrix  when  the  B{t)  are  linear  and  homogeneous.  (Cf.  f7,  end.) 

This  suggests  trying  to  generalise  the  theory  of  product  integration 
so  as  to  apply  to  non4inear  as  well  as  linear  transformations,  and  to 
show  that  the  generalised  theory  yields  existence  and  uniqueness 
theorems  on  the  solutions  of  systems  of  non-linear  (as  well  as  of  linear 
homogeneous)  ordinary  differential  equations.  These  objectives  are 
attained  in  the  present  paper;  integrals  of  both  the  Riemann  and  the 
I^ebesgue  type  are  set  up. 

5.  Extension  to  infinite  dimensions.  Furthermore,  the  theory  is 
presented  in  such  a  form  that  it  applies  as  it  stands  to  Banach  spaces. 
This  seems  to  the  author  to  have  great  potential  importance:  it  means 
that  it  applies  to  phase-spaces  of  infinitely  many  degrees  of  freedom. 

We  denote  by  B~^(<)  the  “inveree”  of  the  trsnaformation  0(0,  and  by  X  e  T 
the  "product”  of  the  tranaformationa  X  and  Y. 

u  We  have  purpoaely  avoided  giving  a  preciae  meaning  of  what  ia  meant  by 
convergence,  or  by  multiplying  a  diaplacement  by  a  acalar  factor.  The  latter  ia 
auggeated  by  the  picture  of  a  diaplacement,  obtained  when  one  drawa  a  abort 
arrow  from  each  point  to  the  point  into  which  it  ia  diaplaced.  Cf.  |7. 
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Actually,  an  application  to  the  theory  of  transition  probabilities  is  made 
in  the  present  paper. 

Moreover,  the  theory  becomes  simpler  even  in  the  finite-dimensional 
case  when  coordinates  (which  are  extrinsic  anyway)  are  eliminated — 

and  such  expressions  as  ^  Xkaki  replaced  by  such  expressions  as  xA. 

i^i 

In  the  case  of  most  Banach  spaces,  coordinates  are  difficult  to  handle 
besides. 


II.  The  Riemann  Integral 

6.  Definition.  Many  processes  of  integration  have  their  genesis  in 
the  invernon  of  (10).  Namely,  given  V{t),  each  division  r  of  the 
segment  [a,  b]  over  which  V(f)  is  to  be  integrated  yields  an  approximation 

(11)  MV)  -  B(A)«n(K«*)-|A*|] 

to  B(b).  Presumably  the  approximation  gets  closer  as  w  becomes 
finer  (in  symbols,  as  v  — » 0),  and  so  we  define 

(12)  jfV(f)d<  -  Lim,^.J,(V)  . 

as  the  Riemann**  product-integral  of  V{t)  over  [a,  b]. 

We  shall  now  discuss  the  precise  interpretation  of  the  phrase  "as  w 
approaches  0”. 

The  usual  interpretation'*  is  the  following.  Each  t  is  associated 
with  the  positive  number  |  v  |  »  sup  |  At  | ,  and  J  wiY)  is  said  to  ap- 

**  For  short,  A-intearal.  Historical  note:  This  so-called  “polygon  method” 
was  used  by  Euler  (“('alcul  int^al”,  St.  Petersburg,  1769)  both  for  quadratures 
(pp.  200-29)  and  for  integrating  systems  of  ordinary  differential  equations  (pp. 
492-510).  ('auchy  gave  a  fairly  rigorous  justification  of  it  (cf .  Moigno’s  “Lecons,” 
Vol.  II,  pp.  1-5  and  385-96).  As  perfected  by  Lipschits  (“Lehrbuch  der  Analysis”, 
Bonn,  1877,  Vol.  II,  p.  504),  it  still  provides  the  standard  existence  theorem  on 
integrals  of  ordinary  differential  equations.  Goursat’s  “Cours  d’Analyse”, 
Paris  (1908),  Vol.  II,  p.  376,  or  Chap.  I  of  G.  D.  Birkhoff’s  “Dynamical  systems”, 
New  York,  1927. 

Euler  and  C'auchy  required  (»  to  be  the  left  extremity  of  A*.  Riemann  (“Uber 
die  Darstellbarkeit  einer  Funktion  durch  trig.  Reihen”  (1854),  Werke,  pp.  213-53) 
let  the  U  be  any  point  of  A*  ,  treated  the  case  of  quadrature  in  full,  and  gave  his 
name  to  the  integral.  Volterra  (op.  cit.)  used  precisely  this  construction  for 
integrating  matrices. 

'*  Cf.  Euler,  op.  cit.,  p.  203.  It  is  also  that  of  Riemann. 
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proach  fl  as  t  — ♦  0  if  and  only  if,  to  each  neighborhood  t/(B)  of  B 
correspondB  a  positive  number  h  so  small  that  |  r  |  <  j  implies  that 
J,{V)  is  in  ViB). 

But  we  shall  adopt  a  different  interpretation,  due  to  E.  H.  Moore.'* 
We  shall  say  that  7 .(K)  — »  B  as  »•  — » 0  if  and  only  if,  given  V (B),  t((/) 
exists  so  fine  that  J»(V)  is  in  U{B)  for  all  subpartitions'^  r  of  r(i'). 

7.  The  algebra  of  displacements.  What  are  the  most  general  con¬ 
ditions  under  which  (10)  and  the  inverse  construction  of  §6  have  a 
sense?  They  certainly  do  if  the  values  of  the  integrand  (1)  constitute  a 
linear  space  (2)  constitute  a  "groupoid"'*  with  respect  to  multiplication 
(3)  possess  a  topology  which  is  not  too  pathological.  If  this  is  the  case, 
then'^  no  F(0  has  more  than  one  integral. 

We  shall  now  see  that  the  “displacements”  of  any  linear  space  L 
have  at  least  the  necessary  algebraic  properties  (l)-(2). 

The  linearisation  of  the  displacements  of  L  is  obtained  as  follows. 
Picture  each  transformation  X  of  L  into  itself,  as  the  set  of  arrows  (or 
“vectors”)  joining  every  point  p  t  L  with  its  “image”  X(p).  ^  Then  the 
“sum”  X  »  Y  +  Z  of  two  displacements  is  determined  by  the  identity 

(13)  x{p)  -  p  -  iy(p)  -  p]  +  [Zip)  -  p] 

and  the  “scalar  product”  XX  of  X  by  any  number  X,  from  the  identity 

(14)  XX(p)  -  p  -  lX(p)  -  p]X 

That  is,  the  vector  algebra  of  displacements  is  simply  the  vector  algebra 
of  the  imaginary  vectors  we  have  drawn. 

The  “product”  of  two  displacements  of  L  is  simply  their  transforma¬ 
tion  product:  i.e.  X  «  YZ  means  that  X(p)  ZiYip))  for  all  p.  It  is 
clear  thatX(yZ)  »  iXY)Z,  and  that  the  displacement  0  of  the  vector 
space  of  the  preceding  paragraph,  satisfies  OX  »  XO  »  X  for  all  X. 

**  “Definition  of  limit  in  general  integral  analyeia’’,  Proc.  Nat.  Arad.  Sci., 
vol.  1  (1915),  p.  628. 

^  By  a  “subpartition”  of  w{U)  is  meant  one  which  can  be  obtained  by  sub¬ 
dividing  the  pieces  into  which  r  divides  [a,  6|.  This  notion  is  basic  in  Cauchy's 
theory  (cf.  Moigno,  p.  4). 

t*  By  a  “groupoid”,  we  mean  a  system  in  which  an  associative  multiplication  is 
defined,  and  which  possesses  an  “identity”  I  satisfying  IX  —  XI  ■■  X  for  all  X, 
This  is  ensured  by  the  fact  that  every  two  partitions  have  a  common  sub¬ 
partition  (namely,  their  product)— whence  if  two  integrals  existed,  their  neigh¬ 
borhoods  would  all  overlap,  in  contradiction  to  Hausdorff’s  fourth  axiom.  (Tren- 
nungsaxiom). 
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Thus  0  ifl  a  unity  I  for  multiplication,  identifjring  the  notation  of 
(6)-(7)  with  that  of  (lO)-(l  1). 

The  identities  of  the  last  two  paragraphs  yield  most  of  the  '^algebra  of 
displacements,’'  and  we  shall  call  any  abstract  system  satisfying  tliem,  a 
"lineariied  groupoid.” 

8.  DigreMion:  a  realization  theorem.  The  algebra  of  displacements 
evidently  resembles  matrix  algebra — with  the  preliminary  qualification 
that  the  ditplactmenl  sum  of  two  linear  operators  X  and  Y,  is  not  their 
sum  under  the  algebra  of  linear  operators:  in  terms  of  the  latter  algebra, 
iti8/  +  (X-/)  +  (y-/). 

As  we  have  developed  it,  the  distributive  laws  of  matrix  algebra  are 
also  absent;  they  do  not  even  have  any  analogs.  But  actually,  we  do 
have  a  sort  of  rq^At-distributivity;  it  is  the  left-distributive  law  which 
totally  disappears  when  we  deal  with  non-linear  operators. 

The  modified  right-distributive  law  is 

(D)  X(A  +  B)  -  X  ~  (XA  -  X)  +  (XB  -  X) 

(Proof :  Note  first  that  p(K  -f-  Z)  «■  pY  +  pZ  —  p  and  that  p{Y  —  Z) 
p  +  pY  —  pZ.  Using  these,  direct  computation  shows  that  both  sides 
of  (D)  carry  any  p  into  the  same  element  p  +  pXA  -f  pXB  —  2pX.] 

We  also  have  the  right-linearity  law 

(D’)  X(i4X)  -  X  -  (XA  -  X]X 

(both  sides  carry  any  p  into  p  -|-  (pXa  —  pX)X). 

Theorem  1:  Any  linearised  groupoid  G  satisfying  (D)-(D')  can  be 
realised  by  displacements. 

Proof:  We  shall  use  a  classic  construction  due  to  Cayley,**  and 
associate  each  element  A  in  G  with  the  transformation  TaX  —*  XA  of  G. 
Then  is  the  identity;  distinct  elements  induce  distinct  transforma¬ 
tions  since  Tx  «  Tr  implies  OX  ■*  OY;  the  associative  law  implies 
Tab  *  TaTb’,  (D)  implies  Ta+b  “  -f  T*;  and  (IP)  implies  T\a  “ 
(Ta)x. 

The  significance  of  Theorem  1  is,  that  any  algebraic  identity  on 
displacements  can  be  deduced  from  the  special  identities  we  have  listed. 

>•  '*On  the  theory  of  groups”,  Phil.  Meg.  7  (1854),  40-7.  Cayley  used  it  to 
obtain  the  analog  to  Theorem  1  for  finite  groups;  Poincare  (1884)  used  it  to  obtain 
the  analog  for  linear  associative  algebras.  It  is  the  cornerstone  of  modem 
'‘representation  theory”. 
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It  shows  that  we  have  a  complete  set  of  identities  for  the  algebra  of 
displacements. 

We  postponed  the  discussion  of  (D)  —  (D')  until  the  present  digres¬ 
sion,  as  they  are  nowhere  used  in  our  theory  of  integration. 

0.  Key  to  the  theory.  The  theory  of  integration  developed  below 
hinges  on  the  following  principle:  the  JriX)  of  (6  converge  to  a  JiX) 
provided  (1)  the  differences  J,(X)  —  J,'(X)  are  small  for  all  sub¬ 
partitions  v'  of  suitable  partitions  r,  and  (2)  the  space  in  which  the 
Jw{X)  lie  is  complete. 

To  see  this  when  (as  below)  the  space  is  metric,^*  choose  a  sequence  of 
partitions  r.  such  that  |  JrSX)  —  Jw’SX)  |  is  less  than  1/n  for  all 
Vn  ^  V. .  Then  since  the  product*  v*,.  of  and  v.  is  a  subpartition 
of  both  V.,  and  t.  ,  by  the  triangle  inequality  |  J,J,X)  —  JrSX)  |  ^ 
1/m  -|-  1/n.  Hence  by  the  assumption  of  completeness,  the  J«,(X) 
converge  to  some  J{X).  Finally,  if  vt  is  any  other  such  sequence, 
then  I  J,SX)  -  J.'SX)  |  ^  1/n  1/n,  and  so  -» J(X).  We 

conclude  that  J{X)  is  unique,  completing  the  proof. 

10.  Remaining  assumptions.  Thus  if  we  assume  that  the  space  in 
which  the  /*(X)  lie  is  complete,  we  need  only  show  that  Jw(X)  —  Jw'{X) 
is  small  for  all  subpartitions  t'  of  suitable  partitions  r. 

Accordingly,  suppose  t  divides  the  domain  [a,  b]  of  integration  into 
segments  A| ,  •  •  •  ,  A.  ,  and  that  v'  subdivides  each  A*  into  subintervals 

AT.  Then  any  Jw’(X)  will  assume  the  form  n(nX«*.)|A;|),and 
any  J,iX),  the  form  H  •  I  A*  j. 

*-i 

Hence  if  we  assume  also  that  group  multiplication  is  locally  uniformly 
continuous,*'  then  we  need  only  show  that  the  sum  (over  k)  of  the 
differences  Jl  -^(f*)  ■  I  A*  |  —  X(tk)  •  |  At  |  is  small. 

m 

Tb«  notioiu  of  s  motrie  tpMe  and  s  complete  metric  space  are  of  course  due 
to  M.  Frechet,  "Sur  quelques  points  d^  Calcul  Fonctionnel”,  Rend,  di  Palermo 
23  (1000),  1-74.  The  notion  of  completeness  really  goes  back  to  Cauchy.  For 
definitions,  of.  F.  Hausdorff  “Mengenlehre’'  (1937),  p.  94,  p.  103. 

**  In  the  usual  sense:  the  partition  dividing  the  domain  of  integration  into  the 
intersections  of  the  subdivisions  yielded  by  na  >  with  those  yielded  by  . 

More  precisely,  that  group  translations  X  — »  AXB  increase  differences 
X  —  F  in  bounded  ratio,  for  all  A,  B  which  can  occur  in  the  products  oonsidered 
(i.e.,  tor  A,  B  bounded). 
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But  these  differences  can  be  split  into  two  parts, 

n  xw)-!  a:  I  -  Z  x(t;)-i  a;  i  and  Z  i  -  x(o-i  a* i. 

•  •  • 

The  first  of  these  is  small  provided  gums  are  good  approxinuUions  to 
■products  over  short  stretches.  And  since  Z<^(fr)-|Ar|  lies  in  the 

convex  hull”  of  the  set  of  the  X(t*)  •  |  A*  | ,  the  second  is  small  provided 
the  topology  is  convex  (as  is  always  the  case  below”),  and  X(0  has  a 
small  oscillation  on  each  Ak — i-e.,  is  (uniformly)  continuous. 

11.  Metric  algebra  of  displacement!.  Now  let  B  be  any  Banach 
space.”  The  displacements  of  B  have  enough  metric  properties  to 
permit  the  argument  of  §(9-10  to  go  through. 

Firstly,  any  displacement  X  has  a  (finite  or  infinite)  “displacement 
modulus”  I  X  I  supp,c  |  pX  —  p  \ ,  and  a  (finite  or  infinite)  “Lipschits 
modulus” 

(16)  11  X  11  «  sup^,  1  ipX  -  gX)  -  {p  -  q)\/\p  -  q\ 

We  shall  call  1  X  1  and  H  X  H  the  “D-modulus”  resp.  “L-modulus” 
of  X,  for  short. 

Relative  to  the  vector  calculus  of  displacements,  and  to  Z)-modulus 
as  norm,  the  displacements  with  finite  D-modulus  form  a  new  Banach 
space  Q«  ;  we  shall  omit  the  proof.  Furthermore,  the  displacements 
which  in  addition”  have  a  finite  L-modulus,  form  a  linear  subspace 
Qa  of  Qa ,  which  is  not  however  closed  (and  therefore  not  complete). 
Thus  Qa  is  a  metric  linear  space  relative  to  1  X  1  as  norm;  it  is  almost”  a 
metric  linear  space  relative  to  H  X  H  as  norm.  But  it  is  no!  a  Banach 
space :  it  is  not  complete. 

**  By  the  ‘‘convex  half”  of  any  set,  is  meant  the  set  of  centers  of  gravity  of 
distributions  of  mass  on  the  set.  A  topological  linear  space  is  called  “convex”, 
if  and  only  if  its  convex  neighborhoods  define  its  topology.  Any  metric  linear 
space  is  convex,  since  the  spheres  |  z  —  a  |  <  s  are  convex. 

**  I.e.,  complete  metric  linear  space.  A  linear  space  is  called  metric  if  and 
only  if  its  elements  z  have  a  norm  |  z  |  which  satisfies  (1)  |  z  |  ~  0  if  and  only  if 
z  >  0,  (2)  I  Xz  I  »  I  X  I  •  I  z  I  and  (3)  |  z  +  y  |  ^  |  z  |  +  |  y  |.  In  any  such  space, 
the  distance  |  z  —  y  |  is  metric.  A  Banach  space  is  logically  just  a  crudely 
defined  Euclidean  space. 

**  Displacements  of  a  bounded  region  of  a  metric  linear  space  having  a  finite 
I/-modulus,  necessarily  have  a  finite  D-modulus. 

**  However  ||  X  ||  «  0  does  not  imply  X  ~  0;  it  merely  implies  that  X  is  a 
translation,  i.e.,  that  pX  ~  p  +  OX. 


ON  PRODUCT  INTEGRATION 


113 


However,  it  does  possess  a  kind  of  completeness:  the  convex  subsets 
Qa  of  Qb  consisting  of  all  elements  X  with  ||  X  ||  ^  Af ,  are  doaed^  (and 
hence  metrically  complete).  For  ifjX,  —  X|— ♦Oasn— »  «,  then 

I  pX  -  9X  -  (p  -  g)  I  -  Lim,....  |  pX,  -  gX,  -  (p  -  g)  | 

^  Af.|p  -  g| 

identically,  and  so  ||  X  ||  ^  Af.  Thus  ||  X  ||  is  lower  semicontinuous 
on  Qb  . 

Again,  the  product  XK  of  any  two  displacements  in  Qb  u  again  in 
Qb  ;  in  fact. 

Ml:  lXr|^|Xl  +  |r|  and 

lixriislixii  +  iirii  +  iixii.iirii 

(Proof:  I  pXK  —  p  1  ^  |  pXY  —  pX  |  -|-  |  pX  —  pi,  while 
1  pXr  -  gXF  -  (p  -  g)  I  ^  1  pXK  -  gXr  -  (pX  -  gX)  | 

+  1  pX  -  gX  -  (p  -  g)  1  ^  II  r  II  .  1  pX  -  gX  I  +  II  X  II  .  1  p  -  g  I 
which,  since  1  pX  —  gX  |  $  |  p  —  g  1  -♦•  |  pX  —  gX  —  (p  —  g)  | 

(1  +  II  X  ID*  I  p  —  g  I ,  yields  the  second  inequality  of  Ml.] 

Finally,  the  conditions  of  §10  are  fulfilled  in  each  Da  .  They  are 
contained  (cf.  12)  in  the  inequalities 

M2:  ixr  -  XZ|  i  I  r  -  Z| 

M3:  I  (FX  -  ZX)  -  (K  -  Z)  I  ^  llXIl-l  y  -  Z| 

Proof  of  M2:  Set  g  «  pX;  then 

I  xr  -  xz  I  ^  sup,  1  gF  _  gz  1  -  I  r  -  z  1 

Proof  of  M3:  Set  r  —  pF,  r'  »  pZ.  Then 

I  (FX  -  ZX)-  (F  -  Z)  1  -  sup  I  (rX  -  r'X)  -  (r  -  r')  \ 
:S|lX||.sup|r-r'|^  |1X1|.|F-Z1 
which  completes  the  proof. 

12.  Expansions  by  induction.  In  the  present  section,  we  shall  adapt 
relations  M1-M3  for  future  use. 

**  Thui  Ob  ia  an  ,  in  the  aenae  of  Hauadorff,  “Mengenlehre”,  2d  ed.,  p.  136. 
For  lower  aemi-continuity,  cf.  ibid.,  p.  248. 
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The  reader  can  see  that  Ml  implies  when  expanded, 


(16) 

.060 


nx. 

t-i 

nx. 


< 


exp 


{£ 


Moreover  the  uniform  continuity  required  in  (10  follows  from 
M2-M3,  when  these  are  combined  to  yield 


(17)  \AXB  -  AYB  \  ^  |XB  -  FBI  ^  (1  +  1B|).IX  -  Y\ 


We  can  easily  expand  (17)  by  induction,  and  get 


(17*) 


n  X.  -  n  x. 


S  eip  II X.  Ilj-^  j  I  X»  -  r.  l) 


»-I  • 

writing  Ak  for  Yk,  Bk  for  Xk  ,  and  using  the  triangle  inequality, 

*-l  M-l 

(17) ,  and  (16'). 

This  shows  why  a  Lipschiti  condition  is  needed;  in  0«  ,  multiplication 
is  not  even  continuous. 

Finally,  the  last  assumption  of  §10  can  be  had  from  M3  by  setting 
Z  -«  0  and  interchanging  X  with  Y.  This  yields 

(18)  \iXY)  -(X+Y)\^ \X\^\\Y\\ 


Moreover  using  the  triangle  inequality,  we  get 


(18*) 


iiXk-txk  fix*-rx*+(fix*)ii 

*-l  *-I  <  *-l  k-*  L  /J| 


-Zix.i- 


by  (18)  and  (16'). 


13.  Digression:  refinements.  We  shall  now  deepen  Theorem  1,  by 
showing 

Theorem  2:  In  the  realisation  of  Theorem  1,  M2-M3  imply  that 
|r.i-Ul*nd|ir.||s||.4  11. 

Proof :  By  M2,  setting  Z  »  0,  and  Y  —  i4 ,  we  have  |  XA  —  X  ]  ^  1  i4  |, 
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whence  |  |  ^  J  ^4  |.  But  1  OA  —  O  |  »  |  ^4  j ,  and  so  |  1  —  1  i4  j. 
Relation  M3  asserts  ||  Ta  ||  ^  ||  -d  || — by  the  very  de&iition  of  L- 
modulus  and  T a  - 

Theorem  3:  Every  element  X  with  L-modulus  less  than  unity,  has  a 
(unique)  inverse  X”'. 

Proof:  Let  X  be  given;  set  Fi  ■«  —X  and  (using  induction)  K/k+i  ■* 
Yk  —  y*X.  By  induction,  we  get 

I  Yk+i  x|  -  |(r*+,x  -  K*x)  -  (-r*x)i 

-l(r*+,x-  r*x)-  (y*+,  -  y*)l  ^  llxiMy*x| 

Hence  if  ||  X  ||  <  1,  the  sequence  { y*}  converges  with  the  rapidity  that 
II  X  II*  converges  to  0,  to  a  limit  Y.  By  M3,  we  have 

yX  -  (Urn  y*)X  »  Lim(y*X)  -  0, 

and  so  X  has  a  lefMnverse  Y.  But  by  M3  again, 

I  xy  -  0 1  -  I  (xo  -  OX)  +  (xy  -  o)  \ 

-  I  (xyx  -  OX)  -  (xy  -  0)  I  ^  i|x||.|xy-o| 

and  so  (1  -  II  X  II)  (1  xy  -  0  I)  ^  0,  implying  1  Xy  -  0  |  -  0  and 

xy  -  0. 

Remark:  Using  Theorem  2,  we  can  easily  show  that  |  X~'  |  »  |  X  | 
and  II  X~‘  II  ^  II  X  11/(1  -  II  X  II)  in  Theorem  3. 

The  above  results  depend  only  on  M1-M3  and  the  completeness 
condition;  in  fact,  the  first  part  of  Ml  is  a  corollary  of  M2.  We  now 
come  to  two  inequalities  of  less  interest,  which  the  author  was  unable  to 
deduce  from  M1-M3. 

The  first  is  a  condition  analogous  to  M2, 

M2':  II  xy  -  XZ  II  -  II  y  -  Z  11/(1  -  II  X  II),  provided  ||  X  ||  <  1. 

(Proof:  ||Xy  -  XZ||  -  aup{\{pXY -  pXZ)  -  (qXY  -  qXZ)\/\p  -  9I). 
Now  set  pX  r,qX  *  r';then  |  r  —  /  !•(!  —  ||  X  ||)  ^  |  p  —  j  |,  and 
so  II  xy  -  XZ  II  ^  sup  I  (r(y  _  Z)  -  /(y  -  Z)1  -  (r  -  O  I  / 
I  r  —  r'  I  •  (1  —  II  X  II)  from  which  M2'  is  obvious. 

The  second  is  a  symmetric  dual  to  M3, 

M3':  i(xy-xz)- y-z)|  -  |x|.||y-z|| 

[Proof:  Note  that  |  F  —  W  |  —  sup-|  pF  —  pTF  |.  Hence  if  we  set 
U  ■«  y  —  Z  and  q  —  pX,  we  have 
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I  (XK  -  XZ)  -  (r  -  Z)  I  -  8UP  1  {qU  -q)-  (pU  -  p)  \ 

~\\U\l\q-p\~\\U\l\X\ 

14.  Integrability  of  continuous  functions.  Fitting  together  the 
idesH  of  SI9-10  and  the  inequalities  of  $12,  one  can  easily  prove  the 
basic 

Theorem  4 :  If  X{t)  varies  continuously  with  t  in  the  metric  |  X  —  K  | , 
and  if  II  X(()  ||  is  bounded,  then  X{t)  is  A-integrable  on  any  finite 
domain  [a,  b]. 

Proof:  As  in  real  function  theory,  continuity  implies  uniform  con¬ 
tinuity;”  hence  if  |ir|  is  sufficiently  small,  the  oscillation  of  X(0  on 
every  At  can  be  bounded  by  any  *  >  0.  It  follows  by  the  convexity  of 
the  norm  |  X  |,  that  |  E  ^(tf)  •  |  A*'  |  -  X(f*) .  |  A*  1 1  <  €•  |  A*  |. 

Again,  letting  M  sup  ||  X(i)  ||  and  Af*  ■«  sup  |  X(0  |  (the  finiteness 
of  M*  follows  by  uniform  continuity),  we  get 

|nx(f:)-|A;i  -  Ex((:).|a;i|  :si»/*-|A*i-(«“'''  -  i) 

Combining  these  two  inequalities,  we  have 

|:|(n  X(t:).|  a;|)  -  X((.).|A*|  ^  .*16  -  a|  -I-  -  1) 

Now  using  (17*),  we  get  finally 

|y,(X)  -  J,.(X)|  ^  e*'**-'  (€.|6  -  o|  -I-  ilf*(e“'''  -  1)1 

which  tends  to  xero  with  |  v  | ,  completing  the  proof. 

Remark  1:  We  ha\>e  not  only  shown  that  Lim,_^Jv(X)  exists,  but 
even  that  Lim|,|_o  J«(X)  does — the  limit  exists  in  the  sense  of  Riemann, 
and  not  merely  in  that  of  E.  H.  Moore. 

Remark  2:  Actually,  Theorem  4  can  be  proved  in  this  way  for  all 
functions  ''of  class  (R)” — such  that  ||  X(0  ||  is  bounded  and  the  points 
where  Osc  X(t)  exceeds  c  >  0  can  be  enclosed  in  intervals  Ai ,  •  •  •  ,  A„(,) , 
the  sum  of  whose  lengths  is  arbitrarily  small. 

If  XU)  were  not  uniformly  continuous,  one  could  find  a  sequence  of  sub¬ 
intervals  [u«  ,  Sal  converging  to  a  limit  u,  such  that  the  oscillation  of  X(()  on  any 
(ua  ,  Sal  exceeded  «  >  0.  Hence  XU)  would  be  discontinuous  at  u,  contrary  to 
hypothesis. 
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15.  Propertiei  of  the  integral.  We  now  naturally  ask:  what  general 
properties  does  the  integral  possess — besides  making  continuous  func> 
tions  with  bounded  L-modulus  integrable? 

Theorem  5:  f  Odt  «•  0,  irrespective  of  (o,  6). 


Proof :  Jw{X)  is  identically  0. 

Theorem  6:  If  a  ^  b  ^  c,  and  if  j  X(t)  dt  and  j  X(t)  dt  exist,  then 
j  X(t)  eU  exists  and  is  their  product. 


Proof :  Partitions  ri ,  n  of  [a,  b]  and  [b,  c]  exist  making  Jwi(X) 
arbitrarily  near  the  corresponding  integrals,  for  all  subpartitions  w'k  of 
the  ri[ib  »  1,  2].  Combining  ri  and  ri,  we  get  a  partition  r  of  [a,  c] 
such  that  Jw'iX)  «  J ,[{X)J ,^{X)  differs  arbitrarily  little  from  the 
product  of  the  integrals  for  all  subpartitions  r'  of  t.  This  proves  the 
theorem  (actually,  we  only  used  the  fact  that  multiplication  was  con¬ 
tinuous!). 


Theorem  7:  Under  the  •  hypotheses  of  Theorem  4,  |1  F(m)  || 
X(t)  dt  ^  exp  II  b  —  a  l-sup  II  X(0  II  }•  Moreover,  Z(u) 


/: 


—  X(b  —  t)  dt  exists  and  is  inverse  to  Y(u). 


Proof:  By  (16')  ||  J,{X)  ||  ^  identically,  and  since  each  is 

closed,  we  infer  II  F(u)  ||  ^  Again,  Z(u)  exists  since  — X(b  —  <) 

satisfies  the  hypotheses  of  Theorem  4.  Finally,  to  prove  F(u)Z(u)  »  0, 
since  multiplication  is  continuous,  we  need  only  show  that 

♦  -(nm)Ki).(n  (-X(f*))-|A*|) 

is  small  when  |  v  |  is  small.  But  by  (17)-(18), 

(19)  I  AW(,-W)B  -  AB\^  «"*"-ll  W'  IM  W  I 
Applying  this,  we  get  by  induction 

(20)  !^|  ^  Z«"'"^'-(i»f-|ir|)-|X(l*)|.|A*|  -  3/M*.|x|-c 


which  tends  to  zero  as  |  t 


0. 
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Theorem  8:  Under  the  hypotheses  of  Theorem  4,  y'(u)  «  j  X{t)  dt 
is  everywhere  differentiable  to  X{u). 


Proof:  We  shall  prove  right — differentiability;  left — differentiability 
will  follow  by  Theorem  7.  But  by  Theorems  6-7, 


(21) 


I  1  /‘«+Aii 

^  ir-'(u)y(u  +  Au)i  -  ^  /  x{t)  di 
Au  Au  Jm 


1  " 

Now  approximate  to  the  right-hand  side  of  (27)  through  —  n  x(/.). 

Au 

1  " 

1  A*  I;  as  in  the  proof  of  Theorem  4,  this  differs  from  —  ^  X(l*)- 1  At  | 

Au 

by  at  most  M*- («*''*“'  —  1).  And  the  sum  differs  from  X(u)  by  at 
most  the  oscillation  of  X(0  on  [u,  u  -f-  Au].  Passing  to  the  limit,  we  get 


(22) 


X{1)  dt 


-  Xiu) 


^  Af*(-e*''^“'  -  1)  -1-  Osca  X{t) 


which  tends  to  lero  as  Au  — ►  0,  q.e.d. 


Theorem  9:  If  K(0  is  differentiable,  and  if  X(t)  *  !"(<)  satisfies  the 

hypotheses  of  Theorem  4,  then  y(u)  *  y’(a)  j  X(,t)dt  ■  Z(u)  iden¬ 
tically— in  words,  the  indefinite  integrals  of  X(t)  are  all  obtained  by 
multipi3ring  the  definite  integral  by  a  constant  left-factor. 

Remark.  The  analog  of  this  proposition  in  the  theory  of  real  func* 
tions  is  usually  proved  by  appealing  to  Rolle’s  Theorem — evidently  we 
must  use  a  very  different  principle. 

Proof:  Consider  /(u)  *  ]  y(u)  —  Z(u)  ],  and  write  y(u  -J-  Au)  « 
r(u)o(X*Au),  Z(u  +  Au)  -  Z(u)o(X**Au),  X  -  X(u).  By  Fig.  1, 


^ycX*Au 
Tj^-  -  FoXAu 
Z*^  ZoAAu 
^ZoA**Au 


1 


Fio.  1 
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when  u  increases  to  u  +  Au,/(u)  increases  by  at  most  |  —  YXAu  | 

+  I  ZX**Au  -  ZX^u  1  +  I  (YXAu  -  ZXAu)  -  (Y  -  X)\.  And  by 
M2-M3,  this  is  at  most 

(23)  \X*  -  X  |.Au  -f  I  X**  -  X  |.Au  +  MAu-\  Y  -  Z\ 

Hence,  since  X**  — ♦  X  and  X*  — »  X  as  Au  — ♦  0,  the  upper  right-deriva¬ 
tive  of/(u)  is  at  most  Mf{u) — whence  by  real  function  theory“/(0)  »  0 
implies /(u)  ■  0. 

Theorem  10:  If  t(u)  has  a  continuous  positive  derivative,  then 

(24)  CxiDdt^  r“”‘(X«(u)).f^(u)Idu 

J» 

Proof :  This  is  a  corollary  of  Theorems  8-9;  it  is  easy  to  show  that  the 
integral  on  the  left  has  the  same  derivative  with  respect  to  u  as  the 
integral  on  the  right. 

16.  Invariance  under  group-isomorphisms.  The  theory  of  product 
integration  is  invariant,  not  only  under  all  topological  ninp-isomorphisms, 
but  also  under  differentiable  proup-isomorphisms.  This  basic  fact  has 
been  ignored  in  the  literature ;  it  will  be  established  in  this  section. 

Our  ideas  will  be  clarified  if  we  remember 

Theorem  11:  Product  integrals  and  derivatives  do  not  depend  on 
I  X  I  or  II  X  II  ,  except  through  the  topology  defined  by  the  metric 
\X  -  Y\. 

This  is  obvious.  Now  consider  the  definition  of  product-derivatives: 
Y'{t)  »  LimAi-si  y’"'(01^(f  +  Af).  Clearly  Y'(t)  is  invariant  under  any 
one-one  correspondence  which  preserves  (a)  products  (and  hence** 

group-inverses),  and  (6)  LimAt-fl  -r7(f/(A<)l  whenever  it  exists.  A 

At 

fortiori 

**  It  is  easy  to  show  for  each  X  >  0,  that  there  is  no  6rst  point  at  whirh  /(u)  ^ 
X  exp  (u  +  Mu).  This  is  the  only  part  of  Riemann’s  theory  of  integration  which 
is  not  a  corollary  of  the  present  paper. 

**  Since  0  is  the  unique  solution  of  the  identity  OX  -  X,  and  Y~Ht)  is  the 
unique  solution  Z  of  the  equation  Y(t)Z  «  0. 
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Theorem  12:  Product-derivatives  are  preserved  under  all  group 
isomorphisms  differentiable*  at  0. 

It  follows  by  Theorems  9-10  that  the  product  integraU  of  functions 
continuous  in  the  metric  |  X  —  K  |  having  bounded  L-modulus,  are 
preserved  under  all  differentiable  group-isomorphisms  which  carry 
them  into  similar  functions.  We  can  also  show  by  appealing  to  the 
definition,  that  Lim,.^  is  preserved  under  many  group-iso- 

morphism.H. 

17.  Product  integration  in  analytical  groups.  It  is  very  easy  to 
show  that  the  assumptions  of  ${9-10  are  valid  in  analytical  groups.* 
For  completeness  is  assumed:  moreover  |  AXB  —  A  YB  [  ^  /C*  |  X  —  K  | 
in  any  bounded  region.  Finally,  [  XF—  (X  +  F)  |  ;S  o(|  X  |  -p  |  F  1  ). 
We  conclude  (since  any  continuous  function  is  bounded,  letting  X  play 
the  rdle  of  L-modulus  as  well  as  D-modulus). 

Theorem  13:  Continuous  functions  in  analytical  groups  are  product 
integrable. 

Again,  the  properties  of  product  integrals  proved  in  $12  are  deduced 
from  the  assumptions  of  $$9-10  alone;  therefore  they  hold  also  in 
analytical  groups.  Finally,  since  any  topological  isomorphi.sm  between 
analytical  groups  is  (op.  cit.,  Cor.  6.3)  differentiable  at  0,  we  have 

Theorem  14:  Product  derivatives  in  analytical  groups  are  preserved 
under  all  topological  (group-)  isomorphisms. 

18.  Topologico-algebraic  interpretation.  A  goal  of  modem  mathe¬ 
matical  research  (whose  attainment  may  involve  a  deepened  under¬ 
standing  of  algebra)  is  the  topological  interpretation  of  metric  con¬ 
siderations. 

This  raises  the  question:  how  much  algebra  is  needed  to  define 
product  derivatives  and  integrals  topologico-algebraically?  The  defini¬ 
tions  used  above  require  merely  that  group  products  XF,  a  topology, 

**  In  the  uaual  sense.  With  Lie  groups,  this  means  the  functions  expressing 
the  new  coordinates  in  terms  of  the  old  have  first  partial  derivatives  and  a  non¬ 
vanishing  Jacobian.  In  general  (the  parameter-space  a  Banach  space),  Fr4chet’s 
definition  ("La  notion  de  differentielles  dans  I’analyse  gAn^rale",  Ann.  de  I’Eo. 
Norm.  8up.  (3)  42  (1925),  293-323)  has  the  needed  property  (b). 

In  the  sense  of  the  author’s  article  "Analytical  groups",  to  appear  in  the 
Trans.  Am.  Math.  Soc.  It  is  obvious  that  any  Lie  group  has  the  properties 
assumed. 
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and  scalar  products  X  be  defined.  Moreover,  in  the  case  of  analytical 
groups  one  can  define  scalar  products  in  terms  of  group  products  and  the 
topology:  X*  is  XX  •••  X  {n  times),  ^X  is  (near  0)  the  unique  solution 
of  Y*  ~  X,  and  so  XX  can  be  defined  in  general  by  dyadic  approximation 
to  X. 

Another  problem  is  to  find  topologico-algebraic  conditions  which 
make  all  (say)  continuous  functions  integrable.  We  shall  not  solve 
this  problem,  but  shall  suggest  some  helpful  methods. 

The  proper  topologico-algebraic  interpretation  of  completeness  in  the 
case  of  metrisable  groups"  was  given  by  van  Dantsig:**  a  topological 
group  is  complete  if  and  only  if  every  “fundamental”  sequence  |x,) 
such  that  x«'x,,  — «  0  as  m,  n  — »  <» ,  approaches  an  actual  limit  x. 

We  can  also  interpret  locally  uniform  continuity  in  topological  groups. 
The  condition 

(25)  \AXB  -  AYB\  ^  il  +  M)-\X  -  Y\  [A,  B  tili] 

is  equivalent  to:  to  every  neighborhood  ®  of  0  there  corresponds  a 
neighborhood  U  —  1/n  35  of  0  so  small  that  X”*  K  «  U  implies  {AXB)~^ 
(AYB)  c  ®.  But  this  means  that  the  set-union  of  the  B~'\XB{B  tilt) 
is  in  35.  And  this  means  that  every  B35B~' must  contain  U.  Therefore 

f 

Theorem  15:  Multiplication  in  a  topological  group  is  locally  uniformly 
continuous  if  and  only  if  some  neighborhood  35  of  0  is  so  small  that  the 
set-product  of  the  conjugates  of  any  neighborhood  of  0,  relative 

to  the  B  in  35,  contains  0  in  its  interior. 

Remark  1:  I^ocally  uniform  continuity  implies  “completability”  in 
the  sense  of  van  Dantzig.  Moreover,  multiplication  in  any  locally 
compact  group  is  locally  uniformly  continuous.  These  assertions  will 
not  be  proved;  incidentally  van  Dantzig  has  already  shown  that  any 
locally  compact  group  is  complete. 

Remark  2:  If  multiplication  is  uniformly  continuous  in  35,  it  is 
uniformly  continuous  in  every  bounded  region  (bounded  in  the  sense 
that  it  is  contained  in  some  power  3535  *  *  ■  35  of  35). 

This  leaves  open  the  problem  of  finding  a  satisfactory  topologico- 

**  I.e.,  of  groups  satisfying  Hauadorff’s  first  countability  axiom— as  has  been 
shown  by  Kakutani  and  the  author. 

*'  "Zur  topologische  Algebra.  I.  Komplettienmgstheorie”,  Math.  Annalen 
107  (1033),  5OT-626.  The  criterion  can  ^  extended  to  arbitrary  topological 
groups;  cf.  the  author’s  “Moore-Smith  convergence  in  general  topology”,  Annals 
of  Math.  38  (1037),  esp.  p.  48. 
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I  algebraic  interpretation  to  the  metric  condition  |  (XK)  —  (X  •+•  y)  I  ■■ 

^  o(  I  X  I  -f  I  K  I ),  involving  nothing  but  group  properties.  The  reader 

,  should  be  cautioned  that  in  order  for  a  topologico-algebraic  interpreta- 

>  tion  of  product  integration  to  be  satisfactory,  it  must  explain  for  which 

■,  topological  groups,  and  why,  product  integrals  are  preserved  under 

I  topological  group-isomorphisms. 

I 

19.  Application  to  differential  equations.  Theorems  4  and  8  yield 
[  as  corollaries,  generalisations**  of  classical  theorems  on  the  existence  of 

solutions  of  systems  of  ordinary  differential  equations. 

To  see  this,  observe  first  that  if  dY jdt  —  X(0,  and  if  Y{x\  t)  denotes 
i  the  transform  of  x  under  1^(0,  then 

(26)  d/dt[Y{z',  0)  »  X(F(i;  t)\  t)  for  all  x,  t. 

Proof:  y(x;  <  -f  At)  —  y(x;  t)  the  displacement  of  Y{x;  t)  under 
Y~^it)Y{t  -f  At).  And  this  vector,  divided  by  At,  approaches  X(t)  as 
At  — »  0  by  definition  of  derivative.) 

Again,  the  hypothesis  that  ||  X(t)  ||  is  bounded  is  simply  the  hypoth¬ 
esis  that  X(t)  satisfies  a  uniform  Lipschitz  condition  in  the  usual** 
sense.  While  the  continuity  of  X(t)  in  the  metric  j  X  —  K  |  is  the 
assumption  that  X(x;  t  +  At)  converges  uniformly  to  X(x;  t)  as  At  — »  0. 
i  We  conclude  from  Theorems  4  and  8, 

Theorem  16:  If  X(x;  t)  is  uniformly  continuous  in  t  and  satisfies  a 
Lipschiti  condition,  then  the  equation  d/dt[Y{x'jl  ))  *  X(y(x;  t);  t) 
has  a  solution. 

Corollary:  For  each  Xo  ■=  F(x;  0),  we  have  a  solution  of  dx/dt  «■ 
X(x;  t)  which  also  satisfies  x(0)  «  Xo  . 

Again,  Theorem  9  yields  a  uniqueness  theorem  on  complete  tyatems  of 
solutions  to  dXi/dt  —  X,(x;  t),  but  it  does  not  show  that  there  may  not 
be  several  individual  solutions  all  having  the  same  x(0) — although  this 
is  well-known  to  be  impossible  if  a  Lipschitz  condition  holds. 

The  application  of  the  I.^besgue  theory  of  Chapter  III  to  systems  of 
ordinary  differential  equations  yields  by  similar  arguments  improved 
existence  and  uniqueness  theorems  which  we  shall  not  however  state. 

**  Generaliffttiona  from  Euclidean  space  to  Banach  space.  These  results  are 
not  related  to  papers  of  L.  M.  Graves  (Trans.  Am.  Math.  Soc.  39  (1927),  914-42) 
and  A.  D.  Michal  and  V.  Elconin  (Proc.  Nat.  Acad.  Sci.  21  (1939),  934-6),  although 
the  latter  also  treat  differential  equations  involving  Banach  spaces. 

••  Cf.  G.  D.  Birkhoff,  “Dynamical  systems”,  p.  9. 
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Digrrasion:  local  hypotheses.  One  can  easily  extend  the  above 
results  to  the  case  where  X(i)  is  defined  only  locally.  To  see  this, 
suppose  X(0  is  defined  only  in  the  sphere  |  p  |  ^  1.  Extend  X  »  X(l) 
to  the  shell  |  9  |  >  1  through  the  equation 

(27)  qX-  q  ^  (q/\q\)X  -  iq/\q\) 

i.e.,  by  nmilarity  from  the  surface  of  the  sphere.  Then  the  algebra  is 
preserved,  |  X(t)  |  is  unchanged,  and  ||  X  ||  is  increased  in  a  ratio  at 
most  two."  Hence  we  can  apply  Theorems  4-10  to  the  extended  X(0- 

To  apply  this  method"  of  extension,  note  that  X(t)  is  defined  through¬ 
out  some  closed  sphere  about  every  point  interior  to  its  domain  of 
definition. 

20.  Application  to  dependent  probabilities.  The  infinitesimal  cal¬ 
culus  of  (linear)  transformations  is  also  fundamental  in  the  theory  of 
dependent  probabilities. 

To  see  this,  suppose  y  is  any  system  whose  transitions  occur  in 
occasional  jumps.  Such  a  system  might  be  an  atom,  bombarded  by 
occasional  cosmic  rays. 

If  y  can  occupy  only  a  finite  number  of  states,  then  the  transition 
probability  can  be  represented  by  a  matrix  P(t,  u)  —  ||  Pi/(<,  u)  ||  , 
whose  coefficients  express  the  numerical  probability  that  y  when  in 
state  t  at  the  instant  t,  will  be  found  in  state  j  at  the  instant  u.  More¬ 
over,  provided  successive  transition  probabilities  are  independent,’* 
t<u<v  implies  p,,(f,  p)  =  S  Pi*(f,  u)pty(u,  v).  In  the  notation  of  matrix 

algebra,  P(t,  p)  =  P(t,  u)P(u,  v). 

Consequently  if  P(0,  t)  *  P(t)  has  a  group-inverse  (and  this  is  the 
case  for  sjrstems  whose  transitions  occur  by  occasional  jump>8),  then 
P(t,  u)  ■»  P~’(t)P{u).  And  so"  the  rate  of  transition 

LimAi-s)  ^  [Pit,  t  -i-  At)  —  IJ  of  7,  as  usually  understood,  is  the  product 
Ot 

derivative  of  the  matrix-function  pit). 

**  This  depends  on  the  lemma:  if  |  p  |  •■  |  9  [  —  1,  andO  ^  X  ^  1,  then  |  p  —  X9 1 
2  H  P  ~  9  !•  We  shall  omit  details. 

"  There  are  undoubtedly  other  methods  -potential  theory  suggests  defining 
Xi(x;  <)  as  the  potential  at  x  caused  by  the  potential  X|(x;  t)  on  the  surface  of  the 
domain  of  definition. 

'*  This  is  the  definition  of  independent  probabilities.  For  the  theory  of  de¬ 
pendent  probabilities,  the  reader  is  referred  to  Kolmogoroff,  Math.  Annalen,  vol. 
104  (1931),  p.  416. 

**  Caution:  P~‘(0  need  not  be  the  matrix  of  probabilities  from  effect  to  cause. 
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TheHP  considerstiotiB  extend  to  nyetems  having  any  Boolean  algebra  of 
qualities — except  that  P(t)  is  a  bounded  linear  operator  on  a  Banach 
space,  instead  of  being  a  finite  matrix.*  But  in  the  case  of  systems 
whose  state  is  changing  corUinuomly,  P(l)  becomes  unbounded — and  so 
the  theory  breaks  down. 

From  Theorems  4  and  8,  we  conclude  as  a  corollary  (since  the  bounded 
linear  operators  on  any  Banach  space  are  an  analytical  group), 

Theorem  17 :  Any  continuously  varying  rate  of  transition  is  associated 
with  a  (unique)  one-parameter  family  of  transition  probabilities. 

Further,  since  every  linear  operator  near  I  has  exactly  one  square  root, 
and  since  dyadic  approximation  yields  in  the  limit  a  unique  one-param¬ 
eter  subgroup  generated  by  a  bounded  infinitesimal  linear  operator  Q, 
we  obtain 

Theorem  18:  If  P(t,  u)  depends  only  on  u  —  1,  and  if  P(t,  u)  is  con¬ 
tinuous,  then  P(t,  u)  »  exp  [(u  —  0(?I  I'M  a  constant  derivative  Q  (tem¬ 
porally  homogeneous  case). 

III.  Lebesgue  Integration 

21.  Relation  to  Riemann  integral.  A  Lebesgue  product  integral 
can  be  obtained  from  the  Riemann  integral  defined  in  {6  by  making 
four  changes.  To  see  this,  recall  the  conclusions  of  Chapter  II  con¬ 
cerning  continuous  functions  with  bounded  Z/-modulus. 

It  was  shown  (cf.  (§9-10)  that  as  |  r  |  — »  0,  the  products 

n[ZA«:).|A;i] 

converged  to  J(X).  (Recall  that  the  A*  are  subsegments,  finite  in 
number,  of  segments  A»  of  the  domain  [a,  b]  of  integration.) 

Suppose  we  consider  instead — in  the  spirit  of  Lebesgue — the  wider 
class  of  products 

(28)  |:[EA'(i;).|«r;] 

where  (a)  the  subsets  at  are  any  measurcMe*'  sets,  and  (b)  they  may  be 
countable  in  number. 

And  suppose— to  make  convergence  as  likely  as  possible — we  (c) 

**  For  the  details,  cf.  the  author’s  article  *‘On  dependent  probabilities”,  to 
appear  in  the  Annals  of  Mathematics. 

**  In  the  sense  of  Borel-Lebesgue;  we  denote  by  |  #  |  the  meaaure  of  #. 
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require  t  cl,  and  (d)  conaider  the  cl  as  intrinsic  to  a  partition — i.e., 
admit  as  subpartitions  of  a  partition  v  into  ^  and  then  (within  each 
Ak)  cl,  only  partitions  subsegments  A/  of  the  At  and  then  (within 
each  aI)  subsets  c^^  of  the  cl. 

That  is,  suppose  we  deal  with  “double  partitions” — first  into  seg¬ 
ments  Ai ,  •  •  •  ,  A.  ,  and  then  of  each  At  into  finite  or  countable  meas¬ 
urable  subsets  cl .  And  suppose  we  introduce  as  above,  the  notion  of  a 
subpartition  of  a  double  partition.  Then  since  any  two  double  partitions 
v:  (a,  6)  — »  A  — »  and  w*:  (o,  6]  — ♦  Aif  — ►  cl"  have  a  “product”  mr*: 
[a,  6)  — »  AiA*  — ♦  cl  which  is  a**  subpartition  of  both,  the  key  con¬ 
sideration  of  {9  applies. 

22.  Trivial  properties.  These  properties  of  double  partitions  indicate 
that  at  least  certain  crude  properties  hold  under  the  following 

Definition:  X(0  is  L-integrable  on  [a,  b]  if  and  only  if  to  each  neigh¬ 
borhood  U  of  some  J(X)  (called  the  “L-integral”  of  X{t)  on  (o,  b))  cor¬ 
responds  a  double  partition  v(U)  of  [a,  b]  such  that  v  ^  v(U)  implies 

(29)  n  [E  Xitl) .  I  cl  l]  «  n[tl .  cl] 

For  example,  it  shows  that. 

Theorem  19:  No  X(t)  has  more  than  one  integral. 

Proof:  Suppose  J  and  J'  were  distinct  integrals  of  X{t)  over  (o,  b]. 
They  would  have  disjoint  neighborhoods  U  and  U' — and  the  product 
partition  v(U)v(U')  would  yield  through  (29)  elements  in  U  and  U' 
simultaneously — which  is  impossible  since  U  H  U'  »  0. 

Theorem  20:  If  a  ^  b  ^  c,  and  if  X(t)  is  L-integrable  on  [a,  b]  to  J 
and  on  [b,  c]  to  J',  then  it  is  Z/-integrable  on  [a,  c]  to  JJ\ 

Proof :  Identical  with  that  of  Theorem  6. 

Finally,  it  is  obvious  that 

Theorem  21:  The  function  X(i)  ■  0  is  L-integrable  to  0  on  any 
[a,  b].  Also,  Lebesgue  integrals  are  invariant  under  rigid  translations 
<  — » o  +  f  of  the  domain  of  integration. 

The  above  results  are  extremely  general:**  they  hold  provided  the 

**  By  AiS*  we  mean  the  non-void  aet-producte  of  the  A<  and  A*,  and  similarly 
with  the  clc^.  The  AiA*  are  disjoint  segments  of  (a,  b],  and  the  clc^  are  dis¬ 
joint  measurable  subsets  of  the  AiA*. 

**  So  is  the  definition  of  integrability:  cf.  {28. 
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values  of  X(t)  lie  in  a  linear  space  in  which  a  topology  and  a  multiplica¬ 
tion  continuous  in  that  topology,  are  defined. 

23.  Further  desiderata.  But  there  are  other  properties  which  one 
expects  from  a  product  integral,  which  cannot  he  established  so  easily. 
What  can  we  say  about 

(30a)  The  L-integrability  of  even  constant  functions:  (This  depends 
on  the  properties  listed  in  §|9-10:  on  compUtenea*,  on  xox  being  nearly 
X  X  near  0,  and  on  multiplication  being  uniformly  continuous.) 

(30b)  Reciprocity  of  L-integrals  with  derivatives  (i.e.,  relation 
between  definite  and  indefinite  integrals?)  It  is  conceivable  that  there 
exist  two  infinite  sequences  of  functions  Xk(t)  and  Yk(t),  such  that 

^*(w)  “  j  Xt(t)dt  and  Xk^i{t)  «  d/(U[Yk{i)\  identically,  and  yet  such 

that  the  successive  T*(0  are  unrelated. 

(30c)  Consistency  with  Riemann  integration?  How  do  we  know 
that  R-integrable  functions  are  /..-integrable?  Or  that  when  they  are 
Z/-integrable,  their  L-integral  coincides  with  their  R-integral? 

(30d)  Invariance  of  /v-integrals  under  analytical  group-isomorphisms 
— i.e.,  is  L-integration  independent  of  the  choice  of  an  (extrinsic**) 
coordinate  system? 

24.  Functiona  of  class  {AL).  We  shall  establish  properties  (30a)- 
(30d),  but  for  a  restricted  class**  of  functions,  functions  “of  class  {AL)" — 
whose  definition  is  suggested  by  the  ideas  of  §§9  10. 

Indeed,  a  function  X(t),  the  space  of  whose  values  is  complete,  is 
L-integrable  provided  the  differences 

(31)  n  [z  W'U;  i]  -  II  [s  x(i;')i»;'i] 

are  small  for  all  subpartitions  v'  of  suitable  double  partitions  r.  And  if 
multiplication  is  uniformly  continuous,  this  difference  is  .small  provided 
the  sum  of  the  differences** 

**  If  R  is  an  analytical  group,  then  canonical  parameters  give  one  an  ta/nnsic 
coordinate  system  (linearisation),  and  so  this  difficulty  can  be  disposed  of.  Also, 
with  linear  spaces,  we  have  canonical  parameters  to  start  with,  and  again  it  is 
absent. 

**  Which,  however,  includes  all  Lebesgue  integrable  real  functioiul 
**  FIxplanation  of  notation:  ^»ik) ,  •••  >  are  the  subsegments  into  which 

r'  divides  At . 


i 


ox  PRODUCT  INTEGRATION 


127 


0 


(32) 

is  small. 
(320 

(32'0 


Lx(ir)-|.;i-  ‘fi'  rz.y(i;')  k;'ll 

•  y-*(*)  L »  J 

And  the  differences  (31)  can  be  divided  into  two  parts, 


L  x(ir)-|.;i 

*+(*) 


>-«(*)  »-*(*) 


[z,  -  z  x«;')-i«;'i] 


The  sum  of  the  (32')  is  small  (when  the  topology  is  convex)  provided  the 
oscillation  of  X{ti)  on  each  0“  is  small.  And  the  sum  of  the  (32") 
is  small  if  sums  and  products  differ  by  comparatively  little  on  each  A*  . 

Now  suppose  the  X(t)  are  in  some  .  To  insure  uniform  continuity, 
we  only  need 

(33a)  «upEl|A'(f:)||-|«r;i  -  A-  <  +  00 

mjt 


for  some  double  partition  r.  .  For  if  (33a)  holds,  then  by  the  convexity 
of  II  X  II  it  holds  for  all  subpartitions  of  r, ,  while  by  (16')  and  the 
lower  semi-continuity  of  ||  X  ||,  |  AXB  —  AVB  |  e**|  X  —  F  |  for 

all  products  (29). 

Again,  to  insure  the  absolute  convergence  of  all  sums,  we  need 
(33b)  supE  |X«r)|-|<r;  -  X*  <  +  oc 

m.h 

for  some  double  partition  n.  If  (33b)  holds,  then  by  the  convexity  of 
j  X  I,  it  holds  for  all  subpartitions  of  n. 

Finally,  to  insure  that  (32')  is  small,  we  need,  for  some  double  partition 
ir(c)  and  any  c  >  0, 

(33c)  E|oscX(f;)|.|«r;|  <« 


Definition:  By  a  function  "of  class  (AL)’’,  will  be  meant  one  satisfying 
(33a)-(33c). 

Theorem  22:  Any  function  of  class  (AL)  is  Lebesgue  product  in- 
tegrable. 

Proof:  Denote  by  x*  the  product  (33a)-(33c)  will  hold  on  w* 

and  on  all  its  subpartitions  w.  For  some  such  x  and  all  its  subparti¬ 
tions  x', 

(34)  E  II  X{tt)  II  •  I X*  I  <  Log  (1  -1-  *)  on  each  A* 

m 
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Now  consider  the  crucial  differences  (32')-(32");  since  1  AXB  —  A  YB  | 
^  e*  •  1  X  —  F  I  (uniform  continuity)  we  need  only  show  that  the  sum  of 
their  absolute  values  is  small.  By  (33c),  thettum  of  the  (32')  is  at  most 
«.  And  by  (18*),  (33b),  and  (34),  the  sum  of  the  (32")  is  at  most  tK*. 
This  completes  the  proof. 


25.  Properties  of  the  integral.  So  much  for  (30a);  we  can  also  show' 
that  functions  of  class  (AL)  satisfy  (30b)-(30c).  For  example 
Theorem  23:  If  a  function  of  class  (AL)  is  /^-integrable,  its  A-integral 
JuiX)  equals  its  L-integral  Jl{X). 

Proof:  Every  double  partition  is  in  the  first  instance  a  "Riemann" 
partition  into  segments  (this  is  the  key) ;  hence  by  taking  a  product  of 
suitable  partitions  we  get  a  double  partition  r  such  that  for  all  r'  ^  w, 

any  fl  X(tk) •  |  A*  |  is  within  c  of  Jb{X),  and  any  fl  X{tk) •  | »?  | 

L  ■ 

IS 

XI  Zt  is  within  c  of  JiiX). 

k-l 

Moreover,  we  can  approximate  arbitrarily  closely  to  the  Z*  by  finite 
sums,  to  these,  using  (18*)  and  a  suitable  ir',  by  the  corresponding  finite 

products.  And  these^  are  H  X(/*)*|  A*  |  for  some  »"  ^  w'  ^  t.  In 

k-l 

summary,  we  can  find  c-approximations  to  J«(X)  and  Jl{X)  which 
are  within  cof  each  other,  from  which  the  conclusion  follows  immediately. 


Theorem  24:  If  X(0  is  of  class  (AL)  on  (a,  6),  then  W(t)  ■*  —  X(o  + 

6  —  0  is  of  class  (AL)  on  (a,  6),  while  j  X(t)dt  and  j  W{t)dt  are  inverse 
to  each  other. 


The  proof  is  identical  with  that  of  Theorem  7 ;  the  only  comment  which 
is  needed  being  the  comment  that 

Zx(fr)-|<r;|  =  -L  IF(a  +  6 -O-la;  forallk 

m  m 


Theorem  25:  If  X(t)  is  of  class  (AL),  then  its  L-integral  is  differ- 

**  To  get  w"  explicitly,  chose  r'  so  that  the  ^  |  |  •  |  At  |  are  small  for 

• 

all  k.  Then  use  the  purely  geometrical  lemma:  each  partition  of  an  interval 
into  a  finite  number  of  measurable  subsets  has  a  subpartition  v"  whose  subsets 
are  in  one-one  correspondence  with  disjoint  subsets,  where  corresponding  sets  (1) 
are  of  the  same  measure,  and  (2)  overlap. 
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entiable  almost  everywhere  to  X(0,  is  “absolutely  continuous”,  and  of 
bounded  Lipschits  modulus.** 

Proof  of  first  assertion:  In  virtue  of  Theorems  24  and  20,  we  need  (cf. 

1 

the  proof  of  Theorem  8)  only  show  that  -  J  X(t)dt-*  X(c)  for  almost 

all  c  on  its  domain.  The  key  to  the  proof  of  this  is  Lebesgue’s  density 
theorem  (8.  Saks,  L’Integrale  p.  55):  each  a*  in  (33a)-(33c)  has  density 
one  at  almost  all  its  points.  But  now  by  (33a),  given  «*  >  0,  we  can 
ignore  all  but  a  finite  number  of  »  and  the  effect  on  the  difference 

quotients  -I  X(t)  dt  will,  except  in  a  set  of  measure  ^  y/^,  be  at  most 

2y/^.  As  for  the  remaining  0“,  by  the  density  theorem  and  the  fact 
that  by  (33a)  |  X(f)  |  is  bounded  on  each  aH ,  we  aee  that  whenever  c  is  a 
density  point,  we  need  consider  only  contributions  from  X(ti).  And  by 
(33c)  and  (18*),  except  on  of  measure  —  a)]*,  these  make 

the  difference  quotient  vary  from  X(c)  by  ^  2(€*e**/(6  —  a)]*. 

Proof  of  second  assertion:  By  “absolute  continuity”,  we  mean  that  if 
Y(u)  »  X(0df  is  regarded  as  a  path  in  Os ,  then  the  sum  of  the  lengths 
of  the  images  in  Os  of  disjoint  intervals  of  [a,  b]  having  a  total  length  17, 
tends  to  sero  uniformly  with  17.  By  Tonelli’s  classic  lemma  on  the  lower 
semi-continuity  of  length,  to  prove  this  one  need  only  prove  it  for  all 

2  X(<*)  •  I  ffk  I  J.  For  these  it  follows  from  the  negligibility  of  all 

but  a  finite  number  of  a*  in  (33a)-(33c),  the  boundedness  of  X{t)  on  the 
others,  and  (17*). 

Proof  of  third  assertion:  By  (33a)  and  (16')i  ||  Jwix)  ||  <  e*  for  all 
subpartitions  of  t,  .  By  the  lower  semi-continuity  of  ||  X  ||,  the  same 
is  true  of  ||  J(X)  || . 

Theorem  26:  If  Y'{t)  *  X(t)  almost  everywhere,  if  F(0  is  absolutely 
continuous  and  Y(t)  uniformly  bounded,  and  if  X(t)  is  of  class  (AL), 

then  y(u)  -  Y{a)oj*  X{t)dt. 

Proof:  Set  Z(u)  »  F(a)«  j  X{t)dt,  and  consider  the  real  function 

**  Theorema  25-6  generalize  clauic  theorems  of  Lebesgue.  Cf.  de  la  VallM- 
Pouaain,  "Cours  d’Analyse  InfinitMimale”,  Paris,  1914,  260,  266.  The  generali¬ 
sation  to  functions  with  values  in  a  Banach  space  has  been  effected  by  Bochner; 
cf.  128. 
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F(t)  ■■  I  Z(0  —  K(0  I  •  Clearly  Fit)  is  absolutely  continuous.  And  at 
those  points  t  where  K'(<)  *»  XU)  *■  Z'(0 — which  by  Theorem  25  and 
assumption  means  almost  everywhere,  we  can  prove  as  in  Theorem  9 
that  the  upper  right-derivative  of  Fit)  is  bounded  by  MFit).  Hence 
by  real  function  theory,  since  f'(a)  «  0,  Fit)  is  identically  lero,  proving 
the  theorem. 

26.  Inrariaiice  of  theory  under  group-isomorphitms.  We  have  seen 
(Theorem  12)  that  derivatives  are  preserved  under  group-isomorphisms 
differentiable  at  0.  It  follows  by  Theorems  25-6  that  the  integraU  of 
functions  of  class  (Al)  are  preserved  under  group-isomorphisms  differ¬ 
entiable  at  0. 

These  remarks  cover  (30d);  as  in  Theorem  13,  we  also  know  that 
integrals  of  functions  of  class  (AL)  with  values  in  an  analytical  group, 
are  preserved  under  all  topological  group  isomorphisms. 

27.  The  Denjoy  integral.  One  natrally  asks,  can  the  Denjoy  integral 
as  well  as  the  I^ebesgue  integral  be  extended  to  functions  with  other  than 
real  values? 

If  (cf.  Saks,  “Theorie  de  I’integrale”,  pp.  205,  209;  fi27  has  meaning 
only  when  read  relative  to  that  context)  one  uses  the  definition  of  the 
Denjoy  integral  as  the  Lebesgue  integral  “completed”  by  two  operations 
(C)  and  (H),  one  sees  that  (1)  condition  (C)  can  be  extended  to  the  most 
general  product  integrals,  (2)  condition  (H)  can*  be  extended  without 
modification  to  functions  with  values  in  Banach  spaces,  but  (3)  in  the 
case  of  non-commutative  multiplication,  there  is  no  reason  for  supposing 
that  the  h3rpotheses  of  (H)  imply  the  convergence  of  the  finite  products 
corresponding  to  the  interpolation  of  finite  sets  of  intervals  /*  in  their 
proper  places,  and  so  one  has  to  modify  (H)  by  saying  “and  if  the  finite 
products  .  •  •  converge,  then  •  •  •  ”. 

By  this  means,  one  obtains  a  product  integral  which  specialises  to  the 
Denjoy  integral  in  the  case  of  real  functions.  Only,  in  the  commutative 
case,  part  of  the  definition  becomes  redundant. 

28.  The  commutative  case.  A  large  part  of  the  theory  of  integration 
of  functions  with  values  in  a  Banach  space  is  contained  in  the  above  as 
the  special  case  ||  X  ||  *  0,  XY  ^  X  +  Y. 

**  Because  the  suras  of  the  integral  over  B  with  those  over  finite  sets  #  of  /« 
converge  as  v  “swells”  (in  the  terminology  of  Moore)  provided  they  do  for  the  /* 
separately;  this  is  not  clear  in  the  non-commutative  case. 
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ReUtive  to  these  definitions,  any  Banach  space  satisfies  the  hypothe¬ 
ses  used  above  on  the  range  of  X(l).  Moreover,  the  domain  of  X(0 — 
which  has  to  be  a  line  except  when  multiplication  is  commutative" — 
can  now  be  any  abstract  “space”  with  a  v-ring  of  measurable  sets  whose 
measures  are  completely  additive. 

Indeed,  without  generalising  the  domain,  we  obtain  Graves’  theory  of 
Riemann  integration  as  a  Corollary  of  Chapter  II;  generalising  the 
domain,  we  obtain  most  of  Bochner’s  theory  of  Lebesgue  integration." 

Finally,  with  the  generalised  domain,  the  definition  of  //-integration 
specialises  to  the  author’s  integral"  for  functions  with  values  in  a  Banach 
space — provided  summability  means  unconditional  summability  (which 
is  somewhat  more  general  than  absolute  summability).  It  follows  from 
known  counter-examples  (op.  cit.,  p.  375)  that  Theorems  25-6  are  not 
true  for  all  integrable  resp.  differentiable  functions. 

Some  proofs  become  much  simpler  in  the  case  of  Banach  spaces; 
thus  that  of  Theorem  23  does:  if  X(t)  is  A-integrable,  then  it  is  bounded 
and  the  double  partitions  based  on  any  Riemann  partition  t  give  one 
series  converging  absolutely  to  elements  in  the  closure  of  the  convex 
hull  of  J,(X). 

Also,  when  the  values  of  the  integrand  lie  in  a  Banach  space,  integrals 
have  further  formal  properties,  which  can  be  found  in  any  text  on 
integration. 

For  a  bibliography  on  product  integration,  the  reader  is  referred  to 
G.  Rasch,  “Zur  Theorie  und  Anwendung  des  Produktintegrals”,  Crelle’s 
Jour.  171  (1934),  65-119. 

29.  Analytical  displacements  of  one  complex  variable.  Let  /C  be  the 
complex  plane.  Consider  the  subset  12*  consisting  of  analytic  functions 
zX  «  wit)  defined  on  |  z  |  <  1 . 

**  Otherwise  there  is  no  natural  way  to  order  the  A*  ,  and  the  X  (<*)  •  |  A*  | 

would  not  converge  to  a  limit. 

L.  M.  Graves,  “Riemann  integration  and  Taylor’s  Theorem  in  general 
analysis’’,  these  Transactions  29  (1927),  16^-77.  S.  Bochner,  “Integration  von 
Funktionen,  deren  Werte  die  Elemente  eines  Vektorraumes  sind’’,  Fund.  Math.  20 
(1933),  262-76.  Bochner’s  “messbare  Funktionen”  are  of  class  (AL)  in  our  sense 
—and  so  his  theorems  on  the  reciprocity  of  integration  and  differentiation  are 
corollaries  of  our  Theorems  26-6.  Historical  note:  An  in&nitesimal  calculus  of 
vector- valued  functions  was  already  used  by  Grassmann  (cf.  1844  “Ausdehnungs- 
lehre”,  105,  and  1862  “Ausdehnungslehre”,  Part  II,  Chape.  2-4). 

**  Cf.  ’’On  the  integration  of  functions  with  values  in  a  Banach  space”,  Trans. 
Am.  Math.  Soc.  (1936),  367-78. 
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Then  II  X  II  —  sup  I  d/dz{w  —  *)  |.  Moreover,  within  the  subset 
II  X  II  ■  Af,  the  metric  topology  |  X  —  K  |  coincides  with  the  topology  of 

the  coeflScients  a*  of  tr(«)  «  ^  o***.  For  if  |  X,  —  X  |  — *  0,  then  by 

—0 

Cauchy’s  integral  formulas  for  the  derivatives  of  w(z),  the  coefficients  of 
tend  to  those  of  w{t).  While  the  converse  holds  by  uniform 
convergence  and  the  boundedness  of  the  a*  in  every  circle  interior  to 
1*1  <  1. 

It  is  a  corollary  (provable  by  the  diagonal  process)  that  the  subsets 
II  X  II  S  Af  are  compact.  Hence  our  theory  of  integration  applies  to 
these  subsets — and  we  make  an  interesting  contact  with  a  type  of 
infinite  continuous  group." 

Habvabd  Unitbbsitt. 

**  H.  CartBO,  “Sur  Im  groupes  de  trmnat.  Boalytique”,  Actualite  198,  Paris 
(1985)  gives  an  interesting  treatment  which  seems  to  point  in  the  same  direc* 
tion  as  ours.  We  are  using  the  Doppelreihensati  of  Weierstrass  in  paragraph 
two  of  129. 
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A  TABLE  OF  PLANCK’S  FUNCTION  FROM  3500  TO  8000"K 
Bt  Pamt  Moon 

The  growing  use,  in  science  and  engineering,  of  Planck’s  equation 
for  the  radiation  from  a  blackbody  emphasises  the  need  for  more 
satisfactory  tabulated  values  of  this  function.  In  photometry  and 
radiometry,  stress  is  being  laid  to  an  increasing  extent  upon  calculations 
based  on  blackbody  radiation.  In  colorimetry  a  similar  movement 
is  in  progress — a  movement  that  has  been  particularly  marked  since 
1931,  when  the  C.I.E.  standard  distribution  coefficients  were  introduced. 
A  number  of  tables  of  Planck’s  function  are  available,  but  all  have 
disadvantages  when  values  are  to  be  obtained  with  the  minimum  of 
calculation. 

Planck’s  equation  is 


“  X*  _  1 

where  Jx  “  spectral  radiosity*  of  a  blackbody  (watts  cm“*  micron“‘) 
at  wavelength  X. 


X  «  wavelength  (microns) 

T  “  absolute  temperature  (*/C) 

Cl  -  36970  • 

C*  -  14320  * 

Upon  looking  at  the  equation,  one  is  struck  by  the  possibility  of  making  a 
table  of  single  entry  by  introducing  new  variables  such  as 


*  According  to  R.  T.  Birge,  Phya.  Rev.  Suppl.,  1,  1029,  p.  1. 

*  Parry  Moon.  Scientific  Basis  of  Illuminating  Engineering.  McOraw-Hill, 
1936,  p.  646. 
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Tables  of  this  nature  have  been  given  by  Jahnke  and  Emde,*  Frehafer 
and  Snow/  Fabry/  and  Yamauti  and  Okamatu/'*  Since  there  is  only 
one  independent  variable,  the  table  can  be  condensed  into  comparatively 
small  space  while  still  covering  the  entire  range  of  wavelength  and 
temperature.  These  tables,  however,  are  anything  but  satisfactory. 
Interpolations  are  nearly  always  necessary;  and  the  labor  entailed  in 
the  interpolations,  as  well  as  in  the  computation  of  x  from  the  known 
value  of  X  and  T  and  the  computation  of  J\  from  the  interpolated 
value  of  y,  is  considerable.  In  fact,  comparative  tests  showed  that 
Jx  could  be  computed  directly  from  Eq.  (1)  more  easily  than  it  could  be 
obtained  from  the  Yamauti  and  Okamatu*  tables,  a  logarithm  table  and 
a  modem  calculating  machine  being  used  in  both  cases. 

Evidently  present  needs  require  a  table  of  double  entry,  with  the  two 
independent  variables  X  and  Tables  of  this  kind  have  been  computed 
by  Forsythe,^  Fowle,*  Frehafer  and  Snow,*  and  Skogland.'*  These 
tables  are  based  on  values  of  either  14330  or  14350  for  Ct ,  instead  of  the 
international  standard  value**  of  14320.  The  change  to  14320  is  easily 
made  with  existing  tables,  but  requires  additional  computation  which 
tends  to  reduce  the  serviceability  of  the  tables.  The  Skogland  results 
are  being  used  extensively,  both  in  this  country  and  abroad,  but  they 
cover  only  a  limited  range  of  temperature  and  are  confined  to  the  visible 
spectrum.  The  Fowle  table  and  the  Frehafer  and  Snow  table  are  not 
subject  to  these  restrictions  in  temperature  and  wavelength  but  the 
values  are  in  general  calculated  to  only  2  or  3  significant  figures. 

A  new  table  of  Planck’s  function  is  being  calculated  at  Massachusetts 

'  Jahnke  and  Emde,  Funktionentafeln.  Teubner,  Laipiig,  1933.  Planckache 
Btrahluncsfunktion,  p.  44. 

*  Frehafer  and  Snow,  Tables  and  Graphs  for  Facilitating  Computations  of 
Spectral  Energy  Distribution.  Bu.  Stds.  Mac.  Pub.  No.  50,  1925,  Table  I. 

*  C.  Fabry,  Introduetfon  gOnOrale  a  la  photomOtrie.  Paris,  1927,  p.  121. 

*  Yamauti  and  Okamatu,  Tables  of  Planck’s  Formula  of  Radiation.  Res.  El. 
Ub.,  Tokyo,  No.  395,  1936. 

*  Res.  El.  Lab.,  Tokyo,  No.  402, 1936. 

'  W.  E.  Forsythe,  1919  Report  of  Standards  Committee  on  Pyrometry.  J.  O. 
8.  A.,  4,  1920,  p.  331. 

*  F.  E.  Fowle,  Radiation  from  a  Perfect  (Blaokbody)  Radiator.  Int.  Crit. 
Tables,  V,  pp.  239-241.  MeOraw-HiU,  1929. 

*  Frehafer  and  Snow,  Bu.  Stds.  Misc.  Pub.  No.  56,  1925,  Table  II. 

'*  J.  F.  Skogland,  Tables  of  Spectral  Energy  Distribution.  Bu.  Stds.  Misc. 
Pub.,  No.  86,  1929. 

»  G.  K.  Burgees,  The  International  Temperature  Seale.  Bu.  Stds.  J.  R.,  1, 
1928,  p.  635. 
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TABLE  I 


T 

Ci/T 

T 

CUT 

T 

Ci/T 

aooo’K 

3.1095 

48491 

2360*K 

2.6464 

24247 

2700*K 

2.3033 

60252 

aoio 

3.0940 

78100 

1  2360 

2.6352 

10585 

2710 

2.2948 

60734 

2020 

3.0787 

60881 

1  2370 

2.6240 

91553 

2.2864 

32713 

2090 

3.0636 

94671 

2380 

2.6130 

65058 

2.2780 

57502 

2040 

3.0485 

76951 

1  2390 

2.6021 

32628 

2740 

2.2607 

43423 

2060 

3.0337 

06844 

1  2400 

2.5912 

90400 

2750 

2.2614 

89611 

3.0189 

79116 

1  2410 

2.5806 

38166 

2760 

2.2532 

96007 

2070 

3.0043 

94676 

!  2420 

2.5698 

74785 

2770 

2.2451 

61364 

2.9899 

50471 

I  2430 

2  5592 

90169 

2780 

2.2370 

85244 

2090 

2.9756 

44488 

2440 

2.5488 

10238 

2790 

2.2290 

67018 

2100 

2.9614 

74753 

2450 

2.5384 

06031 

2800 

2.2211 

06065 

2110 

2.9474 

39327 

2460 

2810 

2.2132 

01772 

2120 

2.9335 

36311 

2470 

2.5178 

53028 

53539 

2130 

2.9197 

63840 

2480 

2.5077 

00395 

2.1975 

60770 

2140 

2.9061 

20084 

!  2490 

2.4976 

29300 

2.1898 

2150 

2.8926 

08246 

2500 

2.4876 

38792 

2.1821 

30291 

2100 

2.8792 

11565 

1  2510 

2.4777 

27880 

2860 

2.1745 

2170 

2.8659 

43309 

1  2520 

2.4678 

95627 

2870 

2.1669 

32745 

2180 

2.8527 

96780 

2530 

2.4581 

41099 

2880 

2.1594 

08673 

2190 

2.8397 

70810 

2540 

2.4484 

63378 

2890 

2.1519 

36671 

2.8268 

62264 

2550 

2.4388 

61561 

2900 

2.1445 

16200 

2210 

2.8140 

71032 

2560 

2.4293 

34758 

2910 

2.1371 

46728 

‘2220 

2.8013 

95036 

2670 

2.4198 

82093 

2.1298 

27733 

2230 

2.7888 

32726 

2580 

2.4106 

02705 

2.1225 

58696 

2240 

2.7763 

82580 

2590 

2.4011 

96745 

2.1153 

39109 

2250 

2.7640 

43102 

2600 

2.3919 

60377 

2.1081 

68468 

2260 

2.7518 

12823 

2610 

2.3827 

95778 

2.1010 

46277 

2270 

2.7396 

90800 

2620 

2.3737 

01137 

2070 

2280 

2.7278 

74114 

2630 

2  3646 

75668 

2980 

45295 

2290 

2.7157 

62873 

2640 

2.3557 

18553 

2900 

65545 

2300 

2.7089 

55209 

2650 

2  3468 

29040 

2310 

2.6922 

49775 

2660 

3010 

2.0661 

45176 

2320 

2.6806 

45250 

2670 

2.3292 

49805 

2.6691 

40335 

2680 

2.3205 

58575 

ESS! 

2340 

2.6577 

33752 

2690 

2.3119 

31063 

2.0457 

56685 

2360 

2.6464 

24247 

2700 

2  3083 

66252 

2.0390 

48190 
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TABLE  I — Continued 


T  ! 

Ci/T  T  1 

CWT 

T 

CUT 

30M)°K  j 

2.0300 

48100  ! 

1 

j  3400°K 

1.8291 

46171  1 

1  6000°K 

1.0365 

16163 

3060  1 

2.0323 

84634 

3410 

1.8237 

82105 

1  6100 

1.0105 

24095 

3070  1 

2.0257 

64488 

1  3420 

1.8184 

40400  1 

1  6200 

1.0030 

80158 

3000  1 

2.0101 

87331 

3430 

1.8131 

47807  i 

1  6300 

0.9871 

58251 

3000 

!  2.0126 

52744 

3440 

1.8078 

77029  i 

j  6400 

0.9717 

33003 

3100 

2.0061 

60816  1 

1  3450 

1.8026 

36806 

6500 

0.0567 

84151 

3110 

1.9007 

09640  1 

3460 

1.7974 

26873 

6600 

0.9422 

87421 

3120 

1.9033 

00314  1 

1  3470 

1.7022 

46068  1 

6700 

0.9282 

23430 

3130 

1.9860 

31942  1 

1  3480 

1.7870 

06833  1 

6800 

0.9145 

73085 

3140 

1.0806 

04134  1 

1  3400 

1.7810 

76212  1 

1 

6000 

0.9013 

18403 

3150 

1.0743 

16501  1 

!  3500 

1.7768 

84852 

7000 

0.8884 

42426 

3160 

1.0680 

68664  { 

1  3600 

1.7275 

26030 

7100 

0.8750 

29152 

3170 

1.9618 

60246  ! 

1  3700 

1.6808 

37022 

7200 

0.8637 

63460 

3180 

1.0556 

00874  < 

1  3800 

1.6366 

04460  1 

7300 

0.8510 

31003 

3100 

1.9495 

60182  ' 

1  3900  I 

1.5946 

40252  1 

7400 

0.8404 

18511 

3200 

1.9434 

67807  , 

1  4000 

1.5547 

74245  1 

1  7500 

0.8292 

12931 

3210 

1.9374 

13380 

4100 

1.5168 

52922  1 

7600 

0.8183 

02234 

3220 

1.9313 

96577 

4200 

1.4807 

37376 

7700 

0.8076 

74933 

3230 

1.9254 

17021 

4300 

1.4463 

01623 

7800 

0.7973 

20126 

3340 

1.9194 

74376 

4400 

1.4134 

31132 

7000 

0.7872 

27466 

3250 

1.9135 

68301 

4500 

1.3820 

21551  j 

8000 

0.7773 

87123 

3260 

1.0076 

98460 

4600 

1  3510 

77604  I 

8100 

0.7677 

89751 

3270 

1.0018 

64520 

4700 

1.3232 

12123 

8200 

0.7584 

26461 

3380 

1.8060 

66152 

4800  j 

1.2956 

45204 

8300 

0.7492 

88703 

3200 

1  1.8903 

1 

03083 

4900  1 

1.2602 

03465 

8400 

0.7403 

68688 

3300 

1.8845 

74843 

5000 

1  2438 

19396 

8500 

0.7316 

58468 

3310 

1.8788 

81263 

5100 

1.2194 

30780 

8600 

0.7231 

50812 

3320 

1.8732 

21982 

5200 

1.1959 

80188 

8700 

0.7148 

38733 

3330 

1.8675 

96690 

5300 

1.1734 

14524 

8800 

0.7067 

15566 

3340 

1.8620 

05084 

5400 

1.1516 

84626 

8900 

0.6987 

74942 

3350 

1.8564 

46860 

5500 

1.1307 

44905 

9000 

0.6010 

10776 

3360 

1.8509 

21720 

5600 

1.1105 

53032 

9100 

0.6834 

17251 

3370 

1.8454 

29371 

5700 

1.0910 

60645 

9200 

0.6759 

88802 

3380 

1.8309 

69521 

5800 

1.0722 

58100 

0300 

0.6687 

20105 

3300 

i  1.8345 

41882 

5900 

1.0540 

84234 

0400 

0.6616 

06062 

3400 

1.8291 

46171 

6000 

1.0365 

16163  1 

9500 

0.6546 

41787 
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TABLE  l-Conelmded 


T 

CUT 

T 

ci/r 

T 

CUT 

ObOO’K 

0.6M6 

41787 

lODOO^K 

0.6210 

IffHI 

15000‘'K 

0.4146 

06465 

0600 

0.6478 

22602 

11000 

0.5653 

72453 

16000 

0.3886 

93561 

0700 

0.6411 

44010 

12000 

0.5182 

17000 

0.3658 

29234 

0800 

0.6346 

01733 

13000 

0.4783 

18000 

0.3455 

05388 

9000 

0.6281 

91614 

14000 

0.4442 

21213 

19000 

0.3273 

20894 

10000 

0.6210 

00698 

15000 

0.4146 

06465 

0.3100 

54849 

Institute  of  Technology  for  temperatures  from  2000  to  8000*’K,  10- 
degree  intervals  being  employed  from  2000  to  3500  and  lOO-degree 
intervals  from  3500  to  8000.  The  portion  of  the  table  from  3500  to 
8000°K  has  been  completed,  and  it  was  thought  advisable  to  publish 
this  section  now  rather  than  to  await  the  completion  of  the  project. 
Most  of  the  computation  was  done  by  students  paid  by  the  National 
Youth  Administration. 

Actual  computations  were  made  by  use  of  the  equation: 

'moTo  r  “i-i 

Jx  ■*  ~  ^  (watts  cm~*  micron"*) . (2) 

The  first  step  was  to  calculate  values  of  Ct/T  for  all  temperatures  likely 
to  be  used  in  practice.  Here  C»  *  0.4342944819  C*  «  6219.096981. 
The  use  of  these  values  (Table  I)  will  expedite  blackbody  calculations 
when  such  must  be  made  outside  the  range  of  the  available  tables.  A 
second  auxiliary  table  (Table  II)  gives  values  of  Ci/X‘. 

In  using  Eq.  (2),  the  computers  first  divided  values  from  Table  I  by  X. 
The  powers  of  10  were  then  read  directly  from  Peter’s  ZehntteUige 
Logarithmen,^*  and  the  multiplications  and  divisions  were  made  on 
electrically  driven  calculating  machines.  Results  were  tabulated  to 
seven  significant  figures  and  were  checked  by  use  of  fifth  differences. 
After  check,  the  seven-figure  results  were  rounded  off  to  five  figures. 
All  the  printed  numbers  have  been  compared  with  the  original  com¬ 
putation  books.  It  is  believed  that  in  general  the  values  of  Table  III 
are  correct  in  the  last  figure,  though  because  of  the  roimding  process 
there  may  be  an  error  in  a  few  instances  of  as  much  as  5  in  the  sixth 
figure. 


'*  J.  Peters,  Zebnetellige  Logerithmen  der  Zahien  von  1  bis  100,000.  Berlin, 
1022,  Bd.  I. 


138 


PARRY  MOON 


TABLE  II 


X 

(mi* 

crona) 

C,A» 

X 

(mi- 

crona) 

C,A» 

X 

(mi- 

crona) 

C,A» 

0.26 

31115 

924.62 

0.60 

47543 

7.2427 

0.05 

47778. 

38042 

0.27 

25765 

028.65 

0.61 

43772 

3.9157 

0.06 

45341. 

22875 

0.28 

21481 

237.37 

0.62 

40354 

4.1009 

0.07 

43051. 

74608 

0.20 

18024 

343.74 

0.63 

37251 

7.5201 

0.98 

40809. 

60108 

0.64 

34430 

9.9558 

0.90 

38875. 

27530 

0.30 

15213 

991.76 

0.31 

12913 

411.24 

0.65 

31862 

7.0682 

1.00 

36970. 

00000 

0.32 

11017 

918.59 

0.66 

29520 

9.1219 

1.10 

22955. 

46131 

0.33 

94466 

91.897 

0.67 

27382 

6.4759 

1.20 

14857. 

41383 

0.34 

81368 

22.938 

0.68 

25427 

5.7167 

1.30 

9057.0 

05880 

0.69 

23637 

6.3362 

1.40 

6873.0 

05953 

0  35 

70389 

71.854 

0.36 

61141 

62.071 

0.70 

21996 

7.8705 

1.50 

4868.4 

77364 

0.37 

53313 

94.629 

0.71 

20490 

7.4303 

1.60 

3525.7 

33947 

0  38 

46658 

57.465 

0.72 

19106 

7.5647 

1.70 

2603.7 

83338 

0.39 

40975 

70.322 

0.73 

17833 

4.4102 

1.80 

1056.5 

31863 

0.74 

16660 

6.0821 

1.00 

1493.0 

74388 

0.40 

36103 

51.562 

0.41 

31910 

24.708 

0.75 

15579 

1.2757 

2.00 

1155.3 

12500 

0.42 

28288 

04.919 

0.76 

14580 

8.0457 

2.10 

905.21 

75746 

0.43 

25148 

21.546 

0.77 

13658 

2.7412 

2.20 

717.35 

81662 

0.44 

22417 

44.269 

0.78 

12804 

9.0725 

2.30 

574.30 

44969 

0.79 

12014 

7.2940 

2.40 

464.29 

41822 

0.45 

20034 

88.628 

0.46 

17949 

82.808 

0.80 

11282 

3.4863 

2.50 

378.57 

28000 

0.47 

16119 

81.899 

0.81 

10602 

8.9244 

2.60 

311.15 

92462 

0.48 

14509 

19.320 

0.82 

99719. 

52233 

2.70 

257.65 

02865 

0.49 

13087 

87.234 

0.83 

93855. 

34030 

2.80 

214.81 

23737 

0.84 

88400. 

15382 

2.90 

180.24 

34374 

0.50 

11830 

40.000 

0.51 

10715 

15.777' 

0.85 

83321. 

06686 

3.00 

152.13 

99176 

0.52 

97237 

2.6443 

0.86 

78588. 

17333 

4.00 

36.103 

51562 

0.53 

88403 

6.3088 

0.87 

74174. 

25406 

5.00 

11.830 

40000 

0.54 

80515 

7.1454 

0.88 

70054. 

50840 

6.00 

4.7543 

72427 

0.89 

66206. 

31520 

7.00 

2.1096 

78705 

0.55 

78457 

4.7620 

0.56 

67128 

8.6675 

0.90 

62609. 

01966 

8.00 

1.1282 

34863 

0.57 

61443 

3.9045 

0.91 

59243. 

74295 

0.58 

56326 

0.7416 

0.92 

56093. 

21260 

0.59 

51711 

7.6874 

0.93 

53141. 

61000 

0.94 

50374. 

43436 
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Table  III  (see  next  page)  gives  values  of  spectral  radiosity — that  is, 
the  watts  radiated  into  a  hemisphere  from  a  blackbody  opening  of  one 
sq.  cm.,  per  micron  band  of  wavelengths.  The  wavelength  values  are 
sufficiently  close  so  that  interpolation  is  generally  unnecessary.  For 
convenience  in  temperature  interpolation  (which  is  often  required)  values 
of  first  differences  are  given  under  A.  Table  III  covers  the  temperature 
range  above  that  of  the  tungsten  lamp,  this  range  being  needed  ordi¬ 
narily  in  the  specification  of  the  various  phases  of  daylight.  The  temper¬ 
ature  intervals  are  lOO**  and  the  wavelength  intervals  are  as  follows: 

0.26  to  0.75m,  0.01m  intervals 

0.75  to  1.00m,  0.05m  intervals 

1.00  to  3.00m,  0.10m  intervals 

The  range  of  wavelengths  appears  to  be  sufficiently  broad  for  most 

practical  purposes.  In  the  ultraviolet,  the  computations  extend  through 
the  biologically  important  wavelengths  near  0.29m-  In  the  infrared, 
they  are  carried  out  to  3m,  which  is  approximately  the  limit  imposed 
by  the  transmission  of  glass.  Though  there  are  advantages  to  the  use  of 
relative  J%  as  was  done  by  Skogland,  the  use  of  absolute  values  seemed 
on  the  whole  preferable,  and  calculations  were  made  on  this  basis. 

I  wish  to  thank  the  following  for  their  help  in  the  preparation  of  the 
tables:  Messrs.  L.  F.  Cavendish,  M.  S.  Cettei,  M.  Freedson,  L.  Mautner, 
H.  N.  MUler,  M.  J.  Vellardite,  T.  Wroblewski. 
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IS 


TABLE  III— ConttniMci 


\  1 

5000*A 

5100*A  : 

5300*A  1 

saOCTK  1 

5400*A  L 

1600*iC 

(■i-  j- 

1 

i 

A 

Jx 

A 

1- 

A 

A 

A 

A 

0.20  1 

511.70ll3830 

685.15 

14£S0 

781.761 

17^ 

054.691' 

1157.8 

ass 

1803.1 

0.27  1 

08^.4114738 

784.67 

I7i?l 

068.^: 

1101  .&! 

^58 

1306.2 

27^ 

1671.6 

0.28  1 

nfb.Q'iim 

048.35 

2C172 

1160.1 

^45 

1384.6 

2708 

1666.5 

3111 

1006.6 

0.20 

02^51 

1124.5 

2301 

1864.0 

2§§9 

1620.5 

SS2 

1025.7 

34S 

2274.0 

0.30 

1067.0 

2^ 

1310.7 

25S5 

1600.2 

5363 

1866.0 

^7 

2204.7 

3345 

2680.2 

0.31 

1255.3 

2404 

1604.7 

1701.0 

3^ 

2117.0 

STIC 

2488.0 

4100 

2007.0 

0.32 

1420.0 

27^ 

1703.0 

9m 

2017.2 

355? 

2372.0 

4017 

2774.0 

4513 

3226.0 

0.33 

1007.7 

^3 

1000.0 

SS8 

2244.0 

8S3S 

2027.8 

4304 

3058.2 

^13 

3630.6 

0.34 

1787.5 

8512 

2106.7 

2471.7 

40S 

2880.0 

45«S 

3336.8 

SOSO 

3846.4 

0.33 

1007.3 

3I4-24 

2300.7 

^55 

2005.2 

4316 

3120.7 

4SC3 

3007.5 

5331 

4140.0 

0.30 

2145.0 

aos 

2607.3 

4069 

2013.2 

45^ 

3366.8 

3808.0 

K4S 

4422.8 

0.37 

2310.3 

2000.0 

4244 

3124.0 

4714 

3506.4 

^iO 

4116.4 

6734 

4080.8 

0.38 

2488.0 

3808 

2886.2 

44(38 

3320.0 

4878 

3813.8 

5^; 

4351.0 

65^ 

4040.2 

0.30 

2051.7 

4110 

3002.7 

4552 

3617.0 

6018 

4010.7 

65!^ 

4570.0 

60^ 

6172.8 

0.40 

2807.8 

4S5 

3281.2 

4875 

3006.7 

51M 

4212. S 

sea) 

4774.8 

ei25 

5380.8 

0.41 

2055.5 

4343 

3380.8 

4777 

3807.6 

6^ 

4300.8 

mm 

4061.0 

6202 

6681.8 

0.42 

3004.0 

4437 

3637.8 

4801 

4023.0 

4554.7 

sm 

5132.0 

Ss&b 

6767.5 

0.43 

3224.5 

4505 

3076.0 

4107.6 

4703.8 

6S17 

5285.5 

eao 

6014.1 

0.44 

3344.8 

4501 

8800.0 

im 

4206.1 

540) 

4838.1 

M40 

5422.1 

6^ 

0061.8 

0.45 

3455.4 

4001 

3016.6 

6(X^ 

4416.8 

6418 

4057.0 

SS47 

5642.8 

6^ 

0171.0 

0.40 

3550.0 

46S 

4018.8 

^IS 

4620.0 

6421 

6002.7 

^6 

5040.3 

6201 

0272.4 

0.47 

3040.8 

4041 

4110.9 

5019 

4012.8 

54G0 

6163.7 

Mio 

5734.7 

6m 

0366.7 

0.48 

3727.0 

4340 

4101.0 

a30s 

4002.7 

6^ 

6231.1 

sm 

5806.1 

6105 

0424.6 

0.40 

3700.5 

4628 

4202. S 

4QS4 

4700.7 

6347 

5206.4 

5710 

6867.3 

6(X)e 

0476.0 

0.50 

8801.7 

450? 

4322.4 

45HS 

4817.3 

^8 

6347.2 

^58 

5012.8 

®)18 

0614.7 

0.51 

3014.0 

4576 

4372.6 

4305 

4803.0 

6-242 

5387.2 

6^i 

5045.0 

6^1 

0638.7 

0.52 

8050.5 

4S8 

4413.1 

4806.4 

5178 

6410.0 

55CM 

5060.4 

5mo 

0660.0 

0.58 

3005.8 

44<J<» 

4444.0 

4794 

4024.0 

5m 

6434.8 

Mlfl 

5075.0 

sm 

0540.8 

0.54 

4024.2 

44s4 

4407.0 

47^ 

4040.4 

6442.7 

5075.1 

S6s5 

0637.0 

0.55 

4045.1 

4482.0 

4655 

4048.1 

im 

5442.0 

5^1 

5004.6 

6614 

6616.0 

0.50 

4060.0 

431S 

4400.0 

4579 

4047.9 

4Si9 

6432.8 

6iS 

5045.1 

0484.8 

0.57 

4000.1 

4241 

4400.4 

4153 

4040.3 

47^ 

6416.8 

5011 

6017.5 

5m 

0446.S 

0.58 

4007.4 

4ig 

4484. k 

4414 

4026.0 

4C5€ 

6301.0 

4^ 

6882.5 

5157 

6308.3 

0.50 

4002.1 

4&X 

4472.0 

433 

4004.0 

4563 

6300.8 

47^ 

6840.5 

0344.1 

0.00 

4052.1 

I  4014  4454.] 

4231 

4877.0 

4461 

6334.C 

4sr 

6702.1 

4011 

0383.8 

0.01 

4087.1 
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604.41 

1471 

619.12 

1474 

633.86 

1478 

648.64 

487.^ 

1214 

1217 

512.^ 

524.49 

1S3 

536.72 

1S8 

548.98 

416.56 

1016 

426.72 

1018 

436.90 

1021 

447.11 

lOS 

457. S 

1025 

467.68 

357.63 

856 

366.19 

858 

374.77 

860 

383.37 

882 

391.99 

S83 

400.62 

726 

315.94 

7m 

323.^ 

im 

330.51 

731 

337.^ 

732 

345.14 

267.76 

273.^ 

622 

280.18 

6s 

286.40 

624 

292.64 

625 

298.80 

533 

238.68 

^4 

244.^ 

^35 

249.37 

535 

254.72 

536 

260.08 

Em 

461 

213.48 

461 

218.09 

222.72 

462 

227.34 

179.55 

399 

183.54 

40) 

187.54 

401 

191.55 

401 

105.5S 

401 

190.57 

158.44 

348 

161. 92j 

349 

165.41 

349 

166.90 

3^ 

172.40 

BSO 

175.90 

11 

143.38 

146.44 

895 

140.49 

3C8 

152.55 

m 

155.62 

153 
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TABLE  lll—CotUinued 


7100*A 

A 

A 

Jx 

A 

Jk 

A 

Jx 

A 

Jx 

1  ^ 

11014. 

1307 

13311. 

1615 

14826. 

1630 

16465. 

1768 

18233. 

m 

20136. 

13206. 

14603. 

i&ar 

16300. 

1732 

18032. 

1861 

19893. 

1097 

21890. 

14433. 

1565 

15006. 

1685 

17683. 

1^ 

19401. 

im 

21420. 

2071 

23600. 

15583. 

1620 

17212. 

1747 

18050. 

lS7U 

20629. 

22825. 

2127 

24962. 

16643. 

1680 

18323. 

17S6 

20110. 

1015 

22084. 

2080 

24073. 

2166 

26239. 

17607. 

1718 

10325. 

1829 

21155. 

1047 

23102. 

25160. 

2180 

27368. 

18460. 

1743 

20212. 

1S53 

22065. 

Ic^ 

24030. 

2081 

26111. 

2108 

28300. 

10227. 

1758 

20085. 

1.864 

22840. 

1971 

24820. 

wa 

26002. 

2106 

29097. 

10681. 

1763 

21644. 

1^*5 

23500. 

158? 

25476. 

2m 

27549. 

2180 

29720. 

20434. 

1750 

22103. 

24040. 

1U54 

26003. 

20^ 

28057. 

2166 

30213. 

20680. 

1747 

22636. 

1^ 

24475. 

1^ 

26406. 

28435. 

2124 

30650. 

21251. 

1728 

22070. 

1816 

24705. 

1004 

26699. 

1994 

28603. 

2084 

30777. 

21524. 

1704 

23228. 

ITS? 

26015. 

i87u 

26865. 

1^4 

28839. 

2040 

30870. 

21715. 

1675 

23300. 

1752 

25142. 

1831 

26973. 

1911 

28884. 

1900 

30874. 

21830. 

1642 

23472. 

1714 

25186. 

ITS” 

20975. 

IMs 

28838. 

1087 

30775. 

21876. 

1604 

23480. 

1674 

26154. 

1742 

26696. 

1813 

28700. 

1883 

30602. 

21858. 

1666 

23423. 

1630 

26053. 

26747. 

1761 

28508. 

1826 

30833. 

21782. 

1524 

23306. 

24800. 

1.845 

26636. 

17CS 

28242. 

1767 

30009. 

21666. 

1480 

23136. 

24674. 

1585 

26260. 

1651 

27020. 

1709 

29620. 

21483. 

1437 

22020. 

1420 

24410. 

1M4 

25054. 

1593 

27550. 

1660 

20200. 

21271. 

1302 

22663. 

1442 

24105. 

14t2 

25507. 

1541 

27138. 

1601 

28729. 

21023. 

1347 

22370. 

1^ 

23764. 

1441 

25205. 

14» 

26601. 

1683 

28224. 

20744. 

1303 

22047. 

1346 

23303. 

24782. 

14K 

26215. 

1476 

27600. 

20430. 

1258 

21607. 

22006. 

1^2 

24335. 

18S0 

25715. 

1419 

27134. 

20111. 

1215 

21326. 

12^ 

22678. 

i^) 

23868. 

iSi? 

26105. 

1364 

26550. 

10765. 

1171 

20036. 

laj? 

22143. 

1241 

23384. 

1276 

24660. 

1311 

25071. 

10408. 

1120 

20632. 

11S2 

21604. 

1194 

22888. 

1»7 

24115. 

1268 

26373. 

10020. 

1067 

20116. 

lliS 

21234. 

1149 

22383. 

1178 

23661. 

1200 

24770. 

18645. 

1047 

10602. i 

1076 

20767. 

1104 

21871. 

1182 

23003. 

1160 

24163. 

18254. 

1007 

10261. 

l(m 

20205. 

1061 

21366. 

im 

22443. 

1112 

23655. 

17867. 

060 

18826. 

CSi 

10820. 

1010 

20830. 

10=^ 

21882. 

1067 

22040. 

17467. 

032 

18380. 

10345. 

20823. 

1001 

21324. 

1024 

22348. 

17056. 

806 

17062. 

91g| 

18870. 

0^ 

10810. 

950 

20770. 

081 

21761. 

16654. 

868 

17516. 

8^! 

18306. 

^r2 

19300. 

021 

20221. 

941 

21162. 

16254. 

828 

17062. 

847 

17020. 

18705. 

esi 

10670. 

002 

20681. 

15856. 

706! 

16652. j 

8141 

17466. 

831 

18297. 

sa 

10145. 

866 

20010. 

15461. 

766 

16226.1 

7^1 

17008. j 

753 

17806. 

813 

18619. 

830 

19440. 

15071. 

735 

16806.1 

751  i 

16567. 

766 

17323 

780 

18103. 

796 

18899. 

14686. 

706' 

15302.1 

721 

16113. 

Tsa 

16848. 

74S 

17507. 

763 

18360. 
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TABLE  III — Continued 


7500*A 

7600*IC 

7700"A 

7800*#C 

7900*IC 

A 

A 

■a 

D 

mm 

a 

Ki 

A 

A 

A 

20136. 

2045 

22181. 

2100 

24371. 

2348 

26714. 

29214. 

2668 

31877. 

21890. 

2136 

24026. 

2282 

26308. 

wm 

28739. 

31326. 

2746 

34072. 

23500. 

2208 

25708. 

2351 

28050. 

2498 

30567. 

33205. 

36008. 

24962. 

2261 

27213. 

2400 

29613. 

2542 

32155. 

2688 

34843. 

2888 

37681. 

26230. 

2296 

28535. 

2430 

30965. 

2567 

33532. 

2708 

36240. 

39090. 

27358. 

2314 

29672. 

2444 

32116. 

2574 

34690. 

2708 

37398. 

2845 

40243. 

28300. 

2318 

30627. 

2442 

33060. 

2566 

35635. 

2694 

38329. 

2822 

41151. 

29007. 

2309 

31406. 

2426 

33832. 

2545 

36377. 

2665 

39042. 

2787 

41829. 

29720. 

2289 

32018. 

2899 

34417. 

2512 

36929. 

2625 

39554. 

2740 

42294. 

30213. 

2258 

32471. 

2364 

34835. 

2468 

37303. 

2576 

39879. 

2683 

42562. 

30560. 

2220 

32779. 

2319 

35098. 

2418 

37516. 

2518 

40034. 

2619 

42653. 

30777. 

2176 

32053. 

2267 

35220. 

2361 

37581. 

2455 

40036. 

2548 

42581. 

30879. 

2125 

33004. 

2212 

35216. 

2298 

37514. 

2387 

39901. 

2478 

42374. 

30874. 

2071 

32945. 

2152 

35007. 

2233 

37330. 

2314 

39644. 

2306 

42040. 

30775. 

2013 

32788. 

2089 

34877. 

2164 

37041. 

2240 

39281. 

2315 

41596. 

30592. 

1953 

32545. 

2023 

34568. 

2003 

36661 . 

2164 

38825. 

2235 

41060. 

30833. 

1801 

32224. 

1957 

34181. 

2082 

36203. 

2088 

38291. 

2152 

40443. 

30009. 

1829 

31838. 

1889 

38727. 

1960 

35677. 

2011 

37688. 

2072 

39760. 

29620. 

1765 

31394. 

1822 

33216. 

1879 

35095. 

1985 

37000. 

1990 

39020. 

20200. 

1702 

30002. 

1755 

32657. 

1807 

34464. 

1860 

36324. 

1912 

38236. 

28729. 

1640 

30369. 

1689 

32058. 

1737 

33795. 

1786 

35581. 

1834 

37415. 

28224. 

1578 

29802. 

1624 

31426. 

1660 

33095. 

1714 

34809. 

1758 

36567. 

27690. 

1518 

29208. 

1560 

30768. 

1602 

32370. 

1643 

34013. 

1685 

35698. 

27134. 

1458 

28502. 

1498 

30000. 

1537 

31627. 

1575 

33202. 

1613 

34815. 

26550. 

1401 

27960. 

1437 

29307. 

1474 

30871. 

1509 

32380. 

1544 

33924. 

25071. 

1345 

27316. 

1379 

28695. 

1411 

30106. 

1445 

31551. 

1478 

33029. 

25373. 

1291 

26664. 

1322 

27986. 

1352 

29838. 

1384 

30722. 

1413 

32135. 

24770. 

1237 

26007. 

1267 

27274. 

1296 

28570. 

1324 

29894. 

1351 

31245. 

24163. 

1186 

25349. 

<1214 

26563. 

1241 

27804. 

1267 

29071. 

1292 

30363. 

23555. 

1138 

24693. 

1163 

25866. 

1188 

27044. 

1212 

28256. 

1236 

29492. 

22940. 

1091 

24040. 

1114 

25154. 

1137 

26291. 

1160 

27451. 

1181 

28632. 

22348. 

1045 

23393. 

1067 

24460. 

1088 

25548. 

1109 

26657. 

1130 

27787. 

21751. 

1002 

22753. 

1022 

23775. 

1042 

24817. 

1061 

25878. 

1080 

26958. 

21162. 

960 

22122. 

979 

23101. 

997 

24008. 

1015 

25113. 

1033 

26146. 

20581. 

920 

21501. 

938 

22430. 

054 

23393. 

971 

24364. 

988 

25352. 

20010. 

882 

20892. 

807 

21789. 

914 

22703. 

929 

23632. 

944 

24576. 

19449. 

845 

20294. 

850 

21153. 

875 

22028. 

889 

22917. 

903 

23820. 

18809. 

800 

19708. 

824 

20532. 

887 

21369. 

851 

22220. 

864 

23084. 

18360. 

776 

10136. 

789 

19025. 

801 

20726. 

815 

21541. 

826 

22367. 
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X 

(mi- 

crooa) 

1  7500*A 

7600'A 

1  7700*A 

TSOO-A 

1  7900"A 

8000°#: 

A 

A 

A 

A 

A 

A 

A 

A  1 

A 

A 

A 

0.65 

17833. 

744 

18577. 

7^ 

19333. 

767 

20100. 

7^ 

20880. 

791 

21671. 

0.66 

17318. 

713 

18031. 

725 

18756. 

735 

19491. 

747 

20238. 

7.57 

20095. 

0.67 

16816. 

684 

17500. 

604 

18104. 

705 

18890. 

714 

19613. 

725 

20338. 

0.68 

16327. 

855 

16082. 

688 

17648. 

675 

18323. 

635 

19008. 

693 

19701. 

0.60 

15850. 

629 

16479. 

17117. 

647 

17764. 

6^ 

18420. 

664 

10084. 

0.70 

1.5386. 

15089. 

612 

16601. 

620 

17221. 

629 

17850. 

18486. 

0.71 

14035. 

579 

15514. 

588 

16100. 

595 

16605. 

602 

17297. 

610 

17907. 

0.72 

14406. 

558 

15052. 

15615. 

570 

16185. 

577 

16762. 

.585 

17347. 

0.73 

14070. 

533 

14603. 

541 

15144. 

547 

15601. 

.5.53 

16244. 

.561 

16805. 

0.74 

13657. 

511 

14168. 

518 

14687. 

525 

15212. 

531 

15743. 

.537 

16280. 

0.75 

13255. 

402 

13747. 

497 

14244. 

504 

14748. 

510 

15258. 

1  515 

1 

15773. 

0.80 

11423. 

402 

11825. 

i 

407 

12232. 

412 

12644. 

416 

13060. 

4201 

13480. 

0.85 

0857.6 

3310 

10189. 

336 

10525. 

338 

10863. 

342 

11205. 

344 

11540. 

0.90 

8525.8 

27.53 

8801.1 

2777 

9078.8 

2802 

1  0359.0 

2825 

9641.5 

2848 

9926.3 

0.05 

7393.7 

2298^ 

7623.5 

^16 

7855.1 

2334 

8088.5 

^52 

8323.7 

2370 

8560.7 

1.00 

6431.1 

1930 

6624.1 

1943 

6818.4 

1958 

7014.2 

1970 

7211.2 

I  1084 

7400.6 

1.10 

4912.1 

1^ 

5050.6 

1393 

5180.0 

1401 

!  .5330.0 

1400 

.5470.0 

1417 

5612.6 

1.20 

3800.6 

1016 

3002.2 

1020 

4004.2 

1026j 

4106.8 

1080 

4200.8 

1035 

4313  3 

1.30 

2977.9 

750 

3053.8 

763 

3130.1 

7661 

3206.7 

760 

3283.6 

771 

3360.7 

1.40 

2361.3 

578 

2410.1 

.581 

2477.2 

.582j 

2535.4 

.585 

2.503.0 

586 

2652.5 

1.50 

1803.5 

i 

447 

1038.2 

440 

1083.1 

450| 

2028.1 

451 

2073.2 

453 

2118.5 

1.60 

1534.2 

351 

1.560.3 

352 

1604.5 

353< 

1630.8 

354 

1675.2 

355 

1710.7 

1.70 

1255.1 

279 

12S3.0 

280| 

1311.0 

281 

1339.1 

281 

1367.2 

281 

1305.3 

1.80 

1036.0 

225 

1058.5 

224 

1080.9 

226 

1108.5 

226 

1126.1 

226 

1148.7 

1.00 

962.22 

1824 

880.46 

1^8! 

898.74 

1832 

017.C8 

1^ 

035.42 

053.81 

2.00 

723.08 

1408 

738.04 

1501 

753.06 

1503 

768.08 

1507 

783.15 

1508 

708.23 

2.10 

610.66 

1241 

623.07 

1243 

635.50 

1245 

647.96 

1247 

660.42 

1249 

672.91 

.2.20 

510.13 

1038 

529.40 

1038 

539.87 

1040 

550.27 

1041 

560.68 

1042 

571.10 

2.30 

444.01 

872 

452.73 

873 

461.48 

875 

470.21 

878 

478.07 

876 

487.73 

2.40 

381.02 

Td» 

389.31 

740 

396.71 

741 

404.12 

742 

411.54 

742 

418.96 

2.50 

330.26 

630 

336.56 

631 

342.87 

632 

340.19 

8% 

355.51 

633 

361.84 

2.60 

287.01 

540 

202.41 

542 

297.83 

541 

303.24 

543 

308.67 

543 

314.10 

2.70 

250.58 

466 

255.24 

467 

250.91 

467 

264.53 

468 

260.25 

468 

273.04 

2.80 

219.73 

404j 

223.77 

405 

227. @ 

405 

231.87 

4(» 

235.^ 

4C8 

230.08 

2.00 

103.46 

3521 

1 

106.08 

353 

200.51 

353 

204.04 

1 

353 

207.57 

354 

211.11 

3.00  j 

170.00 

300j 

174.08 

308 

177.16 

300 

180.25 

309 

183.34 

309 

186.43 
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ON  CERTAIN  REDUCTIONS  IN  THE  FOUR  COLOR  PROBLEM 

Bt  C.  E.  Wimw  * ** 

It  was  proved  by  Reynolds'  that  an  irreducible  map  must  contain  at 
least  28  regions,  while  on  the  other  hand  he  constructed  a  map  of  .30 
regions  free  from  any  known  reducibility.*  Actually  the  latter  com¬ 
prises  6  heptagons  each  in  contact  wih  4  consecutiv’e  pentagons.  Our 
first  result  is  to  reduce  I 

(A)  A  heptagon  flanked  by  4  contecvdive  pentagons* 

Consequently  Reynold’s  map  is  no  longer  irreducible. 

We  next  note  the  reducibility  of  Franklin,*  namely 

(B)  A  polygon  bounded  by  an  even  number  of  pentagons  together  unth 
(a)  ttoo  other  adjacent  polygons  or  (b)  one  other  polygon. 

A  similar  reduction  is  found  here  of 

(C)  A  polygon  bounded  by  two  even  sequences  of  pentagons,  a  hexagon  t 

and  another  polygon.* 

The  case  B  was  extended  by  Errera*  to  such  a  ring  enclosing  more  than  ^ 

one  polygon,  provided  no  isthmus  occurs  in  the  reduced  figure.  \ 
method  is  here  given  of  reducing  without  restriction* 

(D)  Any  configuration  bounded  by  the  rings  B{a)  and  B{b). 

Three  other  reductions  follow,  the  first  being  due  to  Mr.  I.  Ratib: 

(E)  A  hexagon  surrounded  by  the  ring  n55665. 

(El)  A  hexagon  surrounded  by  the  ring  mn5565. 

(F)  A  hexagon  in  contact  unth  two  triads  of  pentagons. 

*  “On  the  problem  of  coloring  mapa  in  four  colors,”  Annals  of  Mathematics,  ^ 

Vol.  28  (1926)  p.  1.  Cf.  also  Franklin’s  abstract  290,  Bull.  A.  M.  8.,  Vol.  42  (1936). 

p.  491. 

*  “Some  new  methods  of  approaching  the  four  color  problem,”  Proceedings 
West  Virginia  Ac.  of  Science,  I  (1927)  p.  91. 

**This  result  has  been  obtained  independently  by  Mr.  H.  f’hojnacki. 

*  “The  four  color  problem,”  American  Journal  of  Mathematics,  Vol.  44  (1922), 
p.  225. 

*  A  similar  ring  about  any  configuration  can  be  reduced  by  the  construction  of 

Errera— loc.  cit.  (5)— in  absence  of  an  isthmus  in  the  reduced  figure.  I 

*  “line  Contribution  au  Probl^me  des  Quatre  Couleurs,”  Bulletin  de  la  Soci^t^  I 

Math^matique  de  France,  Vol.  .53  (1925),  p.  42. 

*  The  present  result  was  obtained  independently  by  Mr.  Ratib  and  commu¬ 
nicated  by  us  at  the  Oslo  ('onference,  1936. 

Ifi9 


I 


16U 


C.  E.  WINN 


The  latter  case  is  only  new  when  the  contacts  are  separate,  as  otherwise 
it  falls  under 

(G)  A  prrUaffon  or  hexagon  flanked  by  3  consecutive  pentagons.^ 

It  has  recently*  b<*<*n  shewn  that 

(H)  In  an  irreducible  map  a  minor  polygon  (of  5  or  6  sides)  must 
tt)uch  a  major  polygon  (of  more  than  6  sides).  We  prove  now  that 

(J)  In  an  irreducible  map  a  major  polygon  must  touch  either  another 
major  polygon  or  else  3  hexagons  -  or  4  hexagons  in  the  case  of  a  heptagon. 

Certain  of  the  fon'goinK  results  simplify,  and  perhaps  may  amplify, 
the  analysis  of  Reynolds  above  mentioned,  as  well  as  that  of  the  neces¬ 
sary  contacts  of  [)entaKons  in  an  irreducible  map.* 

In  conclusion  we  investigate  an  allied  problem,  shewing  that;” 

(K)  An  irreducible  map  contains  at  least  6  major  polygons. 

In  order  to  allow  for  the  possibility  of  an  isthmus  in  our  reduced 
figures,  we  n‘quire  the  reducibility  of  a  “Birkhoff  ring,”  i.e.  consisting 
of  5  polygons  not  enclosing  a  pentagon.'^ 

We  have  also  occasion  to  quote  the  following  reductions: 

(L)  A  polygon  bounded  by  hexagons  and  pairs  of  pentagons,  except  an 
odd  polygon  bounded  by  hexagons  only.'* 

(M)  i4n  even  polygon  enclosed  by  a  ring  L  in  which  one  hexagon  is 
replaced  by  a  pentagon,'*  e.g.  55665666. 

(N)  A  pentagon  flanked  by  4  minor  polygons  of  which  the  extremes  are 
pentagons. 

The  last  case  is  obtained  by  combining  H  with  that  of  the  ring  n5665 
about  a  pentagon.” 

We  now  proceed  with  our  reductions,  employing  in  more  complicated 
cases  a  tabular  .scheme  explained  elsewhere.* 

’  G.  D.  Birkoff,  “The' Reducibility  of  Mape,”  American  Journal  of  Mathe¬ 
matics,  Vol.  35  (1913),  p.  116,  and  P.  Franklin,  loc.  cit.  (3). 

'  C.  E.  Winn,  “Acase  of  coloration  in  the  four  color  problem,”  American  Journal 
of  Mathematics. 

*  Loc.  cit.  (1),  p.  477. 

**  This  is  an  extension  of  the  result  of  Errera,  loc.  cit.  (5),  that  an  irreducible 
map  contains  at  least  one  major  polygon. 

“  Loc.  cit.  (7). 

Franklin,  loc.  cit.  (3). 

Loc.  cit.  (8),  the  generalised  form  of  reduction  H. 

Loc.  cit.  (8),  reduction  E. 
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A  mnp5555  See  fig.  1. 

(1)  c  -  4  M  *  1 

(2)  c  *  2  eor  jr  *  2  u  *  1 

(3)  e  —  3,  “  4  (c  2  here  as  after) 


32  e  to  c 

d  -  4 

• 

1 13  A  to  / 

g  =  2 

(32  e  to  c 

d  =  1 

u=l  e=2,  g  =  2or3 
u=l)  A  =  3, 6  =  3orl 
u  »  4|  c  =  2 
u  =  1 

«  -  =  4 

42  9  to  a  or  c 

A  «  3,  6  *=  3  or  1 

u  =  4  g  =  2 
u  =  1 

e  -  9  -  3 

32  e  to  9 

/=4 

1 24  o  to  c  or  / 

b  =  1  or  gA  »  13 

u»3orl  0*4 

14/  to  d 

e  *  2  * 

(12  A  toe 

ah  -  34 

u  =  1  A  =  2 

24  A  to  c  or  / 

6  or  g  *  1 

u  =  3  or  1  Aa  =  42 
u  =  4) 

14/  to  A 

g  =  2 

(12  A  to  c 

ab  -=  34 

u  =  1  gA  =  12 

41  a  tog 

A  =  3 

u  =  1 

41  a  tod 

be  =  23, /g  =  14 

U  “  1  0=1 

21  c  to  a 

6  =  4 

u  =  3  gha  =  212 

u«l)  /=! 

u  =  1 )  e  =  2,  o  =  2  or  3 

u  =  1 

C  n55dM.  See  fig.  2.“ 

If  2  does  not  occur  at  p,  q,  r  or  u,  t,  we  put  x=»  l,c=*e  =  p=*2, 
A:  »  t  ■»  2,  and  fill  in  the  intervening  polygon.s.  Otherwise  suppose 
r  =  2,  say.  We  take  c  *  e  =  2,  filling  in  6,  d  as  before.  Then  we  color 
the  rest  of  the  ring  from  I,  so  as  to  pass  through  the  hexagon. 

^  The  recurring  points  indicate  the  possible  repetition  or  absence  of  the  se¬ 
quence  over  a’hich  they  occur. 
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In  proving  D,  we  use  the  reduced  figures  of  Errera.'*  We  shall  first 
suppose  the  absence  of  a  smaller  ring  of  type  (a)  or  (6),  i.e.  with  fewer 
{M)lygons  than  the  given  ring  Next,  we  observ'e  that  in  case  (b),  by 


KHlucing  the  side  of  S  next  to  Pi  or  P,(n  ^  4),  we  ensure  that  a  dotted 
line  crosses  A.  Consequently,  in  view  of  our  assumption, 

1*.  Pi  and  P,  do  not  coalesce  in  the  j[eduction  of  (6). 

2®.  In  both  reductions,  if  Pi  coalesces  with  Pi(J  >  t  1),  it  also  co¬ 
alesces  with  P<+i  ,  P<+f  ,  •  •  •  ,  P,-i . 


rit.  (5),  figs.  2  to  4  bin. 
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Hence  no  Utthmus  can  occur  in  either  figure  at  a  dotted  line,  nor,  in 
case  (fc),  at  an  unreduced  side  between  2  and  P\  or  P,  . 

Further,  should  an  isthmus  ap|)ear  at  an  unreduced  side  between 
2  and  11,  in  case  (b),  it  follows  from  2”  that  n  forms  a  smaller  ring 
than  A  with  2  and,  as  an  examination  of  the  figure  shews,  an  even 
sequence  of  P’s.  Such  a  ring  is,  however,  excluded  by  hypothesis. 

The  remaining  possibility  of  an  isthmus  is  at  a  side  not  abutting  the 
P’s  and  lying  between  two  polygons  II,  II'  which  have  two  separate 
contacts  with  the  P’s.  Again  we  find  an  even  number  of  pentagons 
connecting  II,  II',  as  long  as  the  conclusion  of  2°  is  .satisfied.  This 
yields  a  similar  contradicton  unless  the  ring  so  formed  is  IlPi  Pi  •  •  •  P«I1'. 
But  then  the  absence  of  a  smaller  ring  of  type  (b)  implies  a  polygon 
A  touching  all  the  P’s  opposite  0,  Q',  and  therefore  a  Birkhoff  ring 
nPiAP.n'. 


Thus  the  given  map,  if  irreducible,  must  contain  a  smaller  ring  A'  of 
the  same  type  as  A.  LikewW  A',  if  not  reducible,  gives  rise  to  a  .smaller 
ring  A"  and  so  on,  until  we  arrive  at  a  BirkhoiT  ring. 

E  n55665  about  a  hexagon.  See  fig.  3. 

(1)  Unless  rf  «  2,/  *  4,  A  *  3  or  4 

(2) 


1 


d-2,/-4. 

A  -  3 

32  A  to  a 

t  as  4 

1 24  a  to  d 

be  -  13 

(23  a  to  c 

b  -  4 

u 

-  3 

23  a  to  A 

t  »■  1 ,  cd  « 

23  u 

=  1 

a  -  3 

u 

-  1) 

24  a  to  / 

gh  -  31 

u 

-  1 

at  “  42 

u 

-  3| 

A  -  2,d  -  2or3 

u 

-  1 

d-2,/-4. 

A  -  4 

42  A  to  a 

i  -  3 

|32dtob 

c  »  4 

u  *  4 

d  - 

3 

24  a  to  A 

t  -  1 

u  -  1 

24  a  to  / 

ghi  -  321 

(34  b  to  d 

c  -  2 

u  ~  3 

34  bto/ 

d  -  4 

u  -  1 

b  - 

4 

M  -  1) 

b  - 

4 

u  -  1| 

A  - 

2,  d,/  «  2  or  4 

u  -  1 
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E\  mn5565  about  a  hexagon.  See  fig.  3a. 

(1)  Unles.s  fi  =  2  or  4,/  =  2,  =  3.  u  =  1 

(2)  rf  =  /  =  2.  /»  =  3. 


.34  k  to  b  0  =  1 
(.32  A  to  6  0  =  4 

23  /  to  rf  e  =  4 
32  h  to  (i  abc  =  424 


u  =  1 
u  —  2 

u=l  A  =  2,/  =  2or3 
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(3)  rf  =  4./  =  2.  /I  -  3 


34  h  to  d  gfe  *=  212 

u  *  4  A  *  4,  6  =  3  or  4 

u  *  1 

F  m5(5)5nS(5)5  about  a  hexagon.  S<*e  fig.  4‘^ 

(1)  6  ^  d  or  /  ^  A 

M  *  2,  3  or  4 

(2)6-d  =  A=  /=  2 

u  =  2 

(3)  6  -  d  =  2,/  =  A  *  3,  c  . 

4  (or  »  =  4) 

23  6  to  A  0*4 

u  =  3  6  =  2 

(1)  or  (2) 

(4)  6  *  d  -  2,/  *  A  =  3,c  * 

II 

00 

24  fr  to  d  c  —  1 

(23  6  to  d  c  =  4 

(3)  6  =  3'* 

34  b  to/  cde  =  212 

ti3>4  6  =  4,  6  =  3  or  4 

u  =  3)  6  =  4,  p  =  2  or  4 

u  «  3 

In  ordrr  to  OHtablish  the  first  part  of  it  will  suffice,  in  view  of  B 
and  L,  to  reduce  a  polygon  bounded  by  a  minor  ring  containing  two 
hexagons  and  one  or  two  odd  sequences  of  |)entagons. 

65556^  See  figs.  5  and  6. 

We  adopt  the  reduction  of  fig.  5  or  6,  according  as  there  is  one  or 
more  pentagons  in  the  odd  sequenc<*.  It  is  clear  that,  however  pand  q 
are  colored,  we  can  put  1  for  x  and  either  324  or  423  for  abc  in  fig.  5  and 
for  hia  in  fig.  6.  The  rings  can  then  be  filled  in  as  in  C. 

65556555.  See  fig.  7, 

Whether  p  =  1  or  3,  we  here  put  x  *  I,  6  =  j  =  3,  and  complete  the 
ring  as  in  C. 

The  second  part  of  J  depends  on  the  reductions  of  the  rings  5555666, 
5556566  and  5565656  about  a  heptagon  that  contain  3  hexagons.  The 
first  being  covered  by  L,  we  now  treat  the  other  two  cases. 

The  pentagona  in  brackets  are  “cape”  of  the  ring  having  contacts  with  the 
two  regions  between  which  they  occur.  I  have  since  reduced  the  figure  without 
the  caps. 

“  The  inversion  232  of  fgh  is  symmetrically  equivalent. 


Lit 
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5556656.  Soo  Ar.  8. 

(1)  6  »  1,  unlpswe  ■=  g  —  I  *  2  m»1 

(2)  fe  -  l,e  -  g  -  i  -  2 

23ftocora  rf*4, fe*»lor4  u»2  e  — 

(0 

(3)  b  «  3,  unloHH  egi  »  422,  244  or  444  u  »  1  or  2 
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(4)  6  «  3,  e  =  4,  (7  «=  I  -  2 


42 1  to  c  or  g  dorf  ^ 

42  « to  a  6  =  1 ,  rf  =  3 

M  =  2 

u  ®=  1  e  =*  2,  t  *  2  or  4 

(3) 

(5)  6  =  3,  <>  =  2.  (7  =  1  *  4 

24  c  to  a  or  1  6  =  1 ,  j  =  1  or  3 

24  r  t4)  a  6  =  1 ,  </  =  3 

(34  d  to  g  or  1  #/  =  1 2,  A  =  1  or  2 

41  dtoborf  core  *  3 

24  e  to  I  c  *  4,  t  =  2,  (7  *  4  or  2 

u  =  1 

u  *=  1  or  2  rf  =  4 

u  ZB  1  d  *=  1 

M=  1) 

(3)  or  (4)  c  =  e  =  4, 
a,  g  =  4  or  2 

u  *  4 

(6)  6  =»  3,  c  =  (7  =  »■  =  4 

24  a  to  c  or  e  6  =  1 ,  d  =  1  or  3 

24  c  to  i  6  =  1 ,  j  »  3 

42  c  to  g  c  =  g  ■=  2 ;  c,  t  “  2  or  4 

42  c  to  i  c  *  1  =  2 

31  6  to  A  or  j  a  =  4,  i  *  4  or  2 

13  /  to  A  or  j  g  =  2,  1  =  2  or  4 

42  c  to  c  c  =  2,  c  =  4, 6  =  1 ,/  =  3 

M  =  1 

u  =  1 
w  =  2 

M  *  1 

u  =  4 
(3)  or  (4) 

u  =  1  f  =  2 

(5) 

5565656.  »<><•  fin.  9. 

( 1 )  b  =  1 ,  unlos.x  e  =  g  —  i  =  2 

(2)  6  =  I,c  =  g  =  i  ».2 

M  =  1 

2;i  e  to  c  (/  *:  4 

M  =  2.  c  -  3;a,i.g  =  2 
or  3 

u  =*  1 

(3)  b  =  3,  unless  rgi  *  232,  434  or  444 

(4)  b  =  3,  rgi  =  232 

u  *  1  or  2 

32  g  to  c  (or  i)  /  =  4 

(5)  A  ^'3,  rgi  =  434 

u  =  2  g  *  2,  c  =  2  or  3 
u  =  2  or  1 

43  c  to  g  or  1  /  =  2,  A  =  1  or  2 

u  =  2  c  =  3,  6  =  3  or  4 
u  -  1 
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(6)  fe  ”  3,  e  *  9  “  i  *  4 

31  6  to  rf  or/  c  =  4,  e  =  4or2  u  =  4  6=1 

u  «  1 

In  proving  K,  we  recall  (D  and  J)  that  an  irreducible  minor  ring  muat 
always  contain  2  hexagons— and  3  hexagons  when  it  surrounds  a  single 
polygon.  We  need  the  following 

Lemma  An  irreducible  minor  ring  containing  2  (or  3)  hexagons  only, 
includes  also  2  (or  one)  pairs  of  pentagons  whose  common  side  abuts  two 
major  polygons. 


We  shall,  in  fact,  establish  the  existence  of  one  or  two  sequences  of  3 
pentagons  in  the  given  ring  R  whence  the  required  pairs  are  derivable 
on  account  of  N  and  G. 

First,  when  R  bounds  a  single  polygon  of  n  sides,  we  may  take  n  >  7 
(//  and  J).  If  n  >  9,  we  get  3  consecutive  pentagons,  as  desired. 
Such  is  also  the  case  when  n  =  8,  9,  except  for  the  rings  55655656  and 
556556556,  which,  however,  are  reducible  by  M  and  L. 

Secondly,  let  R  enclose  a  configuration  S  of  more  than  one  polygon. 
If  n,  the  number  of  regions  in  R,  exceeds  9,  we  evidently  have  one  or  two 
.s<‘quence8  of  3  pentagons,  according  as  there  are  3  or  2  hexagons  in  R. 
If  n  ^  9,  it  follows  from  H  that  S  contains  one  major  polygon  of  7  or  8 
sides.  By  J  a  heptagon  of  S  touches  4  hexagons,  of  which  one  belongs 
to  S.  Moreover,  the  latter  is  reducible  by  G,  unless  it  touches  another 
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hexagon ;  and  thiM  for  the  8aine  reaHon  must  belong  to  iS.  Consequently, 
n  >  9!  A  similar  contradiction  is  obtained  at  once  for  an  octagon  of  S, 
to  complete  the  proof. 

If  possible,  let  an  irreducible  map  contain  5  major  polygons  having  a 
total  of  p  vertices  (repeated,  if  common). 

First,  suppose  that  no  4  major  polygons  form  a  chain,  i.e.  part  of  a 
ring.  We  then  group  contiguous  major  polygons — together  with  a 
pentagon,  should  it  touch  3  of  them  along  adjacent  sides.'*  A  con¬ 
figuration  S  so  formed  is  simply-connected  and  bounded  by  a  ring  R,  in 
absence  of  a  Birkhoff  ring.  Moreover,  if  S  consists  of  k  major  polygons 
with  a  total  of  q  vertices  (repeated,  if  common),  R  contains  at  most 

7  —  4k  -f-  4  or  7  —  4A:  -f  3 

polygons,  according  as  an  extra  pentagon  is  absent  or  present  in  S. 

Now  it  follows  from  the  lemma  that  in  R  the  number  of  hexagons  plus 
the  number  of  pairs  of  pent^ons  required  is  at  least  4.  Hence  the 
contribution  of  pentagons  to  the  map  from  R  +  S  (allowing  for  the 
repetition  of  pairs  elsewhere)  is  at  most 

7  —  4k 

Summing  over  the  different  groups,  we  get  a  maximum  of  p  —  20 
pentagons,  whereas  the  total  number  is  p  —  18  by  Euler’s  relation. 
(Consequently,  two  remaining  pentagons  are  reducible  under  H. 

Next,  if  4  major  polygons  uvwx  form  a  chain,  separate  from  the  fifth 
one  y,  we  include  in  the  configuration  <S: 

1“  A  pentagon  adjacent  to  tiwp  and/or  wcj 

2*  A  pentagon  adjacent  to  atox  (or  auv),  when  a  touches  utnc  (or  trwx) 

3^  in  absence  of  I”  a  pentagon  b  touching  uvwx  and  a  pentagon  bound¬ 
ing  ubx. 

4®  in  absence  of  1“,  3®  a  hexagon  adjacent  to  uvwx. 

In  order  to  prove  that  S  is  now  surrounded  by  a  ring,  we  observe 
that  a  6-ring  uvwcd,  vwxef  or  uvwxg  encloses  a  pentagon  of  1®  or  3®. 
Further  a  ring  uvwxhi  encloses  either  two  pentagons  or  a  hexagon  on  the 
side  remote  from  y,  as  in  1®  and  2®,  3®  or  4®.  For,  in  view  of  H,  the 
polygon  j  adjacent  to  hi  on  this  side  must  meet  uv,  wx,  ux  or  uvwx — 

**  A  second  pentaxon  cannot  have  triple  contact,  or  one  of  the  major  polygons 
would  possess  less  than  6  vertices. 
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otherwute  a  Birkhoff  ring  would  occur,*  Finally,  any  other  contact 
preventing  a  ring  round  S,  e.g.  uklw,  involveH  a  ring  of  4  or  lesM.  So  we 
can  safely  apply  our  previous  argument  to  the  ring  surrounding  S, 
obtaining  a  similar  contradiction. 

Lastly,  let  uvvoxy  be  connected,  uvrox  forming  a  chain.  Should  uvwxy 
complete  a  ring,  they  enclose  a  pentagon  and  are  surrounded  by  a  second 
ring,  to  which  the  earlier  proof  applies.  (In  fact,  the  second  ring  has 
p  —  20  contacts  only.) 

If  uvwxy  is  a  chain,  it  has  p  —  16  contacts,  3  occurring  at  each  of 
u,  w,  y;  and  it  follows  from  N  that  u,  w,  y  each  touch  a  hexagon.  This 
leaves  p  —  19  contacts  at  S,  as  against  p  —  18  pentagons  in  the  map, 
so  that  a  pentagon  is  reducible  under  H. 

If  uvwxy  form  neither  a  ring  nor  a  chain,  S  has  p  —  17  contacts  or 
less,  3  occurring  at  u  and  x.  As  before,  we  &nd  a  hexagon  adjacent  to 
u  and  X,  leaving  at  most  p  —  19  other  contacts  at  S.  Thus  the  given 
map  is  in  all  cases  reducible. 

The  reduction  of  a  map  with  less  than  5  major  polygons  is  virtually  a 
special  case  of  the  above,  and  presents  no  further  difficulty. 

EoTrriAN  Univbbsitt, 

Abbashia,  Caibo,  Eotpt. 

**  It  can  be  shewn  that  an  irreducible  minor  configuration  (simply  connected) 
having  6  contacts  at  its  boundary  must  consist  of  a  hexagon  or  a  pair  or  triad  of 
pentagons.  In  the  present  case,  if  j  were  a  pentagon  of  a  triad,  its  contacts  with 
hi  would  make  it  reducible  by  H.  It  can  also  be  shewn  that  an  irreducible  minor 
configuration  with  7  contacts  at  its  boundary  is  composed  of  at  most  4  polygons. 


NOTK  ON  THK  FOUR  COLOR  PROBLEM* 

By  Philip  Franklin 

1.  Introduction.  In  1920,  UHing  the  known  reducible  configurations 
for  the  four  color  problem  due  to  A.  B.  Kempe*  and  G.  D.  Birkhoff,* 
together  with  a  few  additional  ones,  I  proved*  that  every  map  on  a 
sphere  containing  25  or  fewer  regions  can  be  colored  in  four  colors. 
Five  years  later  C.  N.  Reynolds*  suceeeded  in  replacing  the  number  25 
by  27,  and  gave  an  example  which  showed  that  the  number  could  not 
be  raised  further  without  u-sing  additional  reductions.  He  wa.s  able  to 
simplify  his  argument  by  employing  certain  reductions  due  to  A. 
hjrera.* 

Recently,  I  obtained  a  few  reducible  configurations,  which  enabled 
me  to  raise  the  number  to  31.  However,  before  these  were  published, 
C.  E.  Winn*  independently  obtained  a  number  of  new  reductions  which 
include  most  of  mine  as  special  cases.  He’*  also  established  the  general 
result  that  any  map  containing  at  most  one  polygon  of  more  than  6 
sides  can  be  colored.  This  goes  far  beyond  Errera’s*  theorem  that  any 
map  containing  no  polygons  of  more  than  6  sides  is  reducible. 

In  this  note,  using  the  reductions  of  Winn  to  shorten  my  argument, 
I  shall  pnive  that  every  map  on  a  sphere  containing  not  more  than  31 
regions  can  be  colored.  At  the  end  of  the  note  are  given  a  few  reduc¬ 
tions  not  included  as  special  cases  of  those  found  by  Winn,  and  a 
generaliiation  of  a  result  due  to  Heawood.* 

i 

2.  Notation.  We  follow  to  some  extent  the  notation  of  Reynolds,* 
using  capital  letters  to  denote  certain  types  of  configurations,  and  the 

*  Prespnted  to  the  Ameriran  Mathematical  Society. 

*  Kempe,  A.  R.,  Am.  Journal  of  Math.  2  (1879)  p.  193. 

'  Birkhoff,  G.  D.,  Am.  Journal  of  Math.  35  (1913)  p.  115. 

*  Am.  Journal  of  Math.  44  (1922)  p.  225. 

*  Reynolds,  C.  N.,  Annals  of  Math.  28  (1926)  p.  1. 

*  Winn,  C.  E.,  Journal  of  Math,  and  Physics  16  (1937),  p.  159. 

’  Winn,  C.  E.,  Amer.  Jour,  of  Math.  (1937). 

*  Errera,  A.,  Bull,  de  la  Soc.  Math,  de  France  53  (1925),  p.  42. 

'  Heawood,  P.  J.,  Proc.  London  Math.  Soc.  40  (1935),  p.  189. 
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oormtponding  small  letters  to  denote  the  number  of  configurations  in  an 
irreducible  map. 

A  shall  denote  a  region  of  our  map. 

An  shall  denote  a  region  of  n  sides. 

Pi  shall  denote  a  pentagon  in  contact  with  no  other  pentagon. 

Pt  shall  denote  a  pentagon  in  contact  with  one  other  pentagon. 

Pt  shall  denote  a  pentagon  meeting  two  other  pentagons  at  a  point. 
Pi  shall  denote  a  pentagon  meeting  two  other  pentagons  along  non- 
consecutive  edges. 

Pt  shall  denote  a  pt^ntagon  in  contact  with  three  other  pentagons. 

V  shall  denote  a  vertex  of  our  map. 

E  shall  denote  an  edge  of  our  map. 

Vt  shall  denote  a  vertex  of  our  map  which  is  not  the  vertex  of  any 
pentagon. 

3.  Relations  for  irreducible  maps.  We  recall  some  known  relations. 
W’e  have*'  * 

(1)  3i'  =  2c  »  23  a  as  X)  Q- 

I  I 

by  counting  ends  of  edges,  and  recalling  that  in  an  irreducible  map  all 
vertices  are  triple  and  all  polygons  have  at  least  five  sides.  The  Euler 
relation 

(2)  t>  —  e  +  a  =*  2 
may  be  combined  with  this  to  give 

(3)  a  »  2  -I- 
and 

(4)  a»  *  12  4-  23  (»  —  6)a,  . 

7 

We  next*'  *  count  the  contributions  of  vertices  for  the  pentagons  of  the 
various  types  possible  in  an  irredueible  map,  dividing  the  contribution 
equally  when  two  or  three  pentagons  meet  at  a  point.  This  leads  to 

(5)  V  *  5pi  +  4pi  +  31  /3p»  +  3p4  +  21  /3p»  +  . 

We  shall  in  the  sequel  principally  use  (5)  combined  with  (3). 


4.  Any  irreducible  map  must  contain  32  regions.  Since  o  is  an 
integer,  if  we  show  that  for  an  irreducible  map  v  must  exceed  58,  it  will 
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follow  from  (3)  that  a  i«  at  leawt  32.  We  Htart  with  Winn’s  result* 
that  an  irreducible  map  must  contain  at  least  six  polygons  of  more  than 
six  sides. 

a)  Suppose  the  map  contains  exactly  6  heptagotis,  and  no  other 
polygons  of  more  than  7  sides,  so  that  by  (4)  there  are  18  pentagons. 
If  all  these  pentagons  are  of  type  Pi ,  Pt  or  Pt ,  by  (5) 

V  ^  18. 3  1/3  ^  60  >  58. 

Since  four  consecutive  |X'ntagons  flanking  a  heptagon  is  reducible,*  we 
may  not  introduce  this  configuration.  Thus,  if  a  string  of  mPt»  Is 
|)n*s<*tit,  with  2Pi’s  at  the  ends,  it  will  reduce  the  limit  for  v  by 

(m  -I-  2)3  1,3  -  12-4  +  ni.3)  - 

but  will  intrcxlua*  m  sets  of  3  consecutive  pentagons,  each  of  which 
will  have  to  be  in  contact  w’ith  a  .si>parate  heptagon. 

Again,  the  only  configuration  involving  Pi’s  wliich  does  not  have 
four  consecutive  |)entagons  is  a  T  shape,  made  up  of  2  Pj’s,  one  P| 
and  a  Pt .  This  will  n*duce  the  limit  for  v  by 

4  3  1/3  -  (2.3  1/3  +  21/3  +  4)-  1/3, 

but  will  introduce  2  sets  of  3  consecutive  pentagons,  each  of  which  w’ill 
have  to  be  in  contact  with  a  separate  heptagon. 

Thus,  with  only  six  separate  heptagons  available,  the  limit  of  60 
for  V  can  not  l)e  reduced  by  more  than  unity,  which  leaves  59,  still  in 
excess  of  58.  This  establishes  our  contention  that  the  map  has  at  least 
32  H'gioas  in  case  (a). 

b)  Suppos(>  the  map  contains  more  than  6  heptagons,  but  no  polygons 
of  more  than  7  sides.  We  are  again  limited  to  the  configurations  men- 
tioiunl  in  (a).  With  only  7  separate  heptagons,  the  sum  can  be  reduced 
by  unity,  either  by  3  T’s,  or  one  sequence  with  m  —  7,  but  not  by 
more.  Since  there  are  now  19  pentagons,  we  have 

p  ^  19. 3  1/3  -  1  ^  62  1/3  >  58. 

With  8  or  morf>  heptagons  we  must  have  at  least  20  pentagons.  The 
eoefficients  in  (5)  all  exceed  3,  with  the  exception  of  that  of  pi .  But 
the  only  admissible  configuration  involving  a  P|,  is  the  T  for  which 
tin*  average  coefficient  is  13/4  which  exceeds  3.  Thus,  we  now  have 

p  ^  20. 3  S  60  >  58, 

and  the  map  again  has  at  least  32  regions  in  cast*  (b). 
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c)  Suppow  the  map  contains  one  octagon,  5  or  more  heptagons,  and 
no  other  p(»lygons  of  more  than  7  sides.  We  then  have  at  least  19 
pentagons.  Any  eonfignration  of  pentagons  made  np  of  P| ,  P| ,  and 
P^  only,  leads  to  a  contribution  to  the  sum  in  (5)  2  greater  than  that 
with  an  average  coefficient  of  3,  due  to  the  two  Pi  at  the  ends.  Con¬ 
figurations  of  pentagons  must  have  ends,  as  rings  are  reducible. 

Configurations  made  up  of  Pj  only,  give  1  greater  than  an  average 
coefficient  of  3,  for  each  triad  or  separate  figure. 

Three  Pj's  at  a  point  involve  3  sets  of  4  consecutive  pentagons,  each 
of  which  will  require  a  separate  polygon  of  more  than  7  .sides,  so  that 
they  are  not  admissible  for  this  case. 

A  T  consisting  of  two  Pi’s,  one  Pj  and  a  Pi ,  gives  1  greater  than  an 
average  coefficient  of  3,  and  uses  up  4  pentagoas. 

An  elongated  T,  Tm  ,  with  mPi  iaserted,  involves  a  set  of  4  consecu¬ 
tive  pentagons.  Thus  only  one  can  be  present  in  this  case,  and  we  can 
not  have  a  figure  with  such  a  T  at  each  of  its  two  ends.  The  Tm  gives  1 
more  than  an  average  coefficient  of  3. 

Finally  a  figure  involving  two  Pi’s  meeting  one  Pj  at  a  point  involves 
a  set  of  4  coasecutive  pentiigons.  It  has  two  ends,  neither  of  which 
can  be  closed  by  a  T  in  this  case,  so  that  there  are  two  Pi’s  in  the  figun*. 

*  Such  a  configuration  gives  1  more  than  an  average  coefficient  of  3. 

Recalling  that  6  con.secutive  pentagons  flanking  an  octagon  form  a 
reducible  figure,*  we  see  that  the  figure  last  discussed  may  be  elongated 
at  one  end  by  the  ins<*rtion  of  mPt ,  but  not  at  both  ends.  The  figun> 
will  then  contain  m  -f-  1  .sets  of  3  consecutive  pentagons,  in  addition  to  <! 

the  set  of  5  flanking  the  octagon.  Thus  such  a  figure  can  not  have  m  r 

exceeding  4,  in  this  case*  (c).  For  m  »  4,  the  figure  contains  9  p«*n-  j 

tagons.  • 

Similar  consideratioas  may  be  applied  to  show  that  a  Tm  must  contain 
at  least  m  —  1  sets  of  3  coasecutive  ()entagons,  in  addition  to  the  .set 

of  5  flanking  the  octagon,  or  m  .sets  of  3  in  addition  to  the  set  of  4  * 

flanking  the  (x*tagon.  Thus  in  this  case  (c),  a  Tm  ean  not  have  m 
exce<>ding  6.  For  m  =  6,  the  figure  7*  contains  10  i)entagons. 

The  19  or  more  |)entagons  must  include  either  one  figure  giving  2 
more  than  an  average  coefficient  of  3,  or  at  least  two  figures  each  giving  * 

1  more  than  an  average  coefficient  of  3.  Thus  in  this  case  (c),  ^ 

V  ^  19. 3  -I-  2  ^  59  >  58, 

and  the  map  has  at  least  32  regions  in  case  (c). 

d)  Suppose  the  map  contains  either  one  |X)lygon  of  more  than  8  ^ 

sides,  or  two  |K>lygons  of  more  than  7  sides,  but  not  more  than  two  such  ’ 
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poiygoiu<.  Then,  in  the  leaHt  favorable  caaeH,  ot  »  1,  a?  ~  5,  or  a«  »  2, 
ai  4;  HO  that  by  (4)  there  are  20  jx'ntagonn.  ThuH  in  eane  (d)  we 
always  have  at  least  20  pentagons. 

Configurations  not  involving  Pt ,  lead  to  eoeffieients  of  3  or  mon*  in 
the  sum  (5). 

As  in  ease  (e),  we  ean  not  have  3  Pi’s  met>ting  at  a  point.  A  P» 
miTting  two  Pi’s  at  a  point  gives  an  average  eoeflicient  of  3  for  thest* 
thnn*  pentagons.  Two  Pi’s  meeting  a  Pi  at  a  point  gives  a  sum  less  by 
1  than  that  given  with  an  averag(‘  co(‘ffieient  of  3.  But  eaeh  sueh 
figim*  leads  to  a  set  of  4  eoiiHeeutive  pentagons,  so  that  if  in  separate 
figures  not  more  than  two  ean  be  present  in  this  case  (d).  If  one  of 
the  ends  of  the  connected  set  of  |)entagons  involving  one  or  more  of 
the  figures  just  described  Is  a  P» ,  it  gives  a  surplus  of  1  above  the 
average  of  3.  Thus  we  would  have  for  the  sum  w, 

V  ^  20. 3  -2+1  ^  59  >  58. 

To  avoid  the  surplus  of  1,  both  ends  would  have  to  be  pairs  of  Ft, 
with  a  single  P| ,  or  additional  sets  must  be  present  for  Pi’s  at  the 
ends.  Such  figures  may  be  constructed,  but  any  figure  with  a  defi¬ 
ciency  of  1,  including  at  most  one  set  of  4  or  more  consecutive  penta¬ 
gons,  has  a  sequence  of  8  consecutive  pentagons,  while  those  with  a 
deficiency  of  2,  including  at  most  one  set  of  4  or  more  consecutive 
pentagons,  have  a  single  sequence  of  12  consecutive  pentagons.  Figun-s 
with  a  deficiency  of  2,  having  exactly  two  sets  of  4  or  more  consecutive 
pentagons,  have  either  one  single  sequence  of  10  consecutive  pentagons, 
or  two  sequenees  of  7  eonsecutive  pentagons. 

Since  in  an  irreducible  map  a  sequence  of  7  consecutive  pentagons 
involves  the  presence  of  a  nonagon,  while  a  sequenee  of  8  consecutive 
pentagons  involves  the  presence  of  an  11  sided  figure  in  an  irreducible 
map,  in  each  of  these  cases  the  map  contains  a  minimum  of  22  penta¬ 
gons,  and 

V  ^  22. 3  -  2  ^  64  >  58, 

so  that  we  again  have  at  least  32  regions. 

Figures  with  higher  deficiency  involve  more  than  one  additional 
{pentagon  for  each  deficiency  of  1,  so  that  the  conclusion  that  32  Ls  a 
minimum  still  holds  for  them  in  every  case  (d). 

e)  Suppose  the  map  contains  3  or  more  polygons  of  more  than  7 
sides.  Then,  in  the  worst  case,  (i«  »  3,  Qt  «  3,  so  that  by  (4)  there  an* 
21  pentagons,  as  a  minimum  number  in  case  (e). 
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Since  the  only  coefficient  Ichm  than  3  in  the  Hum  (5)  in  that  of  pi , 
we  again  consider  figures  involving  Pt .  A  Pi  meeting  two  Pi's  has  an 
average  coefficient  of  3,  for  the  three  pentagons.  Two  P/s  meeting  a 
Pj  at  a  point  gives  a  deficiency  of  unity  in  the  sum,  but  a  sequence  of  4 
consecutive  |)entagons.  Three  Pi’s  meeting  at  a  point  gives  a  defi¬ 
ciency  of  2,  but  involve  3  sequences  of  4  consecutive  ptmtagons. 

If  there  are  m  sequences  of  4,  each  involving  a  .separate  octagon, 
there  are  at  least  12  +  2m  pentagons,  and  a  deficiency  of  at  most  m. 
If  some  of  these  sequences  of  4  combine,  a  union  of  k  figures  each  of 
which  would  separately  give  a  sequence  of  4,  gives  a  sequence  of  at 
least  2Ar  -f-  2.  That  is,  the  ends  of  the  intermediate  sets  of  4  are  lost, 
but  the  central  pairs  of  P»’8  remain.  But  such  a  sequence  of  2A:  -f-  2 
consecutive  pentagons  in  an  irreducible  map  involves  a  2A:  +  5  gon, 
which  leads  to  2A;  —  1  pentagons  in  the  sum  (4),  one  less  than  if  the 
.*«*ts  were  in  contact  with  separate  octagons. 

If  there  are  less  than  5  sequences  of  4,  we  have 

e  ^  213  -  4  ^  59  >  58. 

If  there  are  m.  m  ^5,  separate  .s<‘quence8  of  4,  there  are  at  least 
12  +  2m  pentagons,  and  at  most  a  deficiency  m,  so  that 

V  ii  (12  +  2m)3  —  m  ^  36  -|-  5m  61  >58. 

If  some  of  these  sequences  are  combine<l,  there  may  be  a  loss  in  the 
number  of  pentagons.  For  m  —  5,  we  have  usecl  12  -|-  2m  *  22  penta¬ 
gons.  If  these  were  combined  in  2  sequences,  with  It  »  2,  and  one 
separate  sequence  of  4,  the  sequences  of  6,  6,  4  would  require  polygons 
of  9,  9,  8  sides,  but  as  there  are  now  three  other  polygons  of  at  least 
7  sides,  there  are  23  pentagons,  greater  than  the  number  used  for  the 
separate  sequences.  Similarly,  the  other  possible  combinations  when 
m  »  5,  lead  to  more  than  22  pentagons.  In  fact,  we  can  lose  at  most 
2  pentagons  by  combination,  and  will  gain  at  least  2  pentagons  from 
the  necessity  for  a  total  of  6  polygons  of  at  least  7  sides. 

If  there  are  6  sequences,  some  of  which  are  combined,  we  can  lose  at 
most  3  pentagons  by  combinations,  and  will  gain  at  least  1  pentagon 
from  the  necessity  for  a  total  of  6  polygons  of  at  least  7  sides.  Thus, 
if  m  »■  6,  we  will  always  have 


r  ^  (12  -I-  2m)3  -  m  ^  60  >  58. 
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If  then*  are  m,  m  >  6,  sequenoefl,  some  of  whirb  are  combined,  we 
can  lone  at  moNt  m/2  pentagons  by  combination8,  80  that 

V  ^  (12  2m  —  m/2)3  —  m  ^  36  +  7m/2  ^  60  1/2  >  58. 

We  again  have  at  least  32  region.^  in  case  (e).  As  the  five  cases  in¬ 
clude  all  possible  irreducible  maps,  we  have  established  the  theorem: 
Evfry  irreducible  map  must  contain  at  least  32  regions. 

As  a  con.sequence, 

Every  map  on  a  sphere  unth  at  most  31  regions  is  colorable  in  four  colors. 

5.  Four  New  Reductions.  We  here  prove  the  reducibility  of  the 
following  configurations. 

A.  An  odd  sided  region,  surrounded  by  hexagons  and  one  external 
pentagon.  6(5)66  •  •  •  66. 

B.  Two  adjacent  pentagons,  each  touching  the  same  heptagon  which 
together  with  five  hexagons  surrounds  them. 

C.  An  odd  sided  region  surrounded  by  Imn  5(5)5  •  •  •  5(5)5. 

I).  A  polygon  surrounded  by  5(5)76  •  • '  6. 

Di .  In  the  case  D,  a  pair  of  consecutive  hexagons  may  be  replaced  by 
two  pentagons. 

We  follow  the  methcxl  of  exi)08ition  used  by  Winn,^  in  proving  these 
configurations  reducible.  Small  letters  refer  to  regions  in  the  figure. 
The  numbers  1,  2,  3,  4  n*fer  to  colors  of  regions.  (1),  (2),  etc.  refer  to 
possible  cases.  Pairs  of  numbers  as  .32  b  to  d  means  assuming  a  32 
chain  to  join  3  and  2.  We  give  on  the  right  indications  of  the'coloration 
of  certain  regions,  stopping  when  the  coloration  may  obviously  be 
completed.  The  colorations  on  the  left  are  assumptions  defining  the 
cases  (1),  (2),  etc. 

A.  An  odd  .sided  region,  .surrounded  by  hexagons  and  one  external 
jientagnn.  We  illu.strate  for  a  heptagon  Fig.  1. 

(1)  g^2,f~3  m-l,I  =  2 

By  .symmetry,  we  may  treat  all  cases  in  which  b,  d,  e,  f,  g,  h,  i  are  not 
all  similarly  colored. 

(2)  =  =  0  =  4 

32  b  to  d  c  =  4,  j  =  3 

m  =  2.  it  =  1 
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B.  Two  adjacent  pentagons,  each  touching  the  same  heptagon  and 
surrounded  by  this  and  the  five  hexagons.  Fig.  2. 


(1) 

6  =  4 

6  =  4 

(2) 

6  =  2,  a  =  3 

h  ^  4,  g 

(3) 

6  =  2,  a  =  4 

6  =  4,  g 

(4) 

6  =  3,  a  -  2 

6  »  4,  (7 

There  are  four  .symmetric  cases  with  b,  a  replaced  by  e,  /. 

(5)  6  =  a  =  2  or  3  and  e=/-!lor3  /  =  4 
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In  view  of  the  symmetry,  we  may  aasume  as  the  only  remaining  pos¬ 
sibility 

(6)  6  -  3,  a  -  4,  e  4. 

34  fr  to  (/  c  *  2,  m  *  3 

I  »  4,  A  «  1,  jf  -  4,  /  «  2,  A:  =  4 


C.  An  fxld  sided  region  surrounded  by  Imn  5(5)5  •  •  •  5(5)5.  We 
illustrate  for  a  nonagon,  Fig.  3. 


(1) 

6  -=  2,  r  7^  2 

g  -  2 

(2) 

6  =  c»=2,  <17^2 

A  -  2,  1-2 

(3) 

6*=c  =  d»2,  c^2 

A  =  2,  i  -  2,  A-  =  2 

(4) 

6“C  =  d  =  e*2,  /  ^2 

A  -  2,  i  -  2,  f  -  2 

(5) 

6  =  c*</*e*/»2,  a«4 

32  e  to  / 

m  =  4,  n  —  3, 

=  ,•  =  it  =  3,  /  -  1 

D.  A  polygon  .surrounded  by  5(5)76  •  •  ■  6. 

We  illustrate  the  even  case  for  an  octagon,  Fig.  4. 

a  -  2  c  »  2 


(1) 

(2) 


0^2 


6-2 
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We  illustrate  the  odd  ease  for  a  heptagon,  Fig.  5. 

(1)  a  «  2  t  -  2 

(2)  a  =  3,  6»c  =  d  =  e=  /=  g«2  A«4,  »«2 

(3)  a  —  3  one  of  b,  c,  d,  e,  f  ^  2,  g  ^  2  A  *  2 

Di.  One  or  more  pairs  of  consecutive  hexagons  may  be  replaced  by 

{)entagons. 

Proved  as  in  D,  merely  omitting  two  lines  and  one  region  from  the 
6g»ires  for  each  pair  replaced. 

6.  Heawood'a  Residuals.  The  coloration  of  a  given  regular  map  on  a 
sphere  in  four  colors  is  equivalent  to  the  solution  of  a  certain  set  of 
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congru<‘iio<*H,'®  iikkIuIo  3,  by  variahlrn  none  of  which  arc  aero.  The 
variables  eoiTes|M)nd  to  the  verticea  of  our  map,  and  each  congruence 
is  the  sum  of  those  variables  corresimnding  to  the  vertices  of  a  n'gion 
of  our  map,  set  ecpial  to  aero. 

In  estimating  the  probability  of  such  congruences  having  proper  solu¬ 
tions.  i.e.  values  of  the  variables  nil  ■!  or  —1,  modulo  3,  Heaw(XKl" 
considen'd  a  .set  of  generalia<‘d  congruences,  similar  to  those  just  men- 
tiontHl  exe<*pt  that  the  right  hand  members  were  not  necessarily  aero, 
but  instea4l  any  numliers  arbitrarily  associate<l  with  the  regions  of  the 
map,  and  only  subjected  to  the  restriction  that  the  .sum  of  the  numbers 
for  all  the  regions  is  congruent  to  aero,  mod.  3. 

In  connection  with  these  generaliatHl  wngruenws,  IleawcsKl*  intro- 
«luced  three  ofierations  on  a  finite,  ordered  set  of  integers,  each  retluced 
mcsl.  3  to  I,  —  1  or  0. 

1.  Ri'placing  a  triplet  a,  —  1,  6  by  the  pair  a  I,  f)  -1-  1. 

2.  Replacing  a  triplet  a,  1,  6  by  the  pair  a  —  1,6—  1. 

3.  Ri'placing  a  triplet  a,  0,  6  by  the  element  a  -1-  6. 

In  particular,  if  the  ordered  set  of  integers  has  a  sum  aero,  m(Kl.  3,  the 
same  will  lx*  tnie  of  the  set  after  thes<*  <iiieration.s  are  ix'rformed  any 
numl)er  of  times.  If  they  are  perform«*d  a  sufficient  number  of  times, 
we  .shall  eventually  l)e  hxl  to  one  of  the  four  s<*ts  0,  0;  1,  —1;  —1,  1; 
or  0.  The  .set  0,  0  Is  a  residual  of  the  first  class;  the  other  thn'c  sets 
are  each  residuals  of  the  second  class.  By  cyclically  pf'imuting  the 
ordered  set,  we  may  change  the  ifsiduals  from  1,  —1,  to  0,  but  we  can 
not  change*  the  class  of  residuals,  which  is  also  independent  of  the  order 
in  which  the  reducing  operations  are  applied. 

Sup|X)s<*  we  draw  a  shnple  circuit  on  a  map,  .separating  the  map  into 
two  portions,  for  one,  and  hence  lx)th,  of  which  the  numbers  associated 
with  the  regions  of  the  map,  or  right  members  of  the  generalized  con¬ 
gruences  add  up  to  WTO,  mcxl.  3.  Also,  .suppose*  we  have  proix*r  solu¬ 
tions  of  the  congniences  corresjxjnding  to  the  n*gions  on  one  side  of  the 
map.  We  may  form  a  cyclically  ordered  set  of  integers  for  the  regions 
abutting  one  side  of  the  circuit,  by  adding  up  the  numb<*rs  1  or  —  1 
corresponding  to  the  vertices  of  .such  a  n*gion  which  are  on  the  circuit. 

*•  Heawood,  P.  J.,  Quart.  Jour,  of  Pure  and  Applied  Math.  29  (1897)  p.  270 
Veblen,  O.,  Annala  of  .Math.  14  (1913)  p.  163. 

•'  Heawood,  P.  .1.,  Pr*^.  London  .Math.  S<x*.  33  (1932)  p.  253. 
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The  «um  of  such  a  s<>t  will  lie  lero,  mod.  3,  and  wo  may  det<‘rmino  the 
class  of  its  rt'siduals. 

7.  Heawood’s  Results,  and  a  generalization.  HcawcKKl''  proved  that 
the  class  of  n^siduals  for  a  circuit  of  the  kind  just  described  is  indc- 
IKUident  of  the  side  of  the  circuit  u.sed  to  determine  the  abutting  regions. 
In  fact,  if  the  right  members  of  the  generalizt'd  congruence  are  all  zero 
for  the  regions  of  a  ring  IxHinded  by  two  circuits  of  this  kind,  for  any 
proi)er  solution  of  the  congruences  the  two  circuits  w’ill  have  the  .same 
clans  of  residuals.  Also,  a  circuit  of  this  tyjK*  having  on  one  side  only 
n‘gions  for  which  the  right  members  of  the  generalized  congruence  are 
zem,  will  necessarily  have  residuals  of  the  first  clas.s,  i.e.  0,  0. 


Using  these  results,  Heawoo<l*  deduced  that : 

I.  If  we  as.sociate  the  numbers  1  and  —1  with  two  adjacent  regions, 
aixl  zero  with  all  the  nmiaining  regions,  the  generaliz('d  congruences 
can  not  have  any  projs'r  .solutions. 

II.  If  we  consider  the  original  congruences  with  right  memliers  zero, 
and  find  proper  values  .solving  all  except  possibly  two  which  corresjwnd 
to  adjacent  regions,  these  two  will  automatically  be  .solved  also. 

We  give  here  a  slight  extension  of  this,  namely: 

//  we  comider  the  original  congruences  tcith  right  members  zero,  and  find 
proper  values  solving  aU  except  possibly  three  which  correspomi  to  the 
regions  touching  a  vertex,  then  the  variable  for  this  vertex  may  be  so  chosen 
that  all  the  congruences  are  satisfied. 

We  con.sider  the  circuit  iKxinding  the  three  regions.  Since  the  vertex 
values  solve  the  congruences  for  all  the  regions  outside  this  circuit,  the 
residuals  obtained  from  them  for  the  out.side  of  the  circuit  will  be  0,  0, 


IK4 


PHIIJP  FRAXKMX 


and  the  same  will  be  true  for  the  residuals  obtained  from  them  for  the 
inside  of  the  eireuit.  If  the  s<*t  of  inte|(ers  for  the  inside  of  the  eireuit 
ait’,  Fig.  6,  nti ,  mt ,  mt ,  for  the  thre<*  regions,  sinee 

mi  -b  wi*  -b  m*  ■  0,  m<xl.  3 

we  must  have  either  0,  0,  0;  0,  1,  —  1 ;  1,  1,  1  or  si*ts  obtained  fmm  them 
by  cyclic  permutation  or  change  of  sign,  neither  of  which  changes  the 
class  of  residuals.  The  only  one  of  these  thre<*  having  residuals  of  the 
first  class  is  1,  1,  1.  Thus,  either  mi ,  mt ,  mt  are  1,1,1  and  we  set 
j**  «  —  1,  or  mi ,  mi ,  mj  are  —  1,  —  1,  —  1  and  we  set  Xo  *  1.  In  either 
case  the  omitte<l  congruences,  which  are  «*ssentially 

mi  -}-  Xo  m  0,  mod.  3, 

will  lx*  satisfied. 

The  value  of  Xq  may  be  changed,  if  necessary,  without  affecting  the 
other  congruences,  since  none  of  these  contain  j#  . 

M AHSAl'HDSBTTH  IxsTITlTT*  OT  TeCHNOLOOT. 
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A  THEOREM  RELATING  NON-VANISHING  AND 
ANALYTIC  FUNCTIONS 

Bt  Nobman  Levinson 

The  fact  that  an  analytic  function  and  all  itt<  derivatives  cannot  vanish 
at  a  point  without  vanishing  identically  h&s  Ix'en  generalis'd  by  Den- 
joy,  Carleman,  and  others.  Qualitatively  stated,  they  have  shown 
that  if  the  derivatives  of  a  function  do  not  increase  in  magnitude  too 
rapidly  it  has  the  above  stated  property  of  analytic  functions.  The 
functions  they  have  introduced  are  known  as  quasi-analytic. 

It  is  clear  that  an  analytic  or  quasi-analytic  function  cannot  vanish 
over  an  interval  without  vanishing  identically.  This  more  restrictive 
property  of  not  vanishing  over  an  interv'al  without  being  identically 
Eero  does  not,  however,  require  the  existence  of  derivatives.  For 
example,  an  analytic  function  bounded  on  its  circle  of  convergence 
cannot  vanish  over  an  interval  unless  the  function  is  identically  zero, 
but  it  need  not  possess  any  derivatives,  and  in  general  does  not. 

This  property  of  non-vanishing  over  an  interv’al  has  been  show’n  to 
hold  for  functions  F{x)  on  (— *,  *)  whose  Fourier  transforms  G(u) 
become  .sufficiently  small  either  asu— »  *  orasu— »— *,  (but  not 
necessarily  both).  In  general,  .such  an  F(x)  will  not  possess  derivatives, 
and  therefore  lies  outside  the  .scope  of  usual  quasi-analytic  theorems. 

A  typical  result  of  the  type  just  di.scu.ssed  Is' 

Let  G{u)  t  L{  —  ■X ,  X  )  and  suppose  that 


«(u)c— 'dl4. 


(1.1)  G(u)  -  0(c-*'“'), 

where  0{u)  is  a  non-decreasing  positive  function  such  that 


[•eM 


'  N.  Levinaon,  “On  a  Class  of  Non-vanishing  Functions,”  Proc.  London  Math. 
Soc.,  Vol.  41,  p.  39.3.  Theorem  II. 
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Then  F{z)  cannot  be  equivalent  to  zero  at  any  interval  unless  it  is  equiva¬ 
lent  to  zero  over  ( —  « ,  «  ). 

For  certain  applicationH  it  becomen  necesHary  to  consider  a  more 
general  situation  than  that  covered  in  the  above  result.  Suppose 
z  *  X  4-  tj/  and  /(z)  is  analytic  in  (0  ^  x  S  1,  0  <  j/  ^  7)  and  con¬ 
tinuous  in  (0  ^  X  S  1,  0  ^  y  ^  7).  Suppose  F(x)  satisfies  the  condi¬ 
tions  of  the  theorem  quoted  above  and  that  F(x)  ■=  /(x),  0  ^  x  S 
Does  it  follow  that  F{x)  =  /(x)  over  §  S  x  ^  1?  That  it  does  in  the 
special  case  /(z)  *  0  is  w'hat  the  above  result  states.  That  it  is  true 
for  any  /(z),  it  is  our  object  to  show. 

F{x)  is  an  extension  of  the  class  of  functions  which  have  the  real 
axis  as  a  boundary  of  analyticity.  This  latter  class  would  have  (7(u)  *  0 
as  u  — »  3c  instead  of  G(u)  being  merely  small  as  u  — ►  x .  How  clo.sely 
it  is  related  to  this  class  the  following  theorem  shows: 

Theorem  I.  I.et  G{u)  t  L{—  ^ ,  «)  and  let  (1.0),  (1.1)  and  (1.2)  holtl. 
Ijet  f{z)  be  analytic  in  (a  ^  x  ^  c,  0  <  y  ^  y)  and  continuous  in 
(a  ^  X  ^  c,  0  S  y  ^  7).  Suppose  F{x)  *  /(x)  for  a  ^  x  ^  b  <  c. 
Then  F{x)  ~  /(x)  in  a  ^  x  ^  c. 

Theon*m  I  can  be  getieralinnl  in  several  directions.  First  (1.1)  may 
be  replaced  by  less  restrictive  conditions.*  The  condition 

G(u)  *) 

also  can  be  considerably  weakeneil.  However,  all  these  results  can  be 
obtained  from  Theorc'm  I  by  devices  fn*quently  u.sed  in  transform 
th<>ory,  and  will  then*fon*  be  omitted  here. 

2.  We  requin*  s<*veral  lemmas. 

Ijntma  1.*  If  M{u)  is  a  positive,  non-increasing  function  and  if 

[  ^  log  |c'“  -1-  A/(m)}  >  -  X 
Ji  «* 

then 

[  ^  log  A/(m)  >  -  X  . 

Ji  u* 

*  Any  of  the  ronditions  Kiven  in  I..eviniion,  loc.  rit.,  are  suffirient,  and  can  be 
proved  aimilarly. 

*  Levinaon,  loc.  cit.,  I..emma  2.  Here  it  is  stated  that  M{u)  ia  alao  continuona, 
but  it  ia  trivial  to  ahow  that  if  the  theorem  holds  for  continuous  M (u)  it  also  holds 
for  a  discontinuous  one. 
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Lemma  2.  If  /(z)  is  analytic  tn  (0  ^  x  ^  1,  0  <  y  g  7  <  and 
continuous  for  0  ^  y  ^  7  and  if 

(2.0)  y,(u)  -  j['  (<-'  -  !)*(«  -  rfx 

then 


(2.1)  I  Ji(u)  I  ^  Max  |/(z)  |,  u  >  0, 

irAfTP  tn  Max  |/(z)  |,  z  ranges  over  (O  ^  x  S  1,  0  ^  y  ^  7). 

PnK)f:  By  the  Cauchy  integral  theorem  taking  instead  of  the  path 
(y  =  0,  0  <  X  <  1),  the  path  made  up  of  the  arms  of  the  i-scosoles 
triangle  (y  =  7X,  0  ^  x  ^  i)  and  (y  =«  7(1  —  x),  i  ^  x  ^  1),  we  have 


Jihi)  =  (1  +  17) 


(2.2) 


(7)j[*(c'‘ 


-  l)’*^*(e  -  ^  nx)  dx 


+  (1  _  iy)  -  l)-+*(,.  _  +*/(i  +  iy(l  _ 


x))dx 


CMearly 


„-:i) 


T-  I  =  tan 


_i  sin  7X 
cos  7X  —  e~ 


+  tan 


_i  sin  7X 


— 


cos  7X 


..  ^  _i  sin  7X 
^  tan  -  — . 

cos  7X  —  e~* 

But  for  0  ^  X  ^  X  ^  cos  yx  —  e”*  since  this  Is  true  for  x  =  0  and 

^  (x  —  cos  7X  -f-  c~')  =  1+7  sin  7X  —  e~*  ^  0  for  0  <  7  <  ^r, 
dx 

0  ^  X  ^  Thus,  for  0  ^  X  ^  J 


/^x(i+.Y)  _  A  _,sin7X  ^  .  ,  X 

^  ~ir  ^ 

^  tan~‘  (2  cos  §7  tan  §7) 

>  tan“‘  (tan  J7)  »  i7. 


Thus,  for  u  >  0 

I  /•♦/,»<«+'»  A"* 

I  i  (e  --^.>)  ^ 

^  iTe-‘^“(2c)‘  Max  |/(z)  | 

^  2**c~‘’"  Max  |/(z)|. 
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In  pifcwely  the  same  way  this  holds  for  the  second  integral  on  the 
right  of  (2.2).  This  completes  the  lemma. 

Ijrmma  3.  Let 


(2.3)  J,(u,  p)  -  jf'  («*  -  l)-^*(r  -  dx. 

Then  for  u  >  0 


(2.4) 

1  *(«,  ■’)  1 

A 

'w 

1 

p  >  0, 

(2.5) 

1  itW. »)  1 

<  10‘e 

p  <  0. 

A  hto  there  exists  a  constant  C  such  that 

(2.6)  lJ,(u,p)|  <cl^. 

Proof.  If  in  I^emma  2  we  replace  f{x)  by  then  |  \  * 

e’*,  0  ^  y  ^  fy.  Thus  for  p  >  0,  ]  |  ^  r*’'*'  and  for  p  <  0, 

I  I  ^  Thus  (2.4)  and  (2.5)  follow  from  I^emma  2. 

(2.6)  is  easily  obtained  from  (2.3)  by  two  integrations  by  parts. 

3.  In  proving  Theorem  I  we  consider  only  the  case  a  ^  0,  c  1. 
(Then  0  <  b  <  1.)  It  is  quite  trivial  to  show  that  all  other  cases  are 
reducible  to  this  one. 

Proof  of  Theorem  /.  Part  a.  I.^t 

Mir)  -  jT'  |F(x)  -/(x)j(e*  -  l)*^*-(c  -  eT'^^dx. 

If  IP  *»  u  -f  tp  then  for  p  >  0,  h(w)  is  analytic,  and  for  p  ^  0,  A(tp)  is 
continuous.  Also 

I  h{w)  1  ^  (e‘  -  l)-(e  -  e^\*  jf'  |  Fix)  -  fix)  |  dx. 

If  0  is  defined  by  (e  —  e*)/(e*  —  1)  ■*  then 

(3.0)  1  hiw)  1  ^  1  Fix)  -  fix)  1  dx  <  A^\ 

where  A  is  used  to  represent  any  constant  that  depends  on  Fix)  and/(*). 
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By  (2.0)  it  is  clear  that 


Hu)  -  -J,(u)  -f  F(x){e^  -  -  0’"*“ 'it- 


But  uaing  (2.3) 


F{x)(e^  -  l)*^’“(e  -  e')*-‘*rfi 

-  jf'  (c'  -  l)*^’“(r  -  c')‘-‘-rfx  jT*  G{y)e-'^^dy. 


Hu)  «  -yi(«)  +  -4r-  /  G{y)J,(u,y)dy. 
V  2t 


('learly 


.  I/)  My  + 


^?(y)  Jiiu,  y)dy  \  ^  I  I  G(j/)  Jj(u 


and  using  liomma  3,  this  gives  for  u  >  1 

I  [  Giy)  Jiiu,  y)dy  \  ^  +  A 


Thus  by  (1.1),  (2.1),  and  (3.1) 


\G{y)Jt(u,y)  \dy 


u’f^W 


|A(u)|  ^  .4uV‘’"  +  f^'*"’),  U>\. 

This  last  inequality,  (1.2),  and  I>emma  1  give 

Pari  b.  I>et  us  assume  that  h(w)  i«  not  identically  zero.  Then  by 
using  ('arleman’s  theorem^  on  A(ir)  in  the  upper  half-plane 

0  <  1  ^  Ion  I  *(»)  M-  «)  I  (i  -  iu 

/  log  I  h{Re'^  I  sin  rffl  +  i4 . 
tK  Jo 

*  Titrhmarsh,  Theory  of  Funrtions,  Oxford,  1932,  p.  130. 
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I  (iu 


Or 

"(/.  I 

Ji  u* 

^  ^  Jo  ^  I  9(ie  A. 

I'siiifr  (3.0)  this  gives 

•-1  /•»» 


From  this 


Tims 


■(/u+/ 


Since  .1  is  imle^MMuleiit  «>f  /f,  this  (‘untnuiicts  (3.2).  Thu.s  h(w)  «  0, 
and  tlM*r«‘for«* 


(3.3)  jf‘  |F(x)  -  /(x)|  («'  -  D*  -  0- 

Pari  c.  If  we  now  set  e‘  ««  (e'  —  l)/(e  —  e')  then  the  interval 
0  <  X  <  1  maps  over  to  the  interval  —  «  <  t  <  »  and  (3.3)  liecomes 
the  P'ourier  transfonn  of  an  inteirrahlc'  function.  But  only  a  function 
etpiivalent  to  zero  cait  have  a  transform  that  vanishes  identically. 
This  means  that  the  function  obtaiiuHl  by  mapping  F{x)  —  /(x)  on  the 
inter\al  —  *  <  t  <  *  vanishes  alnuxst  ev’crywhen*.  Thus  F{x)  —  /(x) 
vanlslH's  almost  everywhere  (»n  (0,  1).  But  this  proves  our  theorem. 
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A  THEOREM  ON  ABSOLUTELY  CONVERGENT  TRIGONO¬ 
METRICAL  SERIES 

Bt  H.  R.  Pitt 

(1.1)  The  object  of  this  paper  is  to  extend  to  general  trigonometrical 
series  Wiener’s*  well  known  theorem  that  if  /(x)  is  periodic  and  has  an 
absolutely  convergent  Fourier  series,  and  if  /(z)  does  not  vanish,  then 
(/(z)]~*  also  has  an  absolutely  convergent  Fourier  series. 

The  theorem  we  are  concerned  with  was  proved  independently  by 
R.  H.  Cameron*  and  myself.  Cameron’s  theorem  is  more  general  in 
that  he  considers  functions  of  infinitely  many  variables,  but  it  seems 
worth  while  to  give  a  more  elementary  proof  for  the  case  of  one  variable. 
We  denote  by  21  the  class  of  functions  fix)  for  which  we  can  write 

fix)  -  Z  7’|/(x)|  -  L  |a«|  <  «. 

(2)  Theorem.  If  fix)  belongs  to  21,  and  if  the  lower  bound  of  |/(x)  | 
in  (  —  «,  Qo)  is  positive,  then  (/(x)l“‘  belongs  to  21. 

We  require  three  elementary  lemmas. 

(2.1)  Lemma  1.  ///i(x),  /i(x)  belong  to  SI,  then  so  do /i(x)/i(x)  and 
Cifiix)  -f-  Ctftix),  Cl  and  c*  being  any  real  or  complex  numbers.  Moreover, 

(a)  TicMz)  +  r,/,(i)|  S  \  c,  |r|/,W|  +  |  c  |r|/,(i)|, 

(b)  7’|/.(i)/,(i)|  s  r|/,(i)|.r|/,(ar)|. 

The  first  result  is  obvious.  To  prove  the  second,  we  write 
fiix)  -  ftix)  - 

Then 

flix)fiix)  »  Z  «”’***  iC  Onbm, 

7’|/i(x)/,(x)|  -  ZlLo.<>»l 

^  Z|a.lZl«>-l  -  ‘ri/i(x)|.ri/,(x)|. 

'  N.  Wiener,  Tauberian  theorems,  AnnaU  of  Mathematics,  33  (1932),  1-100. 

*  R.  H.  Cameron,  Analytic  functions  of  general  trigonometrical  sums,  Duke 
Math.  Journ.,  3  (1037). 
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(2.2)  Lemiia  2.  If  fix)  belongs  to  2  and  T\fix)\  *  a  <  1,  then 
(1  +  /(*))  *  belongs  to  31  and 


We  have 


T’lii  +/(x)r‘i  ^  (1  - «)“. 


ii  +/(x)j-'  =  E(-i)"i/wr, 


the  series  being  absolutely  and  uniformly  convergent  for  —  «  <  x  <  « . 
It  follows  from  Lemma  1  (b)  that  (/(x))"  belongs  to  81  and  that 
7’{I/(x)]’*)  S  a".  If  we  write  each  term  of  (2.2.1)  as  a  trigonometrical 
series,  it  becomes  clear,  since  a  <  1,  that  (1  +  /(x)]“‘  belongs  to  81 
and  that 

7’|(l+/(x)ri  ^  E  a"  -  (1  -  a)-‘. 

■•-4 

(2.3)  I.(et  «  >  0,  X  >  0,  and  suppose  that 


is  an  integer  greater  than  1.  Let 

«(€,  X,  x)  —  1  (0  ^  I  X  I  <  €), 

«(e,  X,  x)  -  2  -  1  X  l/f  («  <  I  X  I  ^  2«), 
w(e,  X,  x)  =»  0  (2«  <  I  X  I  ^  t/X), 

«(e,  X,  X  +  2t/X)  *  «(€,  X,  x). 

Lemma  3  (a)  uit,  X,'x)  belongs  to  81,  and 

r{«(.,x,x)}  ^  c. 

where  C  is  independent  of  c  and  X. 

(b)  For  fixed  X, 

lim  T\uit,  X,  x)(l  -  e-*^]\  =  0. 


An  easy  calculation  shows  that 


«(«,  X,  x)  -  E 
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where 


dt 


3Xc 
2ir  ’ 


2  .  nX«  .  3nXe  ,  ^  _x 


It  Is  plain  that  u{t,  X,  x)  belongs  to  9.  Further, 

7’|«(.,X,x)|  ^  E  |rf-l  +  4  ^  h 

s3^  +  l+4  Z  i;SC, 

2t  tXc  ixt|i«i>v  n' 

since 

2ir/3X€  »  /C  ^  2. 

(b)  «(€,  X,  x)(l  -  e-^]  -  E  (d-  -  d-i)*'""- 

It  is  easy  to  show  that  lim  (rf«  —  dn-i)  =  0  for  each  n  and  that 

I  dn  -  dn-i  I  ^  A/n*  (n  0,  n  5^  1), 

where  i4  is  independent  of  K.  The  conclusion  follows  by  uniform  con¬ 
vergence. 

(2.4)  We  can  now  complete  the  proof  of  the  theorem.  Let 


(2.4.1) 

.  (2.4.2) 
Then 

where 


/(*)  -  Z 

11*1 

|/(x)|  ^  «  >  0 

fix)  -  /i(x)  +  /i(x), 


(—  oe  <  I  <  oo). 


/i(x)  -  E  a«e  Mx) 


E  a»« 

•••JV+t 


and  N  is  chosen  so  that 

(2.4.3)  T\ftix)\  ^ 

(2.4.4)  |/i(x)  1  ^  (-CC  <  X  <  cc). 

Let  /C  be  an  integer  greater  than  1  and  let 

(2.4.5)  Ca  «  “  <•>(<»»  XaiX) 
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for  n  “  1,  2,  •  •  •  N.  Then 


S  Unix  —  3*«  J  »  1 

»-i 

for  n  »  1,2,  •••  N  and  all  x,  and  it  follows  that 

il  —  ^kt»)  *  1 

K-l  t-l 


(2.4.6)  E  n  «-(x  -  3Jk.*J  -  1, 

•  •I 

where  the  summation  extends  over  the  K'*  rearrangements  (ki ,  •  >  -  ,  k^) 
of  the  integers  (1,2,  •  •  •  K).  We  can  therefore  write 

V 

I  II  «»(X  —  Stnkn) 

(2.4.7)  /W  "  ^  '/W  ■ 

By  licnuna  1,  it  is  sufficient  to  prove  that  each  term  of  this  sum  belongs 
to  9. 

Let  Xo  be  a  point  at  which 

fi 

0(x)  =  n  w»(x  -  Stnkn)  ^  0. 

fl*l 

(If  there  is  no  such  point,  the  relevant  term  of  (2.4.7)  vanishes  iden¬ 
tically.)  Then 

(2.4.8)  -  _ _ _ _ , 

/i(xo)  +  /i(x)  +  [/i(x)  -  /i(x*)l  n  «(2«,,  X,,  X  -  3«,*I,) 

I  »=l 

since  the  denominators  differ  only  at  points  where  n(x)  vanishes.  Since 
[/i(x)  -  /i(x,)l  n  «(2€.,  X  -  3«,ifc.) 

-  E  a.(«*''''  -  n  «(2.„  x„  X  -  Z*„kX 


we  have 


T  |l/i(x)  -  /,(X*)I  n  «(2..,  X.,  X  -  3«,ifcj| 


;S  L  I  a.  I  -  e-‘^*l«(2€, ,  X. ,  x  -  3c,  k,) ) , 
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by  Lemmas  1  and  3.  Since  n(xo)  0,  we  have 

w,(x»  —  Sf,*,)  9^  0  (»  «  1,  2,  •  •  •  N), 

and  therefore,  by  the  definition  of  w*(z), 

(2.4.10)  I  X,  -  3€.ib.  I  <  2€.,  mod  (2v/X,), 

for  »  —  1,  2,  •••  iV.  Returning  to  (2.4.9),  we  see  that 
T\[e-^-‘  -  e-*-]«(2«,,  X.,  x  -  3..ifc,)| 

-  _  ^-'"•]„(2..,X,,y)} 

-  -  e-^'‘**-*-*'>]«(2.,,  X.,  y)) 

^T\[l-  ,  X. ,  y)|  +  C  I  1  -  |, 

by  Lemma  3  (a).  It  follows  now  from  (2.4.5),  (2.4.10)  and  Lemma  3  (b) 
that  the  last  expression  tends  to  aero,  as  /C  — »  oo ,  for  v  »  1,  2,  • « •  JV. 
Hence,  by  (2.4.3),  (2.4.9)  and  I>emma  1  (a), 

7’|/i(x)  -I-  [/,(x)  -  fxix^]  n  «(2€„  X„  X  -  3€,Jfc,)|  <  is 

if  K  is  suflSciently  large,  and  therefore 

•  |^/i(x»)  -f  /t(x)  +  I/i(x)  -  /i(xo)l  n  «(2€»,  X,,  X  -  3€.A:J  j 

belongs  to  0,  by  Lenuna  2.  The  conclusion  follows  from  (2.4.7), 
(2.4.8)  and  Lemma  1. 

(2.5)  In  conclusion,  we  may  remark  that  the  method  of  proof  which 
we  have  used  here  can  be  adapted  without  difficulty  to  prove  the 
following  result: 

///(x)  belonga  to  9,  and  if  its  values  lie  in  a  domain  in  which  4>(z) 
is  a  regular  analytic  junction,  (hen  4>[/(x)]  belongs  to  9.  This  extension, 
in  the  case  of  Wiener’s  theorem,  was  pointed  out  by  P.  L4vy.* 

ParsaHODSB,  CAHaaiDoi,  England. 

*  P.  L4vy,  Sur  U  convergence  oXaoIue  dea  etries  de  Fourier,  Comptes  Renduea, 

190  (1933),  403. 


SOLUTION  OF  LAPLACE’S  HARMONIC  EQUATION  WITH 
THREE  INDEPENDENT  VARIABLES 

Bt  S.  a.  Savin 

1.  Three  compound  arguments 
In  order  to  integrate  Laplace’s  harmonic  equation 

/  \  /i\ 

Vu(z,»,r)-j^+^+^-0  (1) 

let  us  take  the  arbitrary  function 

U~f{k,,k,T)  (2) 

with  three  compound  arguments  kn  ,  k,r  defined  by  the  formulas 

=«  ooz  +  eop  +  Vo*,  k  ^  oa  +  ty  +  pt,  (3) 

r  -  VCx  —  a)*  +  (y  —  h)*  +  (*  —  c)*  (4) 


oo ,  «o ,  Vo ;  a,  «,  v;  a,b,c 
are  arbitrary  constants. 

We  subordinate  these  arbitrary  constants  only  to  one  condition 
that  the  three  compound  argumimts  be  independent  of  one  another. 

2.  Condition  of  the  independence  of  three  compound  arguments 

For  obtaining  more  icompact  formulas  let  us  use  the  negative  ex¬ 
ponents  of  degree  instead  of  fractions. 

The  Jacobian  of  the  three  compound  arguments  kc ,  k,  r  \b  equal  to 


ao 

<0 

Vo 

a 

c 

V 

H 

1 

a 

y  -  6 

z  —  c 

r 

r 

r 

or  in  the  develop<*d  form 

J  «  r~‘((z  —  a)(€ov  —  vo«)  -f  (y  —  6)(roo  —  oov)  -{-(*  —  C^a^t  —  eoo)]. 
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It  may  be  equal  to  lero  only  on  condition 

—  m,  —  mm  m 

a  t  w 

tisx,y,t  are  independent  variables. 

Hence  we  obtain  the  condition  of  the  independence  of  the  three 
compound  arguments  ,  k,  r: 


22  ^  ^  — 

a  t  y 


(5) 


i.c.  all  the  three  corresponding  coeflBcients  in  the  expressions  ko  and  k 
are  not  to  be  proportional. 


3.  Formation  of  the  Laplacian  of  the  fimction  (2) 

I.^t  us  form  from  the  function  (2)  partial  derivatives  of  the  first  order 
du  9/  ,  d/  ,  f  N  ->  9/ 

and  then  of  the  second  order 


djr* 


+  2(x  -  a)r-.[„.  +  ,  ^]  +  r-.[l  -  U  -  «)*r-] 

Hence,  in  consequence  of  the  symmetry  of  formulas — two  other 
partial  derivatives  of  the  second  order 

dy»  ’  dz* 

may  be  obtained  by  cyclic  permutation  of  four  cycles  of  letters: 

(x,  y,  z),  (oo  ,  €0  ,  ro),  (o,  t,  y),  (a,  b,  c). 

The  addition  of  these  three  partial  derivatives  of  the  second  order 
gives— according  to  (3)  and  (4),  the  following  expression  of  the  Laplacian 
of  the  function  (2) : 


V  u  -  (a,  +  €0  +  I'o)  +  (a  +  t  +  ^  djS 


dl^ 


d'f 


+  2(aea  4-  coc  +  »'o»’)  + 


2r“‘-^ 


(fc*  + 


a7 


dk%dr 

»*•>&+ a 
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where,  for  brevity,  the  new  constants  are  introduced: 

Ao  “  —  (oeO  +  tob  -f*  yoc),  h  «  —  (oa  +  *6  +  rc).  (6) 
Taking  into  consideration  the  relation 

U  +  ^"•[<*«  +  *•>  ai 

we  simplify  the  obtained  expression 

+ 4  ^ 

dk\  oK^ 


+  2(ooa  4*  «o«  +  •’or) 


dibodk 


+  r 


■'.1 

dr  _ 


2(ko  4" 


dko 


(7) 


4-  2(ifc  4-  A) 


at  ^  ar^'J 


4.  Integrating  of  an  auxiliary  equation 

According  to  the  initial  condition  the  function  /  is  arbitrary,  the 
arguments  ko  >  k  are  independent  of  one  another — which  b  expressed 
by  the  inequalities  (5).  Therefore  in  order  to  annul  the  obtained 
expression  of  the  I^placian  (7)  it  is  sufficient  to  have  four  compatible 
conditions: 

dV 


dko 


-  0, 

aoa  4"  ‘o*  4-  •’o*'  “  0, 


(8) 

(9) 


*  I  >  1  *  n 

a  4-  «  4-  »>  =0, 

»[2(t.  +  W^+2(t  +  w|  +  rg+/]-0.  00) 

Considering  the  last  condition  let  us  at  first  integrate  the  auxiliary 
equation 


2(k«  4-  bn)  4-  2(k  ^  ^ 

To  this  equation  corresponds  the  system 


(11) 
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where  according  to  (6),  ho  and  h — are  constants.  By  integrating  this 
system  we  obtain: 

(ko  + ho)  f  »  Cl,  (k  +  h)-f^C,,  rS~Co, 

where  C\,Ct,  Ci — are  the  constants  of  integration.  I^et  us  transform 
these  three  equalities  into  the  following: 

mo  -  (fco  +  ho)r-\  m  »  (fc  -{=  h)r-',  (12) 

tni  =  "f"  ^(k  +  A)  4"  D(ko  -{=  ho)  •/> 

where  A,  B,  D  are  arbitrary  con.stants  and  vto ,  m,  mi — the  new  argu* 
ments. 

Hence  we  obtain  the  general  integral  of  the  equation  (11): 

/  *  [Ar  +  B{k  -f  A)  +  D{ko  +  Ao)l  *'^(mo  ,  m),  (13) 

where  ^  is  an  arbitrary  function. 

The  expression  (13)  is  a  particular  integral  for  the  equation  (10).  By 
adding  to  it  the  arbitrary  function  ^o(Ao ,  k)  we  obtain  the  integral  of 
the  equation  (10)  in  more  general  form: 

/  -  [Ar'  -f-  B{k  +  h)  +  D{ko  -f  Ao)r*-^(mo  ,  m)  -{-  Mko ,  k),  (14) 

5.  Formula  of  the  integral  of  Laplace’s  equation  (1) 

In  order  that  the  function  (14)  also  be  an  integral  of  Laplace’s  har¬ 
monic  equation — it  is  to  be  subjected  to  the  conditions  (8)  and  (9). 
Supposing 

D  -  0, 

ipoimo,  m)  »  moifiiim)  4-  v>i(m), 

Mko,  k)  =  koMk)  4-  ^h(fc), 

we  shall  obtain  the  function  /  which  satisfies  the  condition  (8). 

Further,  let  us  subordinate  the  coeflScients  of  the  linear  arguments 
ko  ,  k  to  the  conditions  (9). 

Introducing  these  values  into  the  formula  (14)  we  obtain  according  to 
(2)  the  solution  of  the  equation  (1)  in  the  following  abridged  form: 

u  -  (C.  -f  W(ifc)  -f  ^(m)  (15) 

VAr*  4-  B(k  +  h) 

where  A,  B,  C,  Co — are  arbitrary  constants,  and  ^ — arbitrary  func¬ 
tions.  Here  the  arguments  ko ,  k  are  defined  by  the  formulas  (3)  and 
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arp  connected  by  the  relationn  (9).  The  argximent  r  is  calculated  by 
(4).  The  comixmnd  argumentH  mo  and  m,  newly  introduced,  are 
defined  by  the  formulax  (12)  according  to  the  denotations  (3),  (4),  (6) 
and  condition  (5). 

On  condition 

A  I,  B  =  0,  ao“«o“»'o*=0 

the  expression  (15)  gives  a  simple  example  of  the  property  of  a  harmonic 
function,  stated  in  1845  by  Ix)rd  Kelvin,  namely — that  if  Uix,  y,  z) 
represents  a  harmonic  function — the  function 


is  also  harmonic,  i.e. — it  satisfies  Laplace’s  equation  (Goursat,  E. 
Cours  d’analyse  math^matiquc,  t.  3,  Paris,  1923,  p.  243). 

6.  About  one-valued  dependence  of  the  variables  x,  y,  z  from 
compound  arguments  ko,k,r 

By  means  of  the  formulas  (3),  (4)  and  relations  (9)  it  is  easy  to  prove 
that  between  the  two  systems:  of  the  variables  x,  y,  z  and  the  arguments 
ko ,  k,  r— there  is  an  one-one-correspondence. 

In  order  to  prove  the  above  let  us  determine  at  first  the  variables  x 
and  y  as  functions  of  the  arguments  kt ,  k,  r. 

According  to  the  denotations  (3)  and  (6)  we  form  the  system 

ao(x  -  a)  -I-  to{y  -  6)  *  Ao  +  A)  —  voiz  -  c), 

a  (x  —  o)  -h  e  (y  —  6)  ■*  I:  +  h  —  v  {z  —  c). 

Solving  it  we  find: 

X  —  a  =  (a€o  —  €ao)~' •  [(wo  —  »'«o)(r  —  c)  —  «(Ai  A-  ho)  +  foik  -t-  h)], 

y  —  b  »  (aco  —  *ao)~**((»'ao  —  oi'o)(r  —  c)  —  ao(A:  +  h)  +  a{ko  -|-  Ao)l. 

Inserting  these  values  into  (4)  we  obtain  a  quadratic  equation  in 
(z  —  c).  The  coefficient  of  (z  —  c)*  in  this  equation  is  equal  to 

(ato  —  too)*  +  (tyo  —  »'«o)*  +  (yoo  —  ovo)*. 

According  to  the  well  known  identity  of  Euler-I^range  and  to 
the  dependences  (9),  we  have: 

(a«o  —  «ao)*  +  (a>o  —  »'«o)*  +  (roo  —  ovo)* 

*  (a*  -I-  €*  -b  r*)(a*  -f  €*  -f  r*)  —  (aoo  +  ««o  +  rso)  *  0. 
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This  shows  that  (z  —  c)  is  also  defined  by  the  linear  equation  as  well  as 
(x  —  a),  (y  —  b),  i.e.  x,  y,  t — become  one-valued  functions  from  the 
arguments  k^,k,r. 

7.  On  the  formation  of  coefficients  for  the  compound  arguments  ibo,  k 

In  1902  E.  T.  Whittaker,  Sc.D.,  Professor  of  Mathematics,  University 
of  Edinburgh,  suggested  solving  Laplace’s  harmonic  equation  (1)  by 
means  of  a  definite  integral,  the  integrand  of  which  contains  a  trinomial 
with  the  coefficients: 

1,  t  cos  (,  i  sin  t,  or  cos  t,  sin  t,  i,  (i  =*  \/  —  1) 

(Whittaker  and  Watson,  A  Course  of  Modem  Analysis,  Cambridge, 
1920,  p.  388-390). 

The  coefficients  of  that  type  may  also  be  used  for  forming  the  argu¬ 
ments  ko  and  k,  as  they  are  connected  by  the  relations  (5)  and  (9). 

In  fact,  the  equation  7(9)  gives  two  solutions  and  shows  that  the 
coefficients  a,  *,  r — are  complex  quantities. 

Suppose  that  the  coefficients  of  the  argument  k  are  equal  to: 

a  =  cos  9,  €  =  ±  t,  r  ”  sin  6, 

which  satisfies  the  condition  7(9).  Then  let  us  take  the  coefficients  of 
the  argument  (ikt)  in  the  following  symmetrical  form: 

oo  Bv  —  tC,  «o  ”  Ca  —  r A,  ^  At  —  oB. 

Evidently,  these  coefficients  satisfy  identically  the  condition  77(9). 

In  these  expressions  of  the  coefficients — the  values  9,  A,  B,  C — are 
arbitrary  constants.  They  must  be  chosen  thus  as  to  satisfy  the  con¬ 
dition  (5)  which  is  necessary  for  the  independence  of  one  another  of  the 
three  compound  arguments  k^  ,k,r. 

Supposing  in  these  formulas 

»  0,  A  -  C  -  0,  B  -  -1 
we  obtain  a  particular  case  with  a  simpler  form  of  argiiments: 

to  »  z,  t  *■  X  ±  ty. 

HaSBIN  PoLTTCCBNIC  IlfSTITDTB. 
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ON  THE  RELATION  BETWEEN  SIMPLE  DISTILLATION  AND 
TRUE  BOILING  POINT  CURVES  OF  COMPLEX  MIXTURES 
THE  COMPONENTS  OF  WHICH  OBEY  RAOULT’S  LAW 

Bt  E.  M.  J.  Pbasb 

Let  the  compoeition  of  a  complex  liquid  mixture  (for  example,  of 
hydrocarbons)  be  represented  by  a  “true  boiling-point  curve”,  in  which 
cumulative  amount  x  is  plotted  against  temperature  T.  (Amounts  will 
be  expressed  through-out  in  mols,  on  the  assumption  that  information 
is  available  for  conversion,  if  later  desired,  from  mol  %  to  weight  %  or 
volume  %).  Physically,  such  a  curve  indicates  that  the  amount  dx 
of  the  liquid  has  a  true  boiling  point  range  of  T  to  T  +  dT.  Let  the 
total  amount  initially  be  unity. 

Let  the  mixture  be  subjected  to  a  simple  distillation  i.e.,  to  one  in 
which  the  vapor  leaving  the  liquid,  with  which  it  is  in  equilibrium,  is 
completely  removed  from  the  system  as  fast  as  formed,  and  there  is  no 
reflux.  At  any  time  during  the  course  of  the  distillation,  when  the 
amount  Y  has  been  collected  in  the  receiver  and  1  —  F  is  left  in  the 
still,  let  the  true  boiling  point  curve  of  the  residue  in  the  still  be  repre¬ 
sented  by  the  curve  T  vs.  z,  beginning  and  ending  at  the  same  tempera¬ 
tures  as  the  T  —  X  curve,  and  having  a  value  of  z  varying  from  \  —  Y 
to  0.  For  each  quantity  dxi ,  in  the  original  mixture  and  having  a 
boiling  range  Ti  to  Ti  -f-  dTi ,  there  is  a  corresponding  quantity  dzi , 
in  the  mixture  in  the  still,  which  has  the  same  boiling  range.  Consider  a 
component  of  the  mixture,  in  original  amount  dx» ,  which  boils  in  the 
neighborhood  of  T.  ,  and  let  this  be  called  the  key  component  (practical 
limitations  on  its  choice  will  be  considered  later.) 

With  the  amount  I  —  Y  left  in  the  still,  distill  off  the  amount  dY 
containing  d(dzi)  of  the  components  boiling  near  Ti  and  d(dz„)  of  the 
key  component  boiling  near  T. .  The  ratio  in  the  vapor  of  the  amounts 
of  the  two  components  under  consideration,  is  given  by  the  relation 

d(dzi)  dzi 
didz,)  “  dz.‘“‘ 

in  which  d(dzi)/d(dz«)  is  their  ratio  in  the  vapor,  dzxjdz^  is  their  ratio  in 
the  liquid,  and  ai  is  the  volatility  of  a  component  boiling  at  T\  relative 
to  the  volatility  of  the  key  component  boiling  at  T,  .  For  mixtures  of 
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compounds  in  which  Raoult's  law  is  applicable,  a  is  the  ratio  of  the  vapor 
pressures  of  the  pure  components  under  consideration,  at  the  tem¬ 
perature  of  the  distillation.  Although  this  ratio  depends  somewhat  on 
temperature,  the  assumption  that  it  is  constant  will  not  introduce 
large  error.  On  making  the  assumption  of  constancy  of  a,  equation  (1) 
yields 


d(dzi)/dzi  «  ai 


r^didz.) 


dzi  -  dxi(dzn/dxn)ai 


The  ratio  dzjdxn  is  the  fractional  part  of  the  key  component  boiling  at 
r.  ,  which  is  left  in  the  still  when  the  part  Y  of  the  original  mixture  has 
deen  distilled  off.  Call  this  ratio  ¥.  Subscripts  may  now  be  dropped, 
and  the  general  relation  between  the  amount  dx  in  the  original  mixture 
which  has  the  boiling  range  7*  to  T  -h  dT,  and  the  corresponding  amount 
dz  in  the  still  which  has  the  same  boiling  point  range  is 


in  which  a  depends  on  x  and  on  the  choice  of  key-component.  From 


204 


E.  M.  J.  PEASE 


j  ^  j 


Equation  (3)  gives  the  relation  between  the  part  Y  of  the  initial  mixture 
which  is  distilled  over  by  simple  distillation  and  the  fractional  amount  F, 
of  some  key-component,  which  is  found  remaining  in  the  still.  The 
temperature  at  this  point  in  the  distillation  must  also  be  determined. 
Let  the  temperature  in  the  still  be  T  when  the  amount  Y  has  been 
distilled,  and  let  the  vapor  pressure  of  the  key-component  at  temperature 
T  be  represented  by  P.  Of  the  component  boiling  between  T  and 
T  +  dT  and  being  present  initially  in  amount  dx  in  the  liquid,  the 
fraction  present  in  the  liquid  in  the  still,  when  Y  has  been  distilled  off,  is 
dz/(l  —  K),  The  vapor  pressure  of  this  component  is  P,  and  its  partial 
pressure  above  the  liquid  is  therefore 

aP  dz/(l  -  Y) 

The  total  pressure  above  the  liquid  will  be  represented  by  P.  Its 
value  is  fixed  by  the  conditions  of  the  experiment  and  is  commonly  one 
atmosphere. 

P  -  JaP-dzIil  -  Y) 

Remembering  that  P  and  Y  are  constant  during  this  integration,  that 
dz  IB  F"dx,  and  that  z  varies  from  0  to  1,  one  obtains  from  the  above 

P  ^  P/{1  -  Y)  j\.rdx  (4) 

It  has  already  been  pointed  out  that  since  x  and  a  are  both  functions 
of  T,  a  —  /(x).  Rewriting  equations  (3)  and  (4)  together,  with  this 
substitution  and  in  slightly  different  form,  one  has 


r  .  1  _  jT*  pf^^dx 


(3.1) 


P  r  F^^^dx 

P--';. -  (4.1) 

J  f{x)F^^‘^dx 


This,  on  inspection  is  an  expression  of  the  relation  between  Y  and  P 
in  the  form  of  a  pair  of  parametric  equations,  with  the  parameter  F 
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having  any  value  between  0  and  1,  each  value  determining  one  point 
on  the  Y  —  P  curve.  If  the  true  boiling-point  curve  (the  T  —  x 
relation)  is  given  to  start  with,  then  the  a  —  x  relation,  or  form  of  the 
function  J{x),  b  given,  and  one  point  on  the  Y  —  P  curve  b  obtained 
for  each  value  of  F  by  straightfoiward  graphical  integration.  Since 
the  P  —  T  relation  b  available  Y  b  therefore  able  to  be  determined  as  a 
function  of  T.  Thb  b  the  simple  dbtillation  curve  of  the  mixture. 

The  more  interesting  and  difficult  case,  the  subject  of  the  present 
mathematical  investigation,  b  that  in  which  the  simple  dbtillation  curve, 
K  vs.  r,  b  given.  From  the  available  P  —  T  relation,  the  Y  —  P 
function  b  determined.  The  problem  b,  given  the  Y  —  P  relation  and 
the  condition  that  the  above  pair  of  parametric  equations  must  be 
satbfied,  to  find  the  form  of  the  function  /(z)  expressing  the  relation 
between  x  and  a.  Since  the  value  of  a  identifies  a  compound  as  to 
boiling  point,  the  x  —  T  relation,  or  true  boiling-point  curve,  follows 
directly  from  the  x  —  a  relation  found. 

Notes  on  Numerical  Calculation 

Given  simple  dbtillation  curve  of  fractional  part  dbtilled  over,  Y, 
versus  temperature  T.  The  application  of  the  equations  dbcussed 
involves  first  a  choice  of  key-components.  If  the  complex  mixture 
contains  compounds  all  boiling  in  a  fairly  narrow  temperature  range,  no 
particular  difficulty  b  presented.  If  the  most  and  least  volatile  com¬ 
pounds  in  the  mixture  differ  greatly  in  boiling  point  (the  more  common 
case),  a  key  compound  may  be  chosen  somewhere  in  the  middle  range. 
The  finally  obtained  true  boiling-point  curve,  however,  may  be  expected 
to  have  so  low  an  accuracy  on  its  ends  as  to  require  a  repetition  of  the 
calculation  with  other  compounds  chosen  as  key  compounds,  on  the 
low-boiling  ends  of  the  curve,  respectively. 

With  the  key  compound  chosen  its  vapor  pressure  curve,  P  vs.  T, 
must  be  constructed  from  available  data.  Since  the  ratio  of  the  vapor 
pressures  at  the  limiting  temperature  of  interest  may  be  as  great  as 
1000,  it  may  be  desirable  to  plot  log  P  vs.  T.  If  vapor  pressure  data  on 
the  particular  key  compound  chosen  are  limited,  one  of  several  methods 
may  be  used  for  establbhing  the  form  of  the  P  —  T  function  outside  the 
range  of  data.  A  plot,  for  example  of  log  P  vs.  l/T,  should  be  approxi¬ 
mately  a  straight  line. 

With  the  Y  —  P  relation  establbhed,  the  pair  of  equations  may  be 
used  to  obtain  /(i),  or  a  vs.  x.  There  then  comes  the  problem  of 
interpreting  a,  and  thb  b  related  to  the  assumption,  not  quite  correct. 
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that  the  value  of  a  for  any  one  compound  is  a  constant,  once  the  key 
compound  is  fixed  upon.  Since  a  is  not  exactly  constant,  it  does  not 
exactly  identify  a  compound.  A  numerical  example  may  make  the 
discussion  clearer.  Consider  a  mixture  of  paraflin  hydrocarbons  and 
let  the  key  compound  be  decane.  The  value  of  a  for  pentane  will  be 
500,  244,  111,  65  at  temperatures  5,  35,  65,  95  degrees.  This,  offhand, 
would  seem  to  deny  the  justifiability  of  the  assumption  that  a  is  a 
constant  for  a  compound.  However,  although  some  butane  will  appear 
in  the  first  drop  distilled  over  at  the  initial  temperature  and  some  in  the 
last  drop  at  the  final  temperature,  most  of  it  will  distill  over  early  in  the 
distillation  over  a  fairly  narrow  temperature  range,  and  the  value  of  a 
for  butane  will  not  vary  much  during  the  distillation  of  the  major 
portion  of  it.  A  fair  assumption  is  that  its  a  should  be  evaluated  at  its 
boiling  point,  33°. 

Since  a,  for  mixtures  obeying  Raoult’s  law,  is  the  vapor  pressure  of 
the  compound  under  consideration  divided  by  that  of  the  key  compound 
chosen,  and  since  we  have  decided  to  evaluate  at  the  boiling  temperature 
of  a  compound  it  follows  that 

a  -  P/p 

in  which  P  is  the  vapor  pressure  of  the  key  compound  at  the  boiling 
temperature  of  the  compound  under  consideration.  The  value  of  P 
has  already  been  plotted  as  a  function  of  temperature — this  plot  is 
consequently  available  for  converting  the  x  —  P  relation  to  the  desired 
X  —  T  relation,  or  true  boiling-point  curve. 

Other  difficulties  will  arise  when  the  compounds  present  in  a  mixture 
are  not  all  members  of  the  same  hydro  carbon  family  and  consequently 
do  not  have  vapor  pressures  progressing  in  a  simple  manner  with  mo¬ 
lecular  weight  -  when  the  vapors  deviate  from  the  perfect  gas  laws — 
when  constant  boiling  mixtures  are  present,  etc.  Further  consideration 
of  these  points  at  the  present  time,  however,  is  perhaps  premature. 

At  this  point,  a  page  of  information  from  tables  is  introduced. 

By  means  of  Table  I,  choosing  nonane  for  key,  we  can  draw  a  curve  P 
vs.  T,  Graph  I*.  We  also  have  given  a  Simple  Distillation  Curve  T  vs. 
Y,  Graph  II*.  Using  Graph  I,  with  Graph  II  we  may  get  a  F  vs.  P 
curv’e  Graph  III.* 

If  we  let  m  ■«  1  —  Y,  we  may  draw  Graph  IV*  which  is 

^  Pirn)  -  P(0) 

tn  vs. - 

m 

'  8ee  graphs  at  the  end  of  paper. 
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TABLE  1 


Vapor  Preoture  Data  on  Some  Pure  Hydrocarbons,  Anyone  of  Which  May 
Be  Chosen  as  Key  Component 


T,*c 

P,  mm  mercury 

C|Hit 

ChH» 

5 

220 

1.3 

10 

277 

1.87 

20 

410 

3.6 

30 

590 

6.4 

40 

860 

11.2 

60 

1570 

25.5 

80 

2800 

73. 

1.4 

100 

4500 

155. 

4. 

120 

6700 

300. 

10. 

140 

9900 

555. 

24. 

160 

13900 

930. 

50. 

180 

19000 

1500. 

98. 

Now  using  equation  (3.1)  page  6  and  differentiating  with  respect  to  the 
parameter  F 


^  Hx)  f'-'-' dx 

which  together  with  equation  (4.1)  page  6  yields 

P  m 
P  "*  P  dm 
dP 

From  (3.1) 

f3.12)  m^  F^^^dx  (m  -  1  -  F,  pg.  13) 

and  m  »  1  when  F  >■  1. 

Hence  using  (4.12) 


(4.13) 


F(m)  dm/m 
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Subtracting  equal  quantities  from  both  sides  we  form  the  equation 
1/P  j  '  [Pim)/m- P{0)/m]dm 

-  /  dF/F  -  P(0)/P  /  dm/m. 

If  we  settle  upon  a  particular  value  of  m,  say  mi ,  on  graph  IV,  the  left 
hand  member  of  (4.14)  may  be  obtained  by  Simpson's  rule  by  getting 
the  area  on  graph  IV. 

The  right  hand  member  of  (4.14),  after  integrating  becomes 

In  F  -  P(0)/P  In  m, 

so  now  we  can  draw  m  vs.  F,  Graph  V. 

Due  to  the  fact  that  we  now  actually  have  the  m  vs.  F  curve  we  may 
write  (3.12)  more  specifically  as 


(3.14) 


miF) 


Let  u  /(z),  then  du/dx  ^  /'(x). 

Let  U(u)  —  l//'(x)  then  dx  =■  f/(u)  du  and  from  (3.14)  we  have 

rnu 

(3.15)  m(F)  -  /  F^Uiu)du 


/(•) 

Let  In  F  *  —v,  and  let  Af(±p)  «  »»(e~*)  and  we  have 
(3.16)  M(r)  -  /  e-*'U{u)du 

y/(«) 

Working  on  (3.16)  and  putting  the  following  substitutions  into  effect, 
_ -t  ' 


(3.17) 


Uiu)  -  U  (e-f) 

-  ln/(0)  <  f  <  -In /(I) 

-  0 

A 

1 

5* 

o 

f  >  -In /(I) 

du  »  —e~^  df 

t*  -  /(I), 

f  -  -In /(I) 

u  -  f(0), 

f  -  -ln/(0) 

r  -  e , 

we  have  i 

t 

e*Af(e*)  -  j 

f/(0[-«*-^j  dr 

-«• 
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which  we  compare  with 

(4)  m  - 

Hence  R({)  -  l-t/(Ol 

Now  expanding  in  Hermitian  polynomials,*  let 


t 


(5) 

Kii)  -  c‘Af(c‘)  -  Z  a,^,(i) 

0 

where 

(6)  o,  - 

(7) 

I2-n!v/ir)‘ 

(8) 

//.({) 

7/,({)  -  2-[ 

,  n(n  -  1) 

(9) 

n(n  -  1)  (n  -  2)  (n  -  3) 

4(8)  ^ 

The  /({)  of  equation  (6)  is  the  function  to  be  approximated.  f?i  our 
case  /({)  is  c*  Af  («*) 

From  (5)  and  (3.17) 


(3.18) 


/: 


Taking  the  Fourier  transform  of  both  sides 


*  For  the  properties  of  Hermitian  polynomials  and  Fourier  transforms  used 
here  and  later  see  for  instance:  Norbert  Wiener,  The  Fourier  Integral,  Cam* 
bridge,  1033,  Chapter  I. 
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Let  {  -  l-f  r 

i:a.»V.(u)  -  1/V^  J” 

but  j  e"‘^e~*^e^dl  »  dzt*'‘e~*  ■■  r(»u  4-  1) 

where  z  » 

Let  ♦(u)  -  1/v^  J*  l-f/(«'0le‘“^rff  -  1/v^  J* 

2Z  «  r(iM  4  i)-^(m) 

0 

t.  a,t-Mti) 


or 

Proceeding 


4(u) 


V2 


r(ttt  4  1) 


(u)e 


-•■f 


du 


Anri 
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FM)  -  rdu^.(u)e-*"f -L  /e'S— 

J-m  2t%  h 

~  f-.  f  *«*«■'  -j=  rdu^.(u)«-‘“e-’^ 

2irt  yt 
If  -  log  « 

«  log  I  S  I  +  t  ang  «  «  «  «• 

f  dtre‘'"(-0V,(f +lf) 

^  ^rtjLx 

Fn(t)  - 

F,(r)  -  2^  jf  «■*“  ^-(f  +  M  -  rt) 


Fio.  3 
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*  j  du  +  u  -}-  Tt) 

^  r  f  ‘^“*~**  +«  +  «■)-  +  u  -  Fi)| 

^  ^  j  du  e”‘"  II^.(f  H-  u  +  *•»)] 

+ W)) 

«(f)  -  i  a,f\(f)  F.(f)  -  8  ^  f  ^  8 

0 

Our  problem  is  praetically  finished  now  for  a  table  may  be  resorted  to 
giving  values  of  F,(x)  for  various  values  of  x  where 

Fnix)  =  ^  y  due~^~‘  I(^,(u  -f  Tt)) 

Hence  one  can  compute  the  Oo ,  Ui  •  •  •  a.  by  the  Hermitian  formulae 
as  in  the  case  of  e^K{X),  then  take  values  of  F„(x)  from  the  table  and 
substitute  in 

«(f)  - 

e 

thus  getting  the  /?(f)  vs.  (f)  curve. 

But/?(f)  -  -U{u)  =  -U{e^). 

So  using  the  fact  that  R  =  —V (u),  we  have  a  U (u)  vs.  f  curve. 

Next  using  the  fact  that  u  *  e~^,  we  have  a  Uiu)  vs.  e~^  or  in  other 
words  a  t/(u)  vs.  u  curve. 

f"  ' 

But  ^  /  b’(u)  d  u.  Therefore,  we  have  an  x  vs.  u  Curve,  which  is 

X  vs.  /(x)  since  u  —  /(x)  »  a. 

This  concludes  our  problem  as  far  as  the  mathematics  is  concerned  and 
it  is  now  possible  with  the  help  of  this  x  vs.  o  =*  /(x)  curve  together  with 
the  procedure  outlined  on  page  7,  9,  and  10  to  get  a  true  boiling  point 
curve  T  vs.  x  from  the  simple  distillation  curve  V  vs.  T. 

The  writer  takes  this  oppportunity  of  expressing  his  gratitude  to 
Professors  Franklin,  Hottel  and  Wiener  for  helpful  suggestions,  and 
also  to  Dr.  Norman  Levinson  for  his  effective  assistance. 
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